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Abstract Summary 

Incorporating a universal quantum wavefunction into Einstein-de 

Sitter cosmology provides an explanation of dark energy that, using 

the observable mass of the universe as the only free parameter, 

accurately predicts the behaviour of cosmic evolution. 
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I. INTRODUCTION 

It is well-established that the universe is accelerating at the 
present epoch, an observation that cannot be explained solely 
within the framework of general relativistic cosmology. 
Quantum vacuum fluctuations could explain the origin of this 
‘dark energy’; however attempts to do so have yielded 
unrealistic values of its magnitude in error by 120 orders of 
magnitude. This paper investigates the hypothesis that another 
well-known aspect of quantum theory, wavefunction 
expansion, might enable cosmic acceleration to be understood 
without resorting to new physics. In the approach used here, it 
is assumed that the observable universe begins at the Planck 

Time 
P

t  as a single universal quantum wave function, 

occupying a volume corresponding to the Planck Length 
P
� . 

Other authors, for example [1-3], have modeled the entire 
universe as a single wave function and, in the present 
treatment, an attempt is made here to examine the predictions 
for universal expansion that would follow if such an initial 
wave function was incorporated into general relativity (GR) as 
a separate physical process. It is further assumed that initially, 
because it is contained within the Planck Volume, the universal 
wave function behaves as a single quantum entity, and 
temporally evolves in the already expanding local space, 
according to traditional quantum laws, at a rate which depends 
on its initial mass and size. In this way the individual 
component particles carry the position and velocity probability 
imprint inherited from their history as part of the universal 
wave function, which is now superimposed on the expanding 
background space-time. Hence the rate of physical separation 
of particles within the observable universe becomes the 
combination of two effects: expanding space according to GR 
and a legacy quantum component due to the formation history. 

Section II defines a ‘specific’ expansion rate for free 
particle quantum wave packets, analogous to the Hubble 
parameter. To simplify the mathematical treatment the 
functional form of the initial wavepacket is taken to be 

Gaussian. Then, using as an example Einstein-de Sitter (EdS) 
cosmology, Section III combines both GR and quantum effects 
to produce a hybrid quantum-Einstein-de Sitter (QEdS) model, 
and examines the behavior of cosmic evolution in this model. 
The QEdS model enables derivation of an ‘effective scale 
factor’ a(t), from which other parameters such as the mass and 
age of the universe, as well as the temporal evolution of the 
Hubble parameter, and the cosmic deceleration parameter q, 
may be determined. QEdS cosmology predicts a period of 
universal acceleration and section IV compares the model’s 
predicted deceleration-acceleration switch-over time with that 
observed, and also the temporal development of the Hubble 
parameter with that determined from the Wiggle-z supernovae 
results. Finally, computation of the size of the scale factor in 
the very early universe is used to obtain an approximate value 
for the inflation parameter Λ . 

II. DERIVATION OF A SPECIFIC EXPANSION PARAMETER FOR 

QUANTUM WAVEPACKETS 

The initial wave function ( ), , ,x y z tψ  of the universe is 

taken as a minimal-uncertainty Gaussian wavepacket whose 
functional form for the x coordinate is given by 

 ( ) ( )
1/ 4

2 2 2

0 0( ,0) 1 / /2 exp 4x x x xψ π= ∆ − ∆ , (1) 

which may be easily extended to include the y and z 
components. In what follows the behaviour of the x coordinate 
is discussed but the procedure is trivially extended to y and z 
coordinates and hence the radial spherical-polar coordinate r. 

In (1) m is the mass of the packet and 
0x∆  the initial width 

parameter. It can be shown [4] that, as time proceeds, the 
wavepacket probability density function retains its Gaussian 
form and spreads according to 
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Here ( )x t∆  is the packet width at time t. The parameter 
2

02m xτ = ∆ �  is a characteristic time for the wavepacket and 

�  is Planck’s constant. τ  is generally very small (<<1 s) for 

atomic masses and much longer than the age of the universe for 
typical classical objects with macroscopic masses. It should be 
noted that for a modified Gaussian wavepacket that contains 
perturbations in the form of ‘peaks’ of probability density, then 
as width of the packet spreads with time, these peaks are 



gradually smoothed but retain their relative position and spread 
in proportion to the total spread of the wavepacket. 

The specific quantum expansion rate QH  for ( )x t∆  is 

defined by ( )
1( )

( )Q

d x t
H x t

dt

−∆
= ∆  and is an effective Hubble 

expansion rate for quantum wavepackets. Using (2)  

 ( ) ( )
1

2 2

( )
, ( )Q

d x t t
H t x t

dt t
τ

τ

−∆
= ∆ =

+
. (3) 

QH  evolves linearly as 
2t τ  for t τ<<  and as 1 t  for t τ>> , 

that is, independently of the initial mass or size of the 
interaction. 

For the wave function of the entire universe, the initial 
volume is taken as determined by the Planck length 

( )
1/2

3/
P

G c=� � , giving ( )
1 2

3

0
2 / 2

P
x G c∆ = =� �  and 

32Gm cτ = . It might expected that the expansion of free 

particle quantum wave functions could have no relevance for 
macroscopic objects and certainly no relevance to large scale 
cosmology or the expansion of the universe. However taking 
an estimated mass of the observable universe as ~10

53
 kg, gives 

18 1
~ 2 10  s

Q
H

− −× , at the present epoch, remarkably similar to 

the present-day (
0t t= ) observed value for Hubble’s constant, 

( ) ( )1 1 18 1

0 ~ 70 km s Mpc ~ 2 10  sH t − − − −× . The similarity 

between QH  and ( )0H t  is intriguing since it predicts the 

existence of a significant effective recessional velocity due to 
quantum effects from the earliest times in cosmic history, and 
suggests that quantum wavepacket expansion may need to be 
incorporated into the GR predictions of the recession velocities 
of distant galaxies. 

III. INCORPORATING QUANTUM WAVEPACKET EXPANSION 

INTO EDS COSMOLOGY  

In the present treatment the QEdS model is obtained by 
incorporating quantum expansion of the universal wave 
function into EdS cosmology as an example of the effect that 
this might have on cosmic evolution. The standard GR Hubble 

parameter ( )RH t , in EdS cosmology is given by  

 ( )
2

3
RH t

t
= . (4) 

(In what follows it should be noted that (4) is only 
approximate, since the inclusion of quantum wavepacket 
expansion can influence the density of the universe and hence 
affect the original form of the EdS equation, however the 
approximation is made here that the two processes act 
independently.) 

The effective quantum and GR Hubble parameters, given in 
(3) and (4) respectively, each enable calculation of the 
infinitesimal change in the effective relative separation over 
time dt  that occurs between any two ‘unbound’ objects in the 

universe whose separation is ( )x t . In the same way that the 

proper motion of galaxies adds to their recessional motion, the 

combined infinitesimal increase ( )dx t  in the effective 

separation is then given by the addition of the two processes, 

where, for the quantum component, ( ) ( )x t x t≡ ∆  now 

represents any arbitrary separation within the Gaussian profile: 

 ( ) ( ) ( )( ) ( )Q Rdx t H t H t x t dt= + . (5) 

and the effective Hubble rate ( )H t  due to both processes is 

then 

 ( ) ( )( ) ( ) ( ) ( )Q R
H t dx t dt x t H t H t= = + . (6) 

Using (3), (4), (5) and the definition of ( )H t  gives 
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2
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+

�
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where ( )a t  is the scale factor and ( )a t�  its rate of change. 

Solving the differential equation (7) gives the variation of 
scale factor as a function of cosmic history in the QEdS model: 
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where 
0t  is the present time. The redshift z, in terms of the 

photon emission time 
e

t , is given by 
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and the acceleration parameter q as 
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Putting 
0t t=  in equation (7) fixes a relation between the 

value of τ , the present age of the universe 
0t , and present day 

value of the Hubble constant ( )0H t : 

 
( )

( )

1/2

0 0

0

0 0

5 / 3

2 / 3

H t t
t

H t t
τ

 −
= −  − 

, (11) 

which yields a cubic polynomial in 
0t  that may be solved to 

give the age of the universe in terms of τ  and ( )0H t . It is 

clear that real solutions to equation (11) are only possible when 

( )0 05 / 3 2 / 3H t t> > . Once ( )0H t  is specified, this fixes a 

range of values of 
0t , and a corresponding range of initial 

wave function masses and τ  values. The value of ( )0H t  is 

taken as 18 12.30 10  s− −× , with an accuracy quoted by [5] ~5%. 

Given that the value of ( )0H t  is robust, the range allowable 

universal ages is then 172.9 7.2 10− × s, corresponding to a 
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universal mass range of 
521.5 3.2 10− ×  kg. It should be noted 

that this range depends on the choice of the relativistic model 
used and on the fraction of the Gaussian profile that is assumed 
to be contained in the initial Planck Volume. 

IV. COMPARISON OF THE QEDS MODELWITH OBSERVATION  

A. Variation of the deceleration parameter over cosmic time 

Fig. 1 shows the value of the deceleration parameter q  in 

the QEdS model as a function of time (equation 10) for a range 
of initial wave function masses consistent with the presently 
accepted value of the Hubble constant. For a sufficiently large 

wave function mass (> ~ 556.5 10× kg) quantum expansion has 

no effect on the original Einstein-de Sitter space and q  would 

remain constant at 0.5, with ( )0 02 3t H t= . As the initial wave 

function mass is decreased, quantum expansion effects cause 
the values of q  to decrease with time and, if sufficiently 

strong, can result in a negative value of the deceleration 
parameter, i.e. apparent cosmic acceleration. These curves, 
when interpreted purely by general relativity, mimic universes 

that have mass density parameters 
m

Ω  less than the closure 

density and require the introduction of dark energy or a 
cosmological constant. By treating the universe as originating 
as a single quantum entity however, negative q  values arise as 

a natural consequence of the quantum effects during cosmic 
evolution and a cosmological constant is no longer required. 

An upper mass limit of 53~ 8.0 10× kg is required to produce a 

curve in the present model that results in acceleration 
beginning to be observed at the current epoch. Further 
reduction in initial mass results in universes that spend a 
progressively longer relative fraction of their history in an 
accelerated mode.  

The results from observations of type 1a supernova suggest 
that the acceleration of the universe began at a redshift of 

~ 0.86z  with 95%  confidence [6,7]. Using (9) this value of z  

 

Plot of the deceleration parameter q as a function of cosmic time in the QEdS 
model universe for a range of initial wave function masses m. Each curve 

finishes at the present era. ( ) 1 1

0 71 5 km s MpcH t − −= ± ; 
0 / 2

P
x∆ = � . Curves, 

bottom to top: m = 1.0 × 1053 kg - 1.2 × 1054 kg, in steps of 1.0 × 1053 kg. Curve 
(*) is the best fit curve to q = 0 at z = 0.86. 

corresponds to the time of transition from a decelerated to 
accelerated phase of the universe ( 0q = ) as occurring at 

approximately 7 Gyr before the present epoch. The particular 
curve of Fig. 1 which corresponds to this time (labeled *) has 

an initial wavepacket mass of 535 10×  kg and gives the present 

age of the universe in the QEdS model as 174.3 10×  s. 

B. Comparison with Type Ia supernovae observations 

Fig. 2 shows the predicted ( )a z�  versus z  curve for the 

present QEdS model using the same mass value that was used 
in figure 1 to obtain the observed switch-over redshift of 

~ 0.86z  [6,7]. The figure also shows predicted curves for 

other theoretical models, in particular a standard Einstein-de 

Sitter model with 1
m

Ω = , and the CDMΛ  model with a dark 

energy component and 0.27
m

Ω = . Also shown are 

observationally derived values of ( )a z�  obtained by 

incorporating the supernovae/WiggleZ project results [8]. The 
present quantum-Einstein- de Sitter model is well fit to these 
data, as is that predicted by CDMΛ  cosmology. In the QEdS 

model however, the dark energy effect arises from the natural 
evolution of quantum wavepacket expansion and the addition 
of an ad hoc cosmological constant is not required. The 
observed apparent zero-curvature of the universe is no longer 
unambiguously interpretable solely in terms of GR as the 
observed positions and velocities of objects are convoluted 
with the quantum drift. Since both the CDMΛ  model (that 
incorporates a cosmological constant Λ ) and the quantum-
Einstein-de Sitter model agree well with the work of Blake et 
al. it is not possible to distinguish between these two models 
with the present data.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.  Values of ( )( ) /a t da dt≡�  for the quantum-Einstein-de Sitter model 

superimposed on the measurement of the evolution of the cosmic expansion 

rate using Alcock-Paczynski and supernovae data (solid and open points, 

Blake et al. 2011, figure reproduced with permission, Copyright Clearance 

Centre and MNRAS). The QEdS mass parameter is 535 10× kg, the same as 

that corresponding to the deceleration-acceleration switch over time at z = 

0.86 of Fig 1. 
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C. The inflation parameter 

Another parameter obtainable from the QEdS model is the 
inflation expansion constant [9]. It is postulated that the mass 

of 535 10×  kg represents the wavepacket mass at the Planck 
Time and also the approximate mass of the observable universe 
at the present epoch. Hence the size of the observable universe 
and the size of the Planck Length represent the expansion 

factor that has occurred from the Planck Time, 445.4 10t −= ×  to 

the present, 174 10t = ×  s. Equation (11) quantifies the 
expansion in the QEdS model during the matter dominated era, 
and can be used to calculate the size of the observable universe 
at any time during this era. A similar equation to (11) may be 
derived for the radiation dominated era, and using both of these 
equations enables the effective scale factor to be calculated at 
any time in cosmic history, back to the end of the Grand 
Unified Theory (GUT) era (10-34 s, [9]). Taking a value of 8 x 
10

26
 m for the present size of the wave function (i.e. the radius 

of the present-day observable universe), the radiation and 
matter scale factor equations give this size as about 1.4 m, 
implying that during the inflationary are the universe would 
have needed to expand from the Planck Length at the Planck 
Time to 1.4 m at ~10

-34
 s, resulting in an expansion factor over 

this time ~10
35

. Assuming the inflationary scale factor follows 

( ) ( )( )1 2
exp / 3a t t= Λ  as in [9], and assuming the GUT era 

lasted a substantial fraction of the first 10
-34

 s, the estimated 
value of Λ  is 2 x 10

4
 s

-2
. 

D. Discussion 

Quantum mechanics makes very definite predictions about 
the rate of expansion of a free wavepacket. It begins at a zero 
rate and increases to a maximum constant rate depending on 
τ . In the QEdS model, immediately after inflation, space 

expands rapidly because of GR. The rate of spread of the 
wavepacket at this time is almost zero and the separation of 
structures depends solely on the expansion of space. As time 
proceeds the rate of GR expansion slowly decreases, the 
increasing rate of wavepacket spread becomes comparable and 
will eventually totally dominate, at which point the universe 
will appear to be expanding at a constant rate due to quantum 
effects, with GR expansion contributing in a minor way.  

EdS cosmology was chosen to illustrate the concept in the 
present case because analysis of the Wilkinson Microwave 
Anisotropy Probe (WMAP) data suggest that the universe has a 

density parameter 1Ω = . The matter content 
m

Ω  however, is 

not expected to be 1 (measurements of primordial element 
ratios from big bang nucleosynthesis (BBN) and WMAP 

however suggest ~ 0.3
m

Ω ), so it is by no means clear that 

EdS cosmology is the correct relativistic framework to use. A 

further complication is that the value of 
m

Ω  may not 

necessarily be 0.3, as there exist mechanisms in the early 
universe that can ‘hide’ baryons by altering their interaction 
cross sections [10 - 12], so that (1) they do not participate in 
the baryon-photon oscillation processes which form the basis 
of the WMAP matter content analysis, and (2) interact 
differently in BBN processes in the early universe to what is 
expected from laboratory measurements. Since the QEdS and 

other models make very definite predictions about the 
evolution of the scale factor, distinguishing between various 
combinations of processes should become possible once more 
accurate measurements of the recession of clusters of galaxies 
become available. 

V. CONCLUSION 

In the present treatment the present-day observable 
universe was hypothesized to begin at the Planck Time as a 
single quantum entity represented by a Gaussian-profiled wave 
function whose width parameter is half the size of the Planck 
Length. The temporal evolution of this wave function was 
developed using a traditional quantum approach and it was 
found that such a scenario predicted recessional velocities that 
are of the same order at the present epoch as those due to 
general relativity. When incorporated into a zero-curvature 
Einstein-de Sitter relativity the resulting QEdS model was able 
to reproduce the observed trends in the recessions of clusters of 
galaxies as measured by Type Ia supernovae data, in particular 
the phenomenon of cosmic acceleration. The model therefore 
offers physical insight into the origins of dark energy and 
cosmic acceleration. Additionally, within the assumptions of 
the QEdS cosmology used here, the model gives estimates for 
the age and mass of the universe, and the inflationary 
parameter. 
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