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Abstract

The aim of this thesis is to develop a consistent general parametric modeling framework

based on analytic manifolds. In practice, the structures of most real-world data such

as images and videos have a very complex nature, and that is why it is assumed that

instead of linear vector space (Euclidean space), such data may actually lie in nonlinear

differentiable manifolds (Riemannian space). This assumption of differentiable manifolds

suggests that the nonlinear manifolds of high dimensional structures are intrinsically

low dimensional spaces. In other words, such nonlinear manifold structures of data are

locally homeomorphic to Euclidean space of comparatively very low dimensionality.

Based on the manifolds assumption, in this thesis a novel parametric classification

method on Stiefel and Grassmann manifolds is presented. In order to process the

manifold-valued data, matrix-variate Fisher, Angular Central Gaussian (ACG) and

Bingham distributions of most general settings were considered. The proposed method

exploits these distributional models with the inclusion of normalizing constants that

naturally appear within them. To calculate the normalizing constants of the prescribed

models, the method of asymptotic series approximation, Taylor series approximation,

Laplace’s approximation and the method of Saddle-Point Approximation (SPA) to a

new setting have been extended. Furthermore, the standard theory Maximum Likeli-

hood Estimation (MLE) have been employed to evaluate the involved parameters in the

used probability density functions.

The validity and performance of the proposed generalized Bayesian framework based

on normalizing constants being calculated by several different approaches have been

studied for one set of synthetic data for Stiefel manifolds case and for 36 real world

visual classification databases in the context of Grassmann manifolds. The new approach

has been compared against existing approaches in the current literature and it has been

confirmed that this new generalised Bayesian parametric modeling approach measurably

improved the classification accuracy.
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Chapter 1

Introduction

1.1 Overview

Statistical estimation techniques on manifolds in computer vision in this thesis refers to

statistical learning for understanding complex (high-dimensional) data via supervised

parametric models over matrix-variate distribution models using the Bayesian approach

with the inclusion of approximated normalizing constants for classification tasks. The

matrix-variate parametric models which were used for classification tasks consisted of

estimating parametric probabilistic densities are based on many inputs (training data)

particularly for manifold-valued data.

In order to perform classification on the given data of interest, e.g., images of still or

moving objects, manifold valued data was considered. The smooth Riemannian mani-

folds [37,38,39] have recently increased in popularity in the computer vision community.

The Stiefel manifolds and Grassmann manifolds are two examples of smooth Rieman-

nian manifolds, often used in computer vision tasks [40,41,42,43,44,45,46,47,48]. The

smooth Riemannian manifolds have fascinating properties. For example, they are admis-

sible in calculus and statistics. The need for smooth Riemannian manifolds often arises

when the given high-dimensional data do not lie in Euclidean space Rd. Instead, their

best matching is to lie on smooth Riemannian manifolds. The importance of smooth

Riemannian manifolds to computer vision applications are evident in topics areas such

as classification [49, 50, 51], clustering [41, 42, 43, 44], segmentation [45, 46, 47, 48] and

11
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tracking [52,53,54]. The studies in these application examples have shown superior per-

formance by applying Riemannian space instead of directly applying Euclidean space

Rd. Learning on manifolds has become a hot research area in the computer vision com-

munity; a lot of work is going on in this field in developing new methods and algorithms

to capture low dimensional embedding of complex (high-dimensional) data from which

nonlinear properties of observed data can be captured into the model with the removal of

all undesired information. However, most of the existing literature focuses on manifold

learning (analyzing non-Euclidean data via Euclidean methodology) by embedding or

tangent space approximations, etc., that avoid the need for model-based learning.

The focus in this thesis is model-based learning on Stiefel and Grassmann manifolds.

Similar to analyzing complex data, instead of Euclidean space, Riemannian space is

more appropriate. For example, in a similar way to model-based learning, instead of

conventional Euclidean statistics in directional data analysis, the natural tool is direc-

tional statistics. Directional models [55] are in fact more appropriate tools for analyzing

smooth manifold-valued data.

All the models mentioned above are general exponential families of matrix-variate dis-

tributions taking the form 1
Z exp(trace(F )), where Z is the normalizing constant and F

is a matrix valued function of several parameters representing the location and shape of

the distribution. Some studies showed that analyzing manifold-valued data by consider-

ing the classical Gaussian distributional model is not an appropriate choice [56, 57, 58].

Therefore, the focus in undertaking a high-dimensional data analysis by considering

directional distributional models. The von-Mises Fisher distribution is one of the sim-

plest and popular directional models for analyzing high-dimensional data, mainly be-

cause it has similar properties as those of the multivariate Gaussian distributions in

Euclidean space Rd. It has been successfully applied to high-dimensional analysis for

clustering [59, 60, 61], classification [62, 63, 64] and many other domains, see for exam-

ple [65,66,67].

The Angular Central Gaussian Distributions was introduced by Tyler in [68] and gen-

eralized by Yasuko Chikuse for the matrix case termed the Matrix Angular Central

Gaussian Distributions (MACG) on Grassmann manifolds were introduced in [69] and
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studied in [70] for natural images. The Watson distribution [71] is also one of the most

commonly used distributions studied and employed for shape analysis in [72, 73]. It is

more popular for analyzing directional data. For example, it is used for data analysis

through clustering methods in [74,75,76].

The parametric models, such as the vector variate von Mises-Fisher (vMF) distribution

which is one of the popular and simple directional distributions defined on d-dimensional

unit random vector x ∈ Sd−1, where Sd−1 = {x : x ∈ Rd, ‖x‖ = 1} [77], the matrix-Fisher

distribution [77] which is the generalization of vMF distributions, the matrix-Bingham

distribution [78], and the most general Fisher-Bingham distribution also known as gen-

eralized Kent distribution [79, 80] studied for hypersphere and shape analysis. These

models were also studied in [81] for the products of Spheres and Stiefel manifolds.

The Fisher-Bingham distributions have successfully been employed for pose estima-

tion [82, 83], classification [64, 84, 85] and many other domains such as sound source

localization [86,87,88], joint set identification for examining a rock mass [89], modeling

protein structure [90] and for wireless communications in [91,92] just to mention a few.

The parametric models mentioned above are most tractable over Stiefel and Grassman-

nian data, which is one of the objectives of this thesis. However, in modeling such data

for statistical inferences via a Bayesian parametric modeling approach for classification

tasks, the main hurdle is the parameter-dependent normalizing constant as a vital part

of such models. These normalizing constants have integral representations, but the most

important issue is to integrate it over its domains with a sum equal to 1. However, in

general practice, it may be difficult to fulfill this condition. This difficulty therefore

poses significant challenges to employ a simple Bayesian approach for classifying com-

plex data through the standard MLE. It is important to note that although the Naive

Bayes model is based on the assumption of independent identically distributed on the

given data, in practice, it may be rare to fulfill the assumption of independence. In other

words, natural data have attributes dependencies given their classes. In fact this is due

to the independent assumption that the Naive Bayes classifier will produce different

magnitude classification weights [93]. When the magnitude of Naive Bayes weight (the

appearance part of the model) is greater in one class than the others, then the greater

magnitude class may be the preferred one.
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Data analysis through the Bayesian classifier has greater and more widespread potential

of applicability, see for example the studies in [94] for small sample sizes and even

strong attributes dependencies, the performance of the Bayesian classifier is very good.

Kohavi et al. in [95] used the decision tree approach with the Bayesian classifier at the

nodes with superior results on large datasets. Friedman et al. [96] studied the simple

Bayesian classifier in comparison to the Bayesian network classifiers and found superior

results for the simple Bayesian classifier in comparison to the latter. In summary, the

studies in [94,95,96] and Duda et al., [97] highlights obvious advantages of the Bayesian

classifier over the other existing sophisticated classifiers. For example, these properties

include simplicity, learning with high speed, classification with high speed and very low

data storage space. However, very little attention has been given to employing the

simple Bayesian classifier in modeling non-classical manifold-valued data via generalized

exponential models, again this is largely due to the intractable normalizing constants

that naturally appeared with them.

Prompted by the above considerations, the main focus of this thesis is to develop gen-

eral formulations for evaluating normalizing constants by using existing theories of series

approximations in the current literature. In fact, all the normalizing constants evalu-

ated were matrix variate, i.e., all the involved parameters are matrices. Inclusion of the

corresponding normalizing constants yields new general setting of parameter estimates-

based classification models to calculate the density of manifold valued-data over a sim-

ple Bayesian classifier. This methodology thus fully enables the exponential families

of distributions over any finite dimensional data on the MLE problems in the well-

established directional models including the von Mises-Fisher or matrix Langevin distri-

bution, matrix-Fisher distribution, Watson distribution, matrix-variate angular central

Gaussian distribution and matrix-Bingham distribution. Nonetheless the most general

Fisher-Bingham distribution consists of the linear part of the Fisher and quadratic part

of the Bingham distribution.

The normalizing constants for the above directional models are often expressed as gener-

alized special functions, such as generalized exponential of type 0F0 [98], Bessel functions

of type 0F1 [99], confluent hypergeometric function of type 1F1 and Gaussian hyper-

geometric function of type 2F1 [100]. All these functions are important players and
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their approximate values play an important role in enabling the prescribed directional

models for statistical inferences by using the MLE technique. To this end, the main

focus is on the approximation techniques for evaluating normalizing constants that may

be described in Chapter 4 to Chapter 7.

Approximations by asymptotic or Taylor series approximations proposed in [78,98,101]

were considered first. However, by using these approximate values in the problems of

maximum likelihood estimations, their validity is only limited to very small or very large

values of concentrated parameters [63, 102]. Therefore Laplace’s approximations were

then used in this work.

The third method for approximating normalizing constants was studied by Buttler and

Wood in [103, 104] by using hypergeometric type and Bessel functions of the first and

the second kind. There are some advantages of using Laplace’s approximations for the

normalizing constant, the first being that there is no constraint of very small or very

large values of concentrated parameters. In fact, the likelihood functions obtained via

Laplace’s approximation are valid over the whole given domain of integrations. The

second benefit is that Laplace’s method of approximation for normalization constants

is based on very well-studied mathematical theories and may be more reliable than the

method of asymptotic or Taylor series approximations, and considering the first few

terms of the series for the likelihood function.

The most effective approach to the evaluation of normalizing constants is the method

of Saddle Point Approximation (SPA). The SPA method was first introduced to statis-

tical distribution models by Daniels [105] for the situation where the exact solution for

marginal distribution cannot be obtained. The idea of SPA was then extended to sta-

tistical inference by Reid [106]. Some rigorous formulations and deep studies of SPA are

given in [107,108]. An effective start for calculating normalizing constant and its deriva-

tives using SPA for Fisher-Bingham distributions for the case of vectors is introduced

by Kume and Wood in [109,110]. The most important and applicable work for deriving

SPA for normalizing constants for matrix variate Fisher-Bingham distributions on the

products of spheres and Stiefel manifolds are available in [81]. The formula derived for
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calculating the parameter-based normalizing constant by [81] is not effective for calcu-

lating the numerical value of log-likelihood functions. In fact, it works well in the low

dimensional cases, however, for manifold-valued data in high-dimensions, which is the

case for many computer vision tasks, it fails to perform any more. The main reason for

this difficulty is the sparsity of sample vectors or matrices. This problem was previously

noticed by [84] for the sample vector case and the authors did not proceed further but

instead considered some other alternatives. Here, in the case of manifolds, the same

difficulty arises and is very obvious in the latest algorithm for calculating normaliz-

ing constants [81]. However, following [81], and with some necessary modifications, the

Bingham distribution is successfully employed using Grassmann manifolds. The method

of SPA is based on the Taylor series expansion, where the first four terms of the series

are considered to be important for multivariate distribution. Here, the first term of the

series represents the mean, the second term variance, the third term skewness and the

fourth term represents kurtosis of the corresponding distributions.

While the concept of statistical methods may be parametric or non-parametric, the

main task is to use the training samples and estimate the densities over the specified

domain, and then to use this distribution to calculate probabilities of the classes with

new or unseen data. For the choice of parametric modeling techniques, the shape or form

of the distribution is known. For example in this work, the form of the distributions

is von Mises-Fisher, angular central Gaussian or Bingham distributions, defined on a

finite set of parameters. The matrix-Fisher parametric model has an input to output

representation of the form: P = − log(F ) + trace(AX), where A is arbitrary parameter

matrix of appropriate size and F is the normalizing constant and is dependent on A. The

parameter matrix A is approximated from the sample mean of training data. The output

P is evaluated at the new sample values of data X based on the previously estimated

parametric values obtained via training data. Hence, the data analysis that can be

performed through the method of MLE is based on certain forms of the distribution

models tractable to input data with the model dependency on estimated parameters.

These are derived from the sample mean of the training data and may be called the

parametric modeling approach. In comparison to the parametric models, there is no

restriction on the form of the distribution and may be defined by assuming infinite
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dimensional parameters. A comprehensive description of parametric and non-parametric

statistics with application is available elsewhere [55,77,111,112].

The objective of this thesis is similar to previous work but with a different and more

effective approach. For example, the model-free or model-based approaches for optimal

results are based on appropriate distance functions or suitable kernel functions, etc.

The focus is on a fully Bayesian parametric modeling scheme for making statistical

inferences from manifold-valued data that are assumed to be drawn from normalizing

constant-based tractable distribution models to smooth Riemannian manifolds.

A generalized framework of this approach is shown in Flowchart 1.1, where firstly, all

different classes of images are represented by a single set of images. To this end, the set of

images of the classes are transformed into grayscale images, and finally by simple SVD,

all the grayscale images are transformed into Grassmann manifolds. It is important to

note that the groups of sample data represent data partitions independent of class labels

as shown in Flowchart 1.1. That is, at this stage, the collection of Grassmannian points

for statistical inferences can be partitioned into any reasonable number of groups. To

this end, one may process the collection of density functions with two at the least and

all at the most simultaneously.

1.1.1 Core Contributions

• Generalization of traditional Bayesian parametric modeling framework to smooth

manifolds through a series of sound mathematical theories.

• A new direction in learning parametric models of Fisher, Bingham, Matrix An-

gular Central Gaussian (MACG), and Fisher-Bingham distribution on Stiefel and

Grassmann manifolds has been explored.

• Standard Bayesian MLE-based frame work for every prescribed distribution is

constructed by calculating their corresponding normalizing constants.

• All the prescribed models for learning on manifolds are explicitly formulated with

the ability to process data via a standard MLE approach.

• All the models are validated via several numerical experiments on different databases.
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Figure 1.1: Flowchart of the general parametric Classification Model defined in this
thesis. The model consists of the shape and appearance of the distribution, where
the shape is represented by the normalizing constant for the location of features and
enables the proposed model to achieve scale and translation invariance. Each appear-
ance is a point on the Grassmann manifold. The decision is based on calculating the
log-likelihood function of trained normalizing constant (shape of the distribution) and
appearance points (or rapping distribution). For all of the experiments, the normalizing
constant or shape of the distribution was trained for each class with some reserved data,
while the rest of the data points were used in the appearance part of the distribution
for a few random trials for the final outcomes in the Bingham distribution via Bayesian

classifier by straightforward MLE.

• On most of the prescribed databases, the approach improved the accuracy com-

pared to existing related approaches.

1.2 Organization of the thesis

Chapter 2, is a literature review related to this work. Chapter 3 is a description of the

fundamental concepts for understanding the main contributions of this thesis described

in Chapters 4 to Chapter 7. Topological spaces, homeomorphism, Hausdorff spaces

and smooth Riemannian manifolds are briefly described. Then Stiefel and Grassmann

manifolds which are two popular examples of smooth Riemannian manifolds and core
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components of data processing in this thesis. Since this work is based on parametric

modeling techniques, tractable parametric models defined on Stiefel and Grassmann

manifolds are also described. To do so, Fisher parametric model on Stiefel manifolds,

angular central Gaussian, Bingham parametric model on Grassmann manifolds, and

finally the Fisher-Bingham parametric model with its exponent being the sum of the

exponents of Fisher and Bingham distribution for both Stiefel and Grassmann manifolds

are defined.

In Chapter 4, to perform parametric inferences via a standard MLE, the corresponding

matrix-based normalizing constant of matrix variate Fisher or Langevin distribution

was represented by a Hypergeometric function based on a squared parametric matrix.

It was calculated by asymptotic series approximation, where the first two terms of the

series were considered as approximate values of the series. Next, for the matrix-variate

Bingham distribution its normalizing constant expressed as a confluent hypergeometric

function based on a symmetric positive definite parametric matrix was calculated by the

Taylor series approximation. Here the first three terms of the series are considered to

be an approximation of the series. In both cases, standard Bayesian MLE is performed

to test the validity and performance for small values of concentrated parameters.

In Chapter 5, instead of an antipodal symmetric Bingham distribution, the Angular Cen-

tral Gaussian (ACG) antipodal symmetric distribution on Grassmann manifolds were

defined. Here the corresponding normalizing constant was represented by a generalized

hypergeometric function of type 0F0 which is comparatively much simpler than that of

1F1 for Bingham distributions. Next, a generalized new Bayesian MLE-based framework

over ACG distribution defined on Grassmann manifold was derived. Subsequently, the

validity and classification performance of the model on several real-world databases was

demonstrated. The experimental evaluation was compared with baselines from existing

comparative approaches.

In Chapter 6, integral representations of two different special functions were discussed:

Confluent hypergeometric and the Gaussian hypergeometric function for the corre-

sponding normalizing constants of Bingham distributions were studied by the Laplace’s

method of approximation. Subsequently, two representations of Bayesian parametric
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frameworks over Bingham distributions on Grassmann manifolds for statistical infer-

ences or classification task was constructed. Both the representative models were tested

for their validity and performance on eight publicly available databases. The results

were then compared to baselines taken from existing techniques.

In Chapter 7, the method of Saddle Point Approximation (SPA) for calculating the cor-

responding normalizing constant of matrix-variate (Fisher, Bingham or Fisher-Bingham)

distributions were considered. Subsequently, the Bayesian parametric classification tasks

were constructed for standard MLE-based learning. To this end, numerical experiments

were conducted for the case of Bingham distribution on fourteen real-world databases.

The results obtained via each dataset were then compared to baseline results taken from

approaches in existing methods.

Finally, in Chapter 8, concluding comments and directions for future research are pre-

sented.
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Literature Review

2.1 Related Work on Manifolds in Computer Vision

Existing classification techniques that are based on smooth Riemannian manifolds may

be divided into three main categories, namely the k-Nearest Neighbor (k-NN) methods,

Euclidean-mapping methods and Bayesian methods. The most recent developments in

the area of manifold learning will be discussed here. Almost all of the existing literature

for data analysis on manifold-valued data is model-free and partly model-based but

without the inclusion of normalizing constants by adopting some alternative approaches

to those of Bayesian parametric methods.

2.1.1 k-Nearest Neighbor (k-NN)

k-Nearest Neighbor (k-NN) is the simplest alternative to the parametric modeling ap-

proach. It is based on the similarity measure through an appropriate distance func-

tion. In [42] for clustering applications, the k-NN classifier was considered by using

Locally Linear Embedding (LLE) [113] and Laplacian Eigenmaps (LE) [41], using Eu-

clidean distance. Human gaits were represented by subspaces in [114] by utilizing multi-

input, multi-output state space Autoregressive-Moving-Average (ARMA) models and

then classified via a k-NN algorithm by considering Martin distance [115]. In [116], Ma-

halanobis distance for text categorization and hand digit recognition via k-NN classifier

21
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was considered by using the convex optimization approach over the space of positive

semidefinite matrices. Auto-Regressive (AR) and ARMA models were used in [117] for

studying shape deformation, where the Frobenius norm was used as a distance function

for classification. In [118] a generalized Laplacian regularized low-rank representation

for manifolds structure was studied by using Euclidean distance for image classification.

In [119] a subspace learning method for data on Grassmann manifolds is considered

for Linear Discriminant Analysis (LDA) followed by a k-NN classifier for actual image

data with Euclidean distances. In [120] an extended version of principal angles between

linear subspaces was employed for image set task within the framework of automatic

face recognition. A local manifold learning approach was incorporated in [121] using the

k-NN classifier for hyper-spectral image classification. In [122] the manifold was char-

acterized as an atlas or a set of overlapping charts (a basic definition of manifolds) and

were isometrically mapped to Euclidean space for image classification using the k-NN

classifier.

2.1.2 Euclidean-mapping Methods

Another widely used approach for manifold learning is to extend the linear methods

that are straightforward for data analysis, but often do not fit the complex structure of

the given data in hand. For example, learning on manifolds via PCA, LLE, LDA, PLS

and SVM are the most popular. These data analytic approaches are often extended

in the existing literature to manifolds by using the Euclidean mapping strategy with

excellent outcomes. Human detection via classification of still images or pedestrian

detection classification [40] was studied, where the space of symmetric positive matrices

(as covariance matrices) were formulated as connected Riemannian manifolds. The

method used the prior information of the underlying geometry of the space, and for the

classification task the points were mapped to the tangent space at the weighted means.

Here the LogitBoost and GentleBoost classifiers were incorporated for the final outcomes.

PCA was extended for learning on Grassmann manifolds in [123] to kernel-PCA for

object recognition, where the given data set was characterized by symmetric positive

definite matrices mapped to feature vectors in Hilbert space. The covariance matrix

of this collection of feature vectors (that represents the kernel matrix) was evaluated
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and transformed to d-dimensional data representations of the manifolds that represent

mapping in Euclidean space. An intuitive description of how to construct kernel-PCA

is available in [124].

The primary purpose of kernel methods is to transform the given data of a complex

structure (non-linear manifolds) to a very high dimensional space (Hilbert space defined

on the inner product, e.g., Rd × Rd) that gives a regularised linear data tractable to

Euclidean space (known as the kernel trick) and hence better to visualize for computer

vision applications. In [125], for image set classification, symmetric positive definite ma-

trices were used on Riemannian manifolds by employing LDA and Partial Least Squares

(PLS) methods. In [126] human activity recognition task was studied by employing a

generalized framework of Binet-Cauchy kernels for nonlinear dynamical systems. In [127]

SVM classifiers were used for multiple kernel learning methods for symmetric positive

definite matrices on Grassmann manifolds. These were used for image set-based classifi-

cation and action recognition tasks. The positive definite kernels approach on manifolds

were based on the Gaussian radial basis function with kernel trick and was employed

in [128] for computer vision tasks by using kernel SVM, LDA and PCA.

2.2 Model-based Learning techniques

Model-based learning techniques may be divided into two main categories, one is non-

parametric modeling approaches that are not restricted to any specific form of models

for data distribution. The second is the Bayesian parametric modeling approach that is

based on an appropriate model for the corresponding data.

2.2.1 Non-parametric modeling approach

Non-parametric density estimator models are not restricted to the specific form of data

distribution as compared to parametric models where normal distribution models are

closer to ideal and preferred. The non-parametric models, however, are more sensitive

to the choice of window size. See, for example, the Parzen estimator (kernel density
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estimator) [129], where the main idea is to have one kernel function for each training

sample and then add them all together.

In general, such kernel density estimators were studied for Riemannian space in [77,130],

that is the kernel density estimator based on kernel functions of the Riemannian geodesic

distance on the manifolds were characterized as consistent expressions of kernel density

estimators in Euclidean space. The concept of geodesic distance in an abstract math-

ematical sense is the infinitesimally small distance between two points on the curved

surface with zero acceleration. The distances on the curves obtained in this way can

be deemed as Euclidean distances. A kernel density estimator of a probability density

function on arbitrary Riemannian manifolds was studied for image analysis in [131].

In [132] for clustering and data visualization, the non-parametric learning approach

was used by employing the Fisher information distance for statistical manifolds. Here

the multi-dimensional scaling method was employed for embedding the corresponding

probability distribution functions into a low dimensional Euclidean space. In [133] for

classification task, kernel density estimators were used to represent an image set with

its probability density function by employing Csiszar f-divergences for image set match-

ing to the geodesic distance of statistical manifolds. Gaussian distributions for face

recognition with image sets has been studied in [134] via a positive definite probabilistic

kernel approach by using Riemannian manifolds. Projection metric learning methods

on Grassmann manifolds for video-based recognition was used in [135].

Non-parametric regression estimation is also one popular technique introduced by Nadaraya

and Watson in [136, 137] via kernel-based estimators for regression functions. The

method is valid for manifold-valued data and a good review of regression analysis for

manifolds is available in [138]. The kernel dimensionality reduction technique on man-

ifolds, i.e., to map the given data of high complexity to reproducing kernel Hilbert

spaces and to characterize conditional independence using cross-covariance operators,

was employed for regression and classification problems in [139]. A linear regression

classification algorithm was studied in [140] for face recognition, it was then further

extended for high dimensional data in [141] for image-set classification, where the high

dimensional data was downsized to low dimensional Euclidean space. The Euclidean dis-

tance was used as a metric for calculating the distance between an actual test image and
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its reconstructed image. The linear regression classifier (LRC) was further extended to

a kernel-based linear regression classifier (KLRC) in [142] by employing the kernel trick,

that is, KLRC was used to map the face data for classification into a high-dimensional

kernel space by using the nonlinear mapping determined by a kernel function. Here

the authors claimed that KLRC performed very well for linear separability of the face

data compared to kernel linear discriminant analysis (KLDA) as well as kernel principal

component analysis (KPCA). Similarly the partial least squares regression on Grass-

mann manifolds was studied in [143] for video-based human emotion recognition, where

the video-based feature extraction was performed via subspace learning and Grassmann

kernels. Turaga et al., in [49, 51] discussed maximum likelihood estimation techniques

for parametric and non-parametric models for Stiefel and Grassmann manifolds defined

on matrix-Fisher and matrix-Bingham distributions. Furthermore, for the numerical

experiments, they discussed procrustes distance and karcher mean for kernel density

estimation over Stiefel and Grassmann manifolds. They did this by considering k-NN

and kernel classifier, without providing implementation details for their described ex-

periments.

2.2.2 A Bayesian parametric modeling approach

Like the existing linear methods that are generalized for complex data in the existing

literature, such as non-parametric methods in [55,77,111,112], for model-based learning,

the linear probabilistic models can also be generalized to fit complex nonlinear data for

computer vision tasks. The matrix-variate angular central Gaussian, Fisher, Langevin,

Watson, and Bingham distributions are well-studied examples that are more consistent

with Stiefel and Grassmann manifolds. These distribution models can be easily utilized

for classification over the Bayesian MLE approach, but due to its normalizing constants

alternative options were taken into consideration in the existing literature. For example,

Bishop and John in [144] introduced a mixture of Bayesian PCAs as a fully probabilis-

tic modeling approach over manifolds of images, where they used variational methods

by considering Dirichlet distributions. A Bayesian temporal model on manifolds for

dynamic facial expression recognition was used in [145], where supervised locality pre-

serving projection technique was incorporated for the embedded space to construct low
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dimensional image sequences from the original image sequences. The minimum mean

square distance estimator using the Bayesian framework was considered in [146] for sub-

space estimation with application to image analysis, where Fisher-Bingham model was

considered for data distribution and the minimum square distance was estimated em-

ploying the MCMC simulation method. A non-parametric density estimation approach

on manifolds with applications to shape analysis has been studied in [147], where ap-

plications to landmark-based shape data Dirichlet process mixtures of complex Watson

distributions were considered. Also, the Expectation Maximisation (EM) procedures (or

mixture methods) for data clustering that were studied in [60,70,89,148,149,150,151] as

alternative to standard MLE, however, for high dimensional data analysis, these meth-

ods may be more expensive and very time consuming [111] in comparison to that of the

fully Bayesian parametric modeling approaches.

2.3 Deep Learning

Deep learning is another new and recently popular area of machine learning research.

It is based on networks which are capable of learning unsupervised data. It uses hier-

archical abstract layers of latent variables for performing pattern matching. It is worth

mentioning that deep neural networks such as convolutional neural networks [4], and

recurrent neural networks [152], increased popularity due to their success for several

machine learning tasks [153,154,155]. The neural networks are based on several hidden

layers and have good potential to model highly varying functions that define complex

structures of the input data.

Related to the work in this thesis, the deep learning framework was used for image

set classification in [156]. Non-parametric regression method on Grassmann manifolds

was employed in [157] by adopting a non-iterative deep learning approach for predicting

outputs with a geometric structure. In [158] deep network architecture was studied

for Grassmann manifolds, where the method was implemented for classifying real-world

data. Geodesic convolutional neural networks on Riemannian manifolds were studied

in [159] for applications such as shape description, retrieval, and correspondence.
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Although deep learning algorithms have been tested for their ability to play an important

role in mapping high-dimensional data to an array of outputs, it has, however, been

criticized [160]. In practice, such input to output maps are often taken blindly and

assumed to be accurate, which is not always the case [161]. Consider two such examples.

Firstly, in May 2016 there was the first fatality from an assisted driving system caused by

the perception system confusing the white side of a trailer for the bright sky [162]. The

second example was an image classification system erroneously identifing two African-

Americans as gorillas [163], certainly raising racial discrimination issues. Some other

shortcomings of deep learning algorithms are large data requirements for high accuracy,

computationally expensive and hard-to-tune processes.

In summary, the parametric modeling approach assumes a specific form for the probabil-

ity density function, which may be different from the true density, however, parametric

models allow the density function to be evaluated very rapidly for new values of the

input data. By contrast, the non-parametric methods allow very general forms of den-

sity functions, but suffer from the fact that the number of variables in the model grows

directly with the number of training data points. This leads to models which can be

very slow to evaluate for new input data. More precisely, the main disadvantage of both

kernel and nearest neighbor methods is that all of the training data points must be

trained, which needs large amount of processing to evaluate the density for new values

of test data [111]. Deep learning has recently gained an increased popularity in terms

of accuracy [164,165,166], however, the reason behind its high performance in terms of

accuracy is still a mystery and has been criticized [160]. Some other shortcomings of

deep learning algorithms are the large data requirements for high accuracy, computa-

tionally expensive and hard-to-tune processes. In comparison to the above-related work,

the Bayesian parametric modeling framework has many important advantages including

fast execution time, low disk space and high accuracy [94,167].



Chapter 3

Basic Background

Due to the complex structure of most real-world data, it is assumed that instead of

linear vector space, such data may lie in nonlinear differentiable manifolds [168, 169].

The manifold hypothesis suggests that the nonlinear manifolds of complex structures

are intrinsically low dimensional spaces, which implies that such manifolds are locally

homeomorphic to Euclidean space Rd of comparatively low dimensionality. For example

pictures of human faces may have pixels in the order of millions, depending on camera

resolution. However, the image can be characterized using a few important factors of

variation [170], such as illumination, shades, pose, shape and orientation. Based on this

manifold hypothesis, if the factors of variation in the query can be determined appropri-

ately, the projected data in its intrinsic form will exhibit linearised geometric structure

and learning tasks. These include, for example, classification, clustering, outlier detec-

tion and data visualisation in an optimal way.

3.1 Fundamental

Before proceeding further, some fundamental concepts that are more crucial for un-

derstanding smooth Riemannian manifolds, and in particular, Stiefel and Grassmann

manifolds will be discussed. These are two examples of smooth or analytic Riemannian

manifolds.

28
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Definition 3.1. (Topological Manifolds) A topological space M is called a topological

d-manifold if it is:

• Hausdorff (i.e., every pair p, q ∈M can be separated by two joint open sets).

• Second countable (i.e., there exists a countable basis to the topology of M).

• Locally Euclidean, that is, for every p ∈ M there exists an open set U ⊂ Rd such

that there exists a homeomorphism φ : U −→ Rd.

A pair (U, φ), where p ∈ U ⊂M and φ is a homeomorphism, is called a coordinate

chart, U is called coordinate domain, and φ is the coordinate map. For every

q ∈ U the vector φ(q) = (x1(q), · · · , xd(q)) ∈ Rd is the local coordinate of q in U .

The collection

A = {(Uα, φα)}α∈I

is called an atlas if M = ∪α∈IUα

Definition 3.2. (Smooth Manifold) A topological d-dimensional manifold M is called

a smooth manifold, if a smooth atlas A of M exists. Moreover, a manifold is said to

have dimension d if all of its connected components have dimension d.

Examples:

• 1-dimensional manifold is also called a curve.

• 2-dimensional manifold is called a surface.

• d-dimensional manifold is called a d-manifold.

Definition 3.3. (Tangent Vector and Tangent Space) Given a smooth manifoldM and

a point p, then a tangent vector ofM at p is an equivalence class of differentiable curves

C : (−ε, ε) −→M

where C(0) = p and C1 ∼ C2 ⇐⇒ (φ ◦ C1)′(0) = (φ ◦ C2)′(0), that is the tangent of the

curves under φ have the same tangent vector in Rd. The tangent space ofM at p is the

set of all tangent vectors at p.
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The algebraic definition is regarded as a directional derivative of scaler functions defined

on the manifold, i.e., if for the domain I

C : I −→M

is a smooth curve, then its tangent is

C′(t0) ∈ TC(t0), t0 ∈ I

Thus for a given smooth scalar function f :M−→ R, the tangent vector C′(t0) can be

thought of as a directional derivation of f at the point C(t0).

Definition 3.4. (Riemannian Metric) Let M be a smooth manifold. A Riemannian

metric g on M is a differentiable map

p 7−→ gp : TpM× TpM−→ R

such that gp is

1. Bilinear: gp(aX1 + bX2, Y ) = agp(X1, Y ) + bgp(X2, Y ).

2. Symmetric: gp(X,Y ) = gp(Y,X).

3. Positive Definite: gp(X,X) > 0, for X 6= 0, gp should be thought of as a scalar

product on TpM; that is a way to measure lengths and angles in the tangent space.

Example (Sphere): The Riemannian metric gp is inherited from the embedding space’s

scalar product (i.e., the Euclidean scalar product) in R3:

gp : TpS2 × TpS2 −→ R

(Xp, Yp) 7−→ gp(Xp, Yp) = 〈Xp, Yp〉

Definition 3.5. (Riemannian Manifold) The pair (M, g) is called a Riemannian mani-

fold if M is a smooth manifold and g is a Riemannian metric.
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Definition 3.6. (Length of a Curve on a Manifold) Let C : [a, b] −→M be a piecewise

smooth curve on M, then

Lg :=

∫ b

a
‖C′(t)‖gdt

Definition 3.7. (Intrinsic distance of points on a manifold) Let (M, g) be a connected

Riemannian manifold and p, q ∈ M. Then the intrinsic distance or geodesic distance

between p and q can be defined as

dg(p, q) := inf{Lg(C) | C : [0, 1] −→M piecewise smooth, C(0) = p, C(1) = q}

that is length of the shortest curve in M connecting p and q (geodesic distance).

3.2 Stiefel Manifold

The space of orthonormal p-frames in Rd is called the Stiefel manifold denoted by Vd,p.

The Stiefel manifold as a set of points or d× p matrices X may be represented [77] as

Vd,p = {X : XTX = Ip×p}.

Special Cases:

• p = 1, is a 1-frame or unit hypersphere Vd,1 = Sd−1.

• p = 2 is the circle.

• p = 3 is the sphere in general.

• p = d is orthogonal group of d× d matrices, i.e., Vd,d = O(d).

• An orthonormal (d − 1)-frame (X1, · · · , Xd−1) can be uniquely extended to an

orthonormal d-frame (X1, · · · , Xd) with matrix of magnitude +1, i.e., Vd−1 =

SO(d), the special orthogonal group of d × d rotation matrices [55]. The special

orthogonal group of d× d rotation matrices is defined by

SO(d) =
{
X ∈ Rd×d : XTX = Id×d, det(X) = 1

}
.
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• Dimensions of Vd,p are dp− 1
2p(p+ 1).

3.2.1 The Tangent and Normal Space

Let X ∈ Vd,p denote the tangent space at X by TXVd,p and let Γ(t) be a curve on Vd,p

with Γ(0) = X. Then Γ′(0) is a tangent vector to Vd,p at X and the set of all such vectors

is the tangent space to Vd,p at X.

Consider the constraint equation

ΓT (t)Γ(t) = Ip×p.

By differentiating w.r.t. (t) yields

Γ′
T

(t)Γ(t) + ΓT (t)Γ′(t) = 0.

Then at t = 0 setting the initial conditions Γ(0) = X and Γ′(0) = A, the equation of

the tangent on Vd,p becomes

ATX +XTA = 0,

=⇒ XTA is skew symmetric.

The normal space at point X consists of all matrices Z such that

〈A,Z〉 = tr(ATZ) = 0,

for all A in the tangent space.

For the general case of tangent directions at X, any element ∆ ∈ Rd×p can be written

as

(X X⊥)C,
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where C is an d× p arbitrary matrix, and can be split as

C =

 A

B

 ,

where A is a p × p skew symmetric matrix, and B is an (d − p) × p arbitrary matrix.

Then

∆ = (X X⊥)

 A

B


= XA+X⊥B

= XA+ (I −XXT )C,

(3.1)

where X⊥ is any n× (d− p) matrix such that

XXT +X⊥X
T
⊥ = I, and B = XT

⊥C.

3.3 The Grassmann Manifold

The Grassmann manifold denoted by Gd,p is the set of a p-dimensional linear subspace

of Rd. A p-columned matrix X = (x1, x2, · · · , xp) is an element of Gd,p defined as

Gd,p = {Col(X) : X ∈ Rd×p} (3.2)

where Rd×p is a set of full column rank matrices, and Col(X) denotes column space

(image or span) of X ∈ Gd,p is a subspace of p-dimensional Euclidean space Rd.

Since a p-dimensional subspace of Rd can be specified by a basis p-column vectors of X,

then in terms of d× d matrices X, the Gd,p can be defined as

Gd,p = {X : X = XT = XTX, rank(X) = p}. (3.3)
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that is a natural generalization of real projective spaces. Moreover, the Grassmann

manifold has a uniform and unique distribution which is invariant under rotation, that

is UXUT has the same distribution as X for all U in the special orthogonal group of

matrices, i.e., U ∈ SO(d).

3.3.1 Sample Mean

Unlike the non-parametric density estimator models, for example, the work in [51, 119]

and the previous distance-based learning approaches as mentioned in Chapter 2, the

optimizations are based on mean distances between subspaces. The Euclidean sample

mean of data or observations for the optimization problem of MLE-based learning, is used

in this thesis, as it is a more natural way of exploring generalized Bayesian parametric

models. The Euclidean mean for sample observations X1, · · · , Xq on Gd,p can be defined

as

X :=
1

q

q∑
i=1

Xi. (3.4)

3.4 Learning on Directional or Parametric Models

In the previous section the fundamental concepts of Riemannian geometry and Stiefel

and Grassmann manifolds were described. In order to process manifold-valued data over

generalized parametric frameworks, tractable directional models on Stiefel and Grass-

mann manifolds are defined for further elaboration and manipulation in the subsequent

chapters for classification via a standard Bayesian MLE.

Directional statistics constitute an important tool for processing manifold-valued data.

It deals with observations, which are not familiar counts, real numbers or (unrestricted)

vectors, but they are directions in 2- or 3-dimensional space or rotations of such space

[55]. A direction can be regarded as a multi-dimensional unit vector. Such vectors form

directional data. Examples of directional data are manifold-valued data, spherical and

shape data. In parametric models of directional data, appropriate probability density

functions must be defined on directional data. Such appropriate parametric models are

known as directional models or directional distributions.
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In order to study learning on directional data or manifold-valued data, in the subsequent

sections parametric or directional models defined on manifold-valued data, will be briefly

described. The most pressing concern in the subsequent chapters is to demonstrate stan-

dard MLE on directional models on manifold-valued data. It is important to note that

directional statistics are non-Euclidean statistics. Consequently, talking about direc-

tional models defined on such data, this will mean operating in non-Euclidean space. In

non-Euclidean space, the underlining data may be manifold-valued, spherical, or shape

data, etc. The probabilistic models for directional data, used in this thesis are directional

models. They have been used in the parametric form with the inclusion of normaliz-

ing constants and with numerical optimizations based on the sample mean of training

data, rather than non-parametric models, where the numerical optimization is based on

distance or some appropriate kernel function.

3.4.1 The Matrix-Fisher Parametric Model

The vector-variate von Mises-Fisher (vMF) distribution is one of the simplest parametric

distributions for directional data (unit vectors or axes). The vMF has density on the

unit hypersphere Sd−1 = {x ∈ Rd : xTx = 1} with respect to uniform distribution given

by

f(x | a) = α(a) exp{aTx}, (3.5)

where a ∈ Rd is a parameter vector, and α(a) is the normalizing constant given by

α(a) =
|| a/2 ||d/2−1

Γ(d/2)Id/2−1(|| a ||)
, (3.6)

Here, Γ(.) is the well-known Gamma function and Id(.) represent a modified Bessel

function of first kind and order d.

The distribution (3.5) can be extended to the matrix case, which refers to the sample

spaces of Stiefel manifolds Vd,p, introduced in [102] and is known as the Matrix-Fisher

(or matrix Langevin) distribution. For a random matrix, X ∈ Vd,p, the MF distribution
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has probability density functions introduced in [171] given by

f(X | A) =
1

α(A)
exp

{
tr(ATX)

}
, (3.7)

where A is a d× p parameter matrix, and α(A) is a normalizing constant.

3.4.2 The Matrix-Bingham Parametric Model

The vector-variate Bingham distribution can be constructed by considering vector-

variate distributions to lie on the surface of unit hypersphere Sd−1. Let y ∈ Rd be

a sample of random vectors in Euclidean space, the Bingham probability density func-

tion with respect to a uniform distribution on a unit hypersphere is given by

f(x | B) =
1

C(B)
exp{xTBx}, xTx = 1, (3.8)

Here, xTBx = xTBTx = 1
2x

T (B+BT )x, by assuming that B is a symmetric parameter

matrix and C(B) is the normalizing constant.

The parametric model in (3.8) can also be extended to the case where the sample space

consists of points on the Grassmann manifolds as space d× d matrices

Gd,p =
{
X ∈ Rd×d : X = XT = XTX, rank(X) = p

}
,

with a probability density function defined on Grassmann manifolds given by

f(X | B) =
1

C(B)
exp

{
tr(XTBX)

}
, XTX = Id, (3.9)

where B is a symmetric d× d parameter matrix and C(B) is a normalizing constant.

3.4.3 The Angular Central Gaussian (ACG) Parametric Model

The Angular Central Gaussian (ACG) distribution that can be derived from the Wishart

or Cauchy distributions [172], was introduced for MLE on unit sphere Sd−1 with x ∈ Rd

by Tyler in [68] as an alternative to the Bingham distribution for directional data. For
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the matrix case, it was then introduced by Chikuse in [69]. The most motivating property

of ACG distribution for data analysis is as follows: it is an antipodal symmetric distribu-

tion analogous to the Bingham distribution, with a simpler corresponding normalizing

constant. Nonetheless, it can be defined on Grassmann manifolds. The name Angular

Central Gaussian is due to the fact that if x ∼ Nd(0, G) then || x ||−1 x ∼ ACG(G) [55].

A conventional way to define a distribution on the unit sphere Sd−1 is simply to em-

bed Sd−1 in Euclidean space Rd, then specify a distribution for a random variable (or

attribute) say x ∈ Rd, then consider the distribution of x conditional to lie on, or pro-

jected on sphere Sd−1. The vector-variate ACG distribution on the unit sphere has a

probability density function is given by

f(x | G) =
1

| G |1/2
(
xTGx

)−d/2
, xTx = 1, (3.10)

where G is a d × d positive definite parameter matrix, and | G |1/2 is the normalizing

constant.

The parametric model (3.10) can be generalised to the case of unrestricted d×p random

matrix X [69] with density function defined as

f(X | G) =
1

| G |d/2
g
(
XTG−1X

)
, (3.11)

for some function g if and only if the polar part of X is a matrix of an Angular Central

Gaussian distribution. The main concern here is to extend this concept to sample spaces

on Grassmann manifolds via a Bayesian approach for classification. This idea is therefore

further elaborated and manipulated for Bayesian MLE on Grassmann manifolds for

directional data.

3.4.4 Fisher-Bingham Model

The Fisher-Bingham distribution can be constructed by constraining multivariate nor-

mal distributions to lie on a unit sphere. The Fisher-Bingham density with respect to a

unit sphere is defined as
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f(x | B, a) =
1

C(B, a)
exp(aTx+ xTBx), (3.12)

where x ∈ Sd−1, a ∈ Rd, B is a symmetric d × d parameter matrix, and C(B, a) is

a normalizing constant. The vector variate Fisher-Bingham distribution (3.12) can be

generalized to the matrix case, with its density function given by

f(X | A,B) =
1

C(A,B)
exp

{
tr(ATX +XTBX)

}
(3.13)

where A,B are parameter matrices and C(A,B) is the normalizing constant. This model

will be further elaborated on for MLE-based learning in Chapter 7, where the main fo-

cus will be on calculating normalizing constants for the practicability of matrix-variate

exponential families of distributions via a simple Bayesian framework of numerical op-

timization.

3.4.5 The Normalizing Constant with Parametric Models

A major issue for the choice of modeling with the Bayesian approach or MLE-based

learning is the normalizing constant (also called constant of proportionality, marginal

likelihood, integrated likelihood or evidence). In this work the term ”normalizing con-

stant” is used throughout. In general, the corresponding normalizing constant of para-

metric models is analytically intractable (has no exact, closed-form or simple solution)

mainly because it involves high-dimensional integration over complicated and highly

variable function’s domain. This normalizing constant has a key role in statistical infer-

ences and also plays a role of threshold on training sample data. It is very sensitive to

changes in training samples, and small changes can result in very large changes in the

normalizing constant and hence in the outcomes of the inferential model.

Although the above described general parametric models apparently looks straightfor-

ward for statistical inferences via standard MLE, the matrix-based normalizing factors

make them rather challenging to solve. Such normalizing constants are mostly expressed

in terms of special functions. These special functions have series of expansions and in-

tegral representations, but evaluating such integrals in closed form may be rare, and in
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particular for matrix-variate distributions it is a further challenge. That is the main

reason why in the existing literature the fully parametric modelling framework for data

analysis is not yet explored in the general context, and as alternative non-parametric

methods, such as kernel-density estimation, regression, autoregression and Expectation

Maximisation (EM) approaches have widely been studied for clustering tasks. Con-

sequently the Bayesian parametric approach of MLE has not yet been explored for

classification tasks for manifold-valued data. This is explored in this thesis.

The optimization problem of MLE can be solved in two ways. One is to use the analytic

approach, the other is the numerical approximation approach. The analytic approach

is computationally difficult for matrix manifolds, therefore the use of the numerical

approximation approach, by studying the evaluation of the corresponding normalizing

constants is the focus of this work. The purpose is to enable the prescribed parametric

models by testing through one synthetic dataset on a Stiefel manifold and several actual

pieces of data for classification on Grassmann manifolds. The following chapters explore

the generalization to parametric models via manifold-valued data.



Chapter 4

Parametric modelling via series

approximation

4.1 Introduction

This Chapter is concerned with the validation of parametric models defined on manifold-

valued data. Employing parametric models for classification tasks via a simple MLE pro-

cedure is difficult due to intractable normalizing constants appearing with such models.

Instead, alternative approaches to standard MLE, such as estimation by score match-

ing, where the main idea was to estimate models by minimizing the expected squared

distance between the gradient of log density given by the model and the gradient of

the log density of the observed data [173,174], the Expectation Maximisation (EM) (or

variational Bayesian) iterative algorithm [60, 175] and the Markov chain Monte Carlo

(MCMC) methods [176, 177, 178] have been used. Here the focus is to demonstrate

model-based learning on Stiefel and Grassmann manifolds via a standard MLE, with

the inclusion of corresponding normalizing constants. In order to validate parametric

classification models defined on Stiefel and Grassmann manifolds instead of conven-

tional multivariate Gaussian distributions, this Chapter extends classification tasks to

the well-studied matrix-variate Fisher and Bingham distributions with the inclusion of

normalizing constants.

40
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Due to the very high dimensional variability of normalizing constant, their integral or

series representations have no explicit solutions. A natural recourse is therefore some

sort of approximation. There are a few techniques for calculating normalizing constants

for manifold based parametric models that will be discussed in the next few chapters.

Here, the calculation for the corresponding normalizing constants of parametric models

are considered via series approximations. In the matrix Bingham distribution, for small

values of concentrated parameters, the simplest method is to first express the normaliz-

ing constant as a confluent hypergeometric function and then to expand it by employing

Taylor’s method. By doing so one may consider the first three terms of the series as

the most significant for the approximate solution to the series. The method of Taylor’s

expansion for calculating normalizing constants in the Bingham distribution was intro-

duced in [101] and extended for the matrix variate case in [77]. Here, the focus is on

its use for classification on Grassmann manifolds via a simple Bayesian framework as

analyzed in Section 6.7.

4.2 Matrix-Fisher or Langevin distribution on Stiefel man-

ifold

Consider a unit vector x ∈ Rd which has a von Mises-Fisher distribution with parameters,

say λ ∈ Rd, then its density w.r.t the uniform distribution on the unit hypersphere is

Sd−1 = {x ∈ Rd : ‖x‖ = 1} (4.1)

given by

f(x | a) =
1

0F1(1/2; d/2; ‖a‖2/4)
. (4.2)

The vector variate von Mises-Fisher distribution can be extended to matrix variate

distribution. Such a distribution for the matrix variate case is called matrix-Fisher (or

Langevin distribution). The matrix-Fisher distribution is a natural probabilistic model

tractable to Stiefel manifolds. Let X = (X1, · · · , Xp) be observations on Stiefel manifold
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Vd,p, having the probability density function introduced by Downs [171] which is given

by

f(X | F ) = α(F ) exp(tr(FXT )), (4.3)

where X is the random matrix of size d× p, F is the d× p parameter matrix and α(F )

is its normalizing constant.

The normalizing constant α(F ) can be calculated by using the hypergeometric matrix

function 0F1 as α(F ) = 1

0F1

(
p
2

; 1
4
FFT

) .

Now assume that r is the rank of F , with 0 ≤ r ≤ d, then there exist parameter matrices

U,Λ, and V , such that Λ = diag(λ1, ..., λr), λi > 0 for i = 1, ..., r.

F = UΛV T , UUT = Ir, V
TV = Ir, (4.4)

where U ∈ Vd,r and V ∈ Vp,r.

The Singular Values Decomposition (4.4) is unique under the following assumptions [63]

1. λ1 ≥ · · · ≥ λr > 0.

2. The elements of the first column of V are positive.

3. And with an assumption for some of these elements in the first column of V and

the first row of U are zeros, the first non-zero element to be positive for each row

of V is taken.

Under decomposition (4.4), the density of X with respect to Langevin (or Von Mises-

Fisher) matrix distribution can be rewritten as

f(X | U,Λ, V ) =
1

0F1

(p
2 ; 1

4FF
T
) exp

(
tr(UΛV TXT )

)
. (4.5)

It is known [77] that the normalizing constant has the following simplified formula

0F1

(
p

2
;
1

4
FF T

)
= 0F1

(
p

2
;
Λ2

4

)
.
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Referring to MLE, the main difficulty is to calculate the above constant. Here the

focus is to review two ways of computing normalizing constants for the matrix-Fisher

distributions. From [98] it is known that

1

α(F )
= 0F1

(
p

2
;
Λ2

4

)
=

∞∑
k=0

∑
κ

Cκ
(

Λ2

4

)(p
2

)
κ
k!
, (4.6)

where κ = (κ1, ..., κr), and k =
∑r

i=1 κi, with κ1 ≥ ... ≥ κr ≥ 0, the numerator Cκ(Λ2

4 )

is a zonal polynomial with respect to its argument, and

(p
2

)
κ

=

r∏
i=1

[
{1

2
(p− i+ 1)}{(p− i+ 3)} · · · {1

2
(p− i+ 2ki − 1)}

]
.

One approximated formula for the normalizing constant proposed in [98, 102, 171] for

small values of λi is shown as

0F1

(
p

2
;
Λ2

4

)
≈ 1 +

1

2p

r∑
i=1

λ2
i . (4.7)

So the likelihood (4.5) is approximately computed as

f(X | U,Λ, V ) ≈ 1

1 + 1
2p

∑r
i=1 λ

2
i

exp
(
tr(UΛV TXT )

)
, (4.8)

which is an explicit formula, employed in Section 4.4, for calculating the probabilities

with the given data on Stiefel manifolds.

A general technique of evaluating MLE of U,Λ, and V is first to arrive at a system of

Likelihood equations satisfied by the MLE and then to obtain it by solving the system

of likelihood equations.

To do so, assume that the data X ∈ Vd,p is known1. Take the SVD of X = UΣV
T

where Σ = (σ1, ..., σr), then it can be proved that the MLE for U and V can be given

by U = U and V = V , see [102], where the MLE for Λ will be given by the maximum

of the following log-likelihood function

1It is easy to prove that the only need is to replace X with the mean of a set of data points X .
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log f(X | U,Λ, V ) ≈ − log

(
1 +

1

2p

r∑
i=1

λ2
i

)
+

r∑
i=1

λiσi, (4.9)

from (4.8).

This approximated probability density function offers good accuracy as demonstrated

via numerical experiments in Section 4.4.

4.2.1 Parametric Model On Grassmann Manifolds

The most tractable density function on Gd,p is the matrix Bingham distribution f(X | B).

The matrix Bingham probability distribution or density function on Gd,p for the random

matrix X is given by

f(X | B) =
1

1F1(d2 ; p2 ;B)
exp

{
tr(XTBX)

}
, (4.10)

where B is a d × d parameter matrix, and the normalizing constant 1F1 is a confluent

hypergeometric function with a matrix argument.

Given a real symmetric matrix B of size d × d, there exist parameters U and Λ such

that the spectral decomposition of B can be written as

B = UΛUT , (4.11)

where, U belongs to an orthogonal group of matrices of order d, denoted by U ∈ O(d),

and the concentrated matrix Λ = diag(λ1, ..., λd) with λ1 ≥ · · · ≥ λd.

Λ is unique [77], and U is unique by post-multiplication of K ∈ O(d), such that

Λ = KΛKT , (4.12)

where Λ = (λ1, ..., λi), i = 1, ..., d.

The theoretical foundation of MLE for Bingham distributions over Grassmann manifolds

has been established in the literature, see [63] for proof.
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Theorem 4.1. Given a set X = {X1, ..., Xn} of random samples of matrices of size d×p

on the Bingham distribution, denote the mean t(X) = 1
n

∑N
i=1XiX

T
i . Then for n ≥ d,

with probability 1, there is a unique MLE B̂ of B. If t(X) = U∆U
T

and B̂ = ÛΛÛT

are the spectral decomposition, then

Û = U, δi = Li(λ̂), i = 1, ..., p (4.13)

where

λ̂ = (λ̂1, ..., λ̂d),

and

Li(λ) = ∇λi log( 1F1(
d

2
;
p

2
; Λ)), (4.14)

where ∇λi is the i-th component of the gradient operator

∇λ = (
∂

∂λ1
, ...,

∂

∂λd
).

One simple way to find the MLE for Bingham distributions, is to derive an approximation

formula for calculating 1F1(d2 ; p2 ; Λ). To do so, Taylor expansion is applied, first for the

scalar case given by

1F1(d, p;x) = 1 + dpx+
d(d+ 1)

2p(p+ 1)
x2 +

d(d+ 1)(d+ 2)

6p(p+ 1)(p+ 2)
x3 + · · · , (4.15)

where d, p, x ∈ R, then simply extending the scalar case to the matrix case by considering

the first three terms of the series. Consequently, the simplified approximation of the

normalizing constant is given by

1F1(
d

2
;
p

2
; Λ) =

∞∑
k=0

(d2)k

(p2)k

(Λ)k

k!
= 1 +

d

p
tr(Λ) +

d(d+ 2)

2p(p+ 2)
tr(Λ2) + · · · . (4.16)

Hence the following second order expansion of (4.16) in the following probability formula

is considered, where B = UΛU
T

is unknown,

log f(Y |U,Λ) ≈ − log

(
1 +

d

p

r∑
j=1

λj +
d(d+ 2)

2p(p+ 2)

r∑
j=1

λ2
j

)
+

r∑
j=1

λj . (4.17)
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That is the compatible expression used in Section 4.4, for the numerical experiments.

4.3 Classification of Stiefel and Grassmann manifolds

As mentioned in Chapter 3, due to the complex behavior of actual images or video data,

it is assumed that instead of conventional vector space, the data may lie in smooth

Riemannian manifolds. Before undertaking the classification, images need to first be

transformed to Stiefel or Grassmannian points.

Here the matrix-Fisher Eq. (4.9) is assessed by using a synthetic dataset. All the

experiments in the rest of this chapter and the thesis will be assessed on Grassmann

manifolds, which is more suitable for image classification mainly due to the advantageous

geometric properties of Grassmann manifolds. Moreover, Grassmann manifolds are the

generalization of linearly independent Stiefel manifolds (non-compact case of Stiefel

manifolds). This property of linearly independence of columns or rows of manifolds

makes them more applicable and demanding. For example the Bayesian classifier defined

on independent, identically distributed (iid) data that can be fulfilled when the data is

represented as Grassmann manifolds may produce much better results than that on

compact Stiefel manifolds.

In the data preprocessing stage when the manifolds are collections of images, the first

requirement is dimension reduction. This means transforming the given dataset of high

pixel resolution to lower resolution images (grayscale images). The second step needs

Principal Component Analysis (PCA) or Singular Values Decomposition (SVD) to trans-

form all the classes of a given dataset of images to a collection of Grassmann manifolds.

In numerical experiments of the MLE for the parameter Λ it is observed that directly

maximizing the log-likelihood functions defined in Eq. (4.9) does not provide closed-form

expressions in the general sense. For example, the approximation (4.9) was obtained

based on the assumption that λi is small. In this case, the right-hand side of (4.9) is

actually dominated by the linear part
∑r

i=1 λiσi, which means that the optima may

occur around some boundary points. This analysis suggests that a fast, simple and
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effective way of estimating parameters follows from setting λi = σi, which is why this

simple strategy is employed in numerical experiments for classification outcomes.

Based on the above analysis, a simplified MLE procedure for Stiefel manifolds is con-

sidered by taking λi = σi and similarly for Grassmann manifolds by σj = λj . The

final classification algorithms on Stiefel and Grassmann manifolds are considered as fol-

lows respectively. Let Xk = {Xk
1 , · · · , Xk

dk
} ⊂ Vd,p be a set of Stiefel points of class k

(1 ≤ k ≤ K) and Yc = {Y c
1 , · · · , Y c

dc
} ⊂ Gd,p be a set of Grassmannian points of class

c (1 ≤ c ≤ C). With these training data, one can estimate K Matrix-Fisher densities

for Stiefel manifolds and C Bingham densities on Grassmann manifolds, respectively.

Finally for any new points X∗ ∈ Vd,p and Y ∗ ∈ Gd,p, the relevant class index can be

identified based on the maximal density values generated from the learned density func-

tions. The algorithm details are summarized in Algorithm 1 and 2:

Algorithm 1 Classification of Stiefel Manifolds

Input: K sets of training data Xk (1 ≤ k ≤ K) and any given new Stiefel point
X∗ ∈ Vd,p

Output: The class index k∗ for X∗

1: for k = 1 to K do
2: Take the mean Xk of all the Stiefel points Xk
3: Calculate the SVD Xk = UkΣ

kV
T
k

4: Take Λk = Σk by setting λki = σki
5: Calculate pk = P (X∗|Uk,Λk, V k) according to (4.8)
6: end for
7: Define the class index k∗ for X∗ by

k∗ = max
1≤k≤K

pk.

Remark 4.2. Algorithm 1 can be considered as an extension of the naive means classifier.

To see this, recall the simplified density formula (4.8), the main component of which is

exp(tr(UΛV
T
X∗T ))

= exp(tr(XX∗T )) = exp(〈X,X∗〉),

where 〈·, ·〉 is the inner product of matrices. The Naive Bayesian classifier simply mea-

sures the similarity between the new point X∗ and the mean point of a class without

taking the Stiefel manifold geometry into account. However, the coefficient used in
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Eq. 4.8 is used to correct inaccurate similarity measurements based on Euclidean inner

products.

Remark 4.3. A similar comment can be applied to Algorithm 2. It is well-known that

the diffeomorphism mapping π : Y → Y Y T in fact embeds the Grassmann manifold into

the manifold of symmetrical matrix spaces. The main component in (4.10)

tr(Y ∗T ÂY ∗) = tr(ÂY ∗Y ∗T ) = tr(Y Y
T
Y Y ∗T ),

is measuring the similarity between Y ∗Y ∗T and Y Y
T

under the symmetrical matrix

space.

Algorithm 2 Classification of Grassmann Manifolds

Input: C sets of training data Yc (1 ≤ c ≤ C) and any given new Grassmannian point
Y ∗ ∈ Gd,p

Output: The class index c∗ for Y ∗

1: for c = 1 to C do
2: Take the mean Y c of all the Grassmannian points Yc
3: Calculate the SVD Y kY

T
k = U cΣλkU

T
c

4: Take Λc = ∆c by setting λcj = δcj
5: Calculate qc = P (Y ∗|U c,Λk) according to (4.17)
6: end for
7: Define the class index c∗ for Y ∗ by

c∗ = max
1≤c≤C

qc.

4.4 Experiments

In order to confirm the validity and performance of the proposed approach, numerical

experiment for testing the matrix-Fisher model using synthetic data for Stiefel manifolds

is considered. To this end, all the numerical experiments on MLE-based parametric

models by using the Grassmann manifolds are considered.

4.4.1 Experiments on Synthetic Data

In the first experiment, the focus is on Algorithm 1, for validity and performance of the

matrix-Fisher parametric model on synthetic data. The synthetic data (as points on
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Table 4.1: Experimental Results for Synthetic Data

Data Classes Gr Training Test False True Accuracy (%)

Synthetic 3 300 60 240 14 226 94.17

Stiefel manifolds) is generated by a similar procedure to that by the authors in [179],

where a way to generate Stiefel manifolds is based on the following rule.

Xj = exp(tΩj)C. (4.18)

Here Ωj is a skew-symmetric matrix. Using randomly generated Ωj ’s will generate a set

of Stiefel points Xj ’s with C as the central Stiefel point, To produce a random skew-

symmetric matrix, Aj in Rd×d is randomly generated with normally distributed entries

such that

Ωj = Sk(Aj) =
Aj −ATj

2
.

The parameter t > 0 controls the spread of the data cloud.

In numerical experiment three centre Stiefel points C1, C2 and C3 are chosen in V50,10,

i.e., d = 50 and p = 10, and set t = 0.1. For each centre Ci, 100 Stiefel points are

randomly generated in each cloud. Then 20 of them are used for each cloud to estimate

a density function. The remaining 80 points in each cloud will be used in testing.

For the remainder of the thesis, instead of Stiefel manifolds, the main focus is on the

Grassmann manifolds. All of the experiments conducted for parametric models valida-

tions in the next section as well as in the next three chapters are based on visual clas-

sification databases of general images. These consist of different categories (or classes)

as collections of Grassmann manifolds.

4.4.2 Experiments on Real World Data

In this section, the validity and performance of the Bingham model given by Eq. 4.17 is

examined, by conducting numerical experiments using five visual classification datasets.

Brief details of these datasets are set out below.



Chapter 4. Parametric modeling via series approximation 50

1. UCSD Highway Traffic 253 traffic videos [1] database consists of a video

that was recorded within a two days span for different illumination conditions and

different speeds, two light flows of traffic, medium traffic, slow traffic and traffic

jam. The database also contains different weather conditions, e.g., overcast, sunny,

raining, rain drops on the camera lens. As an example a sample of highway traffic

consisting of three classes is shown in Figure 4.1. The recorded videos are in color

with a resolution of 320 × 240 pixels, there are 164 clips from low level, 45 clips

from medium level and 44 clips of heavy level of traffic each five seconds long.

Figure 4.1: An illustrative Traffic Sample example of 253 videos consisting of three
classes with respect to light traffic, medium traffic, slow and traffic jam from the Wash-

ington State Department of Transportation [1].

2. The ETH-80 database [2] consists of color images of 80 objects from different

categories, these being apples, pears, tomatoes, cows, dogs, horses, cups, and cars.

Each category contains 10 objects with 41 views per object. The dataset has 3280

images rescaled to 128 × 128 pixels. A sample of such images is shown in Figure

4.2.

3. The Sheffield KInect (SKIG) database [3] consists of 2160 sequences of hand

gestures of which half are RGB sequences and half are depth sequences collected

from six objects. The dataset is divided into ten different categories of hand

gestures and are shown in Figure 4.3.

4. The Mixed National Institute of Standards and Technology (MNIST)

database [4] contains about 70,000 images of digits written by 250 volunteers.

The MNIST is a large database of handwritten digits that is most commonly used

for training various image processing systems [4]. The MNIST dataset consists of

a data matrix of 60,000 examples by 784 variables. All the observations are black

and white images of certain digits. All the digits are size normalized and centred
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Figure 4.2: Sample of images of the ETH-80 database consists of 8 categories: apples,
pears, tomatoes, cows, dogs, horses, cups, and cars [2].

Figure 4.3: Sample of RGB sequences from the Sheffield KInect Gesture dataset [3].

in a fixed size image. A sample of 10 fundamental digits [0, 1, 2, 3, 4, 5, 6, 7, 8, 9] is

illustrated in Figure 4.4.

5. DynTex++ Dataset [5] is derived from a total of 345 color video sequences

in different scenarios, for example, river water, fish swimming, smoke, cloud and

so on. All these videos are labeled as 36 classes and each class contains 100

subsequences (totalling 3600 subsequences) with a fixed size of 50 × 50 × 50 (50

gray frames). A sample example of DynTex++ is given in Figure 4.5.
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Figure 4.4: An illustrative Example of a MNIST sample of 10-Digits [4]

Figure 4.5: An Illustrative Example from the Dyntex++ database [5].

The proposed method for classification is based on Grassmann manifold learning. First,

we transform the given image dataset of various classes (or images video clips of various

classes) to normalized and downsized grayscale images. In using the proposed method,

the given datasets of images that may have different and high pixel resolutions are

transformed to normalized and grayscale images with appropriate sizes of d-rows and

p-columns. The method of SVD is used to transform the resized dataset to a collection

of Grassmannian points. Statistical details of the above five databases are summarized

in Table 4.2.

In order to test the validity and performance of the matrix-Bingham distribution Eq.

(4.17), a matrix-based normalizing constant was calculated by Taylor expansion. In

conducting numerical experiments each of the datasets containing Grassmannian points

was partitioned into several groups according to the database size. In each experiment

a part from each group was used for training and the remaining was used for testing via
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Table 4.2: Data pre-processing protocol: The given high pixel resolution images (or
images of video clips) were transformed to Grayscale Resolution (GR) images, that
were transformed to subspaces of dimensions p. The size of each point in each of
the transformed dataset was identical in sizes of d × p. GT represented a collection
of subspaces as Grassmannian points. The new dataset was a collection of matrices
as Grassmannian points obtained from a given dataset of general images of different

categories.

Database Images GR p Gd,p GT

SCSD-Traffic 253 24× 24 10 G576,10 253

ETH-80 3, 280 32× 32 5 G1024,6 800

RGB-D 21, 600 32× 24 10 G768,10 540

MNIST 70, 000 20× 20 10 G400,10 495

DynTex++ 3, 600 59× 3 14 G177,14 3, 600

Table 4.3: Experimental details for classification on Eq. (4.17): In this table each
database with different classes are denoted by Points. In each experiment, the total
number of points used for training purposes is represented by Training, while the re-
maining is denoted by Test. The total number of misclassified points for each dataset
are denoted by False, while the correctly classified points are denoted by True. Finally,
the average accuracies calculated via formula (4.19), is denoted by Accuracy in (%).

Data Classes GT Training Test False True Accuracy

Traffic 3 253 53 200 72 128 64.00

ETH-80 8 800 240 560 77 483 86.25

RGB-D 10 540 170 380 34 346 65.40

MNIST 10 495 115 320 38 382 88.12

DynTex++ 36 3600 756 2844 468 2305 83.54

a few sample trials according to the rule of Bayesian MLE. A flow chart of the method

is shown in Chapter 2.

All the experiments were conducted in MATLAB using Algorithm 2, with average clas-

sification outcomes according to the summarized details shown in Table 4.2, where the

final classification outcome for each experiment was calculated according to the following

well known rule

η =

{(∑p
i=1 τp −

∑p
i=1 ℵp∑p

i=1 τp

)
× 100

}
%, (4.19)

where η stands for purity of classification rate, τp stands for points of test size and ℵp

is for the number of misclassified test points. It is worth noting that the number of

training size points is not included in the points of test size in this formula.
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Remark 4.4. It is important to note that in this thesis, performance of the proposed

methods were compared in terms of accuracy only and not in terms of time. The

reasons why the comparisons with respect to execution time were not considered, are

mainly due to the following reasons.

• It is well-known that the Bayesian parametric method for density estimation is

very fast.

• In comparison to most of the iterative methods in the existing literature, the

proposed method is a single-step that saves execution time.

• The Grassmannian point consists of the reduced dimensionality of grayscale im-

ages. Accordingly, the size of the transformed data in the form of a collection of

Grassmannian points reduces significantly.

• That is why it is not appropriate to compare the performance of the proposed

approach with respect to execution time to that of existing methods. In fact, the

execution speed of the MLE-based Bayesian approach is inherently fast [111].

In order to view the average classification accuracies of the proposed method, the results

obtained by the approach were compared with previous approaches. The comparisons

were based on almost the same classification tasks on similar databases. Although the

UCSD-traffic dataset validates the proposed method, however its classification accuracy

is comparatively poorer (because the proposed method in this Chapter is for very small

or very large values of concentrated parameters) than the results on clustering-based

classification algorithms. For example, in [180, 181] non-parametric subspace cluster-

ing methods were employed, where the average classification accuracy was reported as

89.72% and 95.7%, respectively, are significantly higher on the UCSD-traffic dataset.

The results on ETH-80, in comparison to the existing approaches, for example in [182]

only three classes (tomato, cows and cups) of the ETH-80 dataset were considered for

object categorisation, where extrinsic and intrinsic mean shift clustering algorithms were

employed with a performance of 82.08% and the best was 89.34%. Similarly in [128]

the same ETH-80 dataset was used for clustering by employing k-mean and kernel k-

means approaches, where six different experiments were conducted for 3, 4, 5, 6, 7 and
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8 classes, respectively, with clustering performances 94.83, 87.50, 85.90, 74.50, 73.14 and

71.44%, respectively. Hence in comparison to the 89.34% for 3 classes in [182] and

71.44% for all 8 classes in [128], the 86.25% classification performance of the proposed

approach in this Chapter is comparatively better.

The 65.40% accuracy on the RGB-D dataset via the proposed method is comparatively

closer to the results in the existing literature, such as in [180,183], Kernel methods were

used for clustering on the RGB-D dataset with baseline results of 53.33% and 68.44%,

respectively.

The classification outcome of the proposed approach on MNIST dataset was 88.12%,

compared with online dictionary learning on the symmetric positive definite method that

was used in [184], where the baseline result was reported as 84.6%. Similarly in [185] for

the low-rank representation technique on Grassmann manifolds via clustering methods,

the best result reported for the MNIST dataset was 98.33%. Finally, in comparison to

the average classification result of 83.54% using the DynTex++ dataset for testing the

performance of the proposed approach, there are some good comparative works in the

recent literature, such as the work in [181], where the dictionary learning method on

Grassmann manifolds was employed with baseline result of 93.2%. Similarly in the [180]

kernelized low-rank representation technique for clustering on Grassmann manifolds was

employed for 3 to 10 classes for the DynTex++ dataset with accuracy falling from

99.75% to 81.10%, where it was observed that as the number of classes increased in the

experiments the average accuracy rate decreased.

Based on the comparisons, one may observe that the classification results on the pro-

posed approach in this Chapter were for the special case of concentrated parameters

(small values of concentrated parameters) do not beat the state-of-the-art of the exist-

ing techniques. However, the results are still satisfactory for the very limited values of

normalizing constant.
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4.4.3 Experimental setup

In machine learning, one objective is to construct computational models, with high

powers of prediction and capabilities of generalization. Based on the experimental ob-

servations during numerical evaluations on several datasets in this thesis, the following

strategies were adopted for extending Bayesian parametric frameworks defined on man-

ifold valued data.

• First, every dataset consisting of Stiefel or Grassmann manifolds was divided into

disjoint groups of samples, say G1, G2, · · · , Gk (not necessary of equal sizes) as

shown in Figure 4.6. In some cases, sizes of datasets may be prime numbers or

may not be divisible into an even number of groups, consequently in the splitting

process some of the resultant groups may consist of different numbers of points.

However, during numerical experiments, the test data sizes within the systems of

density functions must be equal, while the training data samples may be of varied

sizes. Also, it is known that classification tasks via Bayesian parametric methods

are based on equally likely probability density functions, hence the data must not

be overlapped and all the test data (also called new or unseen data) must be used

only once.

• Since the execution of the classification tasks are based on a varied number of

groups or classes (arbitrary number of groups or classes), hence an appropriate

way for the optimal choice of classification is to consider a system of two or three

density functions at a time and repeat the same strategy for all the groups.

• Training and test data must be originated from the same source data and must be

identically and independently distributed with no overlaps.

• Change in size of training data varies the classification outcomes. In parametric

modeling, it is not usually known what training size may produce reasonable opti-

mal outcomes. One may choose the training size by good guesses to produce good

classification outcomes throughout the underlying databases. In this thesis most

often 20% to 30% average training data was used for training and the remaining
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Figure 4.6: Flowchart representation of the proposed technique based on arbitrary
number of groups via multiple models combination (2, 3, · · · , or k at a time) according
to their likelihoods (probability density functions) into a unified and balanced model at
given data manifolds. Throughout this thesis, each dataset was partitioned into groups.
Each group was split into two subsets, the training and the test data. Each test data
was used arbitrarily in few sample trials: 1, · · · , N . Accordingly, some appropriate
function (e.g., Fisher, Bingham or Angular Central Gaussian distributions were defined
on manifolds valued input data in this thesis) that relate training (learning, input, or
design) and testing samples (new or unseen data) to produce classification outcomes
(excited state, decision, posterior inferences). The whole procedure may simply be

called classification or optimization via MLE.

for testing. The test data was mostly used from two to nine sample trials (any

reasonable number) in each system of probability density functions.

• In numerical experiments for classification tasks, an appropriate data splitting is

required to avoid overfitting. Inappropriate splitting of the training and test sizes

can lead to high variances of the model performance.

• Also the performance of the model is related to the appropriately reduced sizes

of the images to grayscale as well as high quality of data, i.e., high quality data

here means high independence among the attributes of the data at hand, while

low quality data means high dependencies among the data attributes.

• The average classification accuracy rate for every numerical evaluation was deter-

mined by summing all the correctly classified points resulted over all sample trials

according to well known classification formula

AC = 100− (
Total Misclassified Points

Total Test Data
)× 100, (4.20)
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where AC denote Average Classification, and Total Test Data = Total data -

Training data.

• In all of the experiments in this thesis, an almost similar protocol was used for

splitting groups into training (20% to 30%) and testing parts (80% to 70%), where

equal test data was used from each group in the system of density functions. In

order to conduct numerical experiments one may choose two toN number of groups

at a time (for each experiment or sub-experiment) depending upon the quality, size

and number of groups. In this thesis, two or three groups were usually processed

at a time and then all the final outcomes were summed together as an average

classification over the entire dataset. To illustrate this, consider the following

experimental examples where three, two and 36 groups were used.

• Consider an example of the synthetic dataset used in this chapter. There were 300

Stiefel points. There were few possibilities to divide 300 points in some appropriate

number of groups, e.g., 2, 3, 6 etc. Here, in the experimental example of the

synthetic dataset for the validity and performance of the model the dataset was

divided into three groups. From each group 20 points were used for training and

the remaining 80 points from each group were used for testing via four sample

trials, i.e., 20 test points (new or unseen data) from each group per trial was used

in posterior inferences. Consequently, all the outcomes that resulted from the four

trials (here the test samples from each group may be 2, 4, 5, or 8) were summed

together to give an average classification outcomes. Another possibility over the

same setup was to use 10 points from all the groups and the remaining 90 points

for testing via 2, 3, 5, 6, or 9 sample trials.

• In the UCSD traffic dataset the data consists of 253 points that can be evenly

distributed into 11 or 23 groups. Since splitting 253 points into 11 or 23 points

would prolong the computation task, dataset was split into two groups of 126 and

127 points (number of points per group does not necessarily need to be of equal

size, however, the test sizes from each group must be of equal size). Consequently,

in the experiment on the UCSD traffic database 26 and 27 points were used for

training and the remaining 100 points from each group were used for testing via

five sample trials.
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• The ETH-80 database consists of 800 Grassmannian points that were split into

eight groups G1, · · · , G8, each consisting of 100 points. In the numerical evaluation

the first experiment was conducted by considering a system of density functions

consisting of three groups G1, G2 and G3, where 30 points from each group were

used for training and the remaining 70 points from each group were used for testing

via two sample trials (35 points per sample trial). A similar protocol of 30 points

for training and 70 for testing via two sample trials was adopted for the second

experiment by considering three groups G4, G5, G6 and for the third experiment

by considering G7 and G8. Consequently, all the outcomes resulted during each

trial were summed together for the average error or accuracy rate.

• A similar procedure was used for experiments on all the datasets consisting of

many groups in this thesis including the DynTex++ dataset with 3, 600 points.

Here the dataset was divided into 36 groups, with 100 points per class, where

the numerical experiments were conducted by considering systems of two to three

density functions simultaneously. Accordingly, for calculating average accuracy

rate, all the resulted outcomes from every trial of the experiments were summed

together.

4.5 Summary

A numerical evaluation on Stiefel and Grassmann manifolds via a simple Bayesian frame-

work for matrix-variate Fisher and Bingham probability distribution function was ex-

plored. Instead of the non-parametric distance-based clustering methods for classifica-

tion, a fully parametric MLE-based modelling framework with the inclusion of normaliz-

ing constant was considered. In working with the parametric modeling framework via a

Bayesian numerical optimization, a practical challenge stems from the calculation of the

normalizing constant. This chapter used the simplest method for calculating normalizing

constants which was via asymptotic and Taylor series approximations.

In Section 4.2, the matrix-variate Fisher probability function was considered for learning

on Stiefel manifolds, where the normalizing constant was approximated for very small
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values of concentrated parameters. To show the validity and performance of the pro-

posed methods, a numerical experiment was conducted in MATLAB by using synthetic

data with good results. In the rest of the thesis, actual data for visual classification on

Grassmann manifolds was considered. The main reason behind focusing on Grassmann

manifolds instead of Stiefel manifolds, is due to the beautiful geometry of Grassmann

manifolds. That is symmetric positive definiteness of Grassmann manifolds is more effec-

tive than compact Stiefel manifolds as collections of skew-symmetric matrices. Moreover,

learning on Grassmann manifolds as sets of images is a natural choice for modeling via

a Naive Bayesian classifier. This natural coherence of Grassmann manifolds and the

Naive Bayesian classifier is mainly due to the fact that Naive Bayesian classifier re-

quires independent attributes, and theoretically this requirement is fulfilled due to the

orthonormality property of Grassmann manifolds.

Another motivation in this chapter was to use visual classification data of Grassmann

manifolds, where numerical evaluation of the matrix-variate Bingham probability den-

sity function is explored via a simple Bayesian framework. The associated normalizing

constant was approximated by the Taylor series, with a consideration of the first three

terms of the series for calculating the numerical value of the normalizing constant (or

marginal probability distribution function). The validity and comparatively effectiveness

of the method was analyzed on five actual visual classification datasets, where the best

results were found for the special cases with small values of concentrated parameters.

Finally, average classification results obtained on the proposed approach were compared

with baselines taken from existing approaches. Most of the comparative existing results

were superior than that of the proposed approach in this Chapter. However, the method

is simpler and computationally much quicker and possess more modelling power than

the existing methods. The next three chapters explore superior parametric modeling

techniques.

The main contributions of the proposed approach in this Chapter include:

• A fast and straightforward method with easy implementation.
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• Calculating the normalizing constant of matrix variate Fisher distribution by

asymptotic series approximation, and that of matrix variate Bingham distribu-

tion by a Taylor series approximation.

• Implementing matrix variate normalizing constants in manifold-valued cases which

presented a detailed estimation technique of log-likelihood function for classifica-

tion.

• Applicability of the matrix variate Fisher and Bingham parametric models via

direct MLE using simple Bayesian classifiers.

• Good performance of the proposed algorithm with promising results on synthetic

and real-world datasets.



Chapter 5

Angular Central Gaussian

Distribution on manifolds

5.1 Introduction

This Chapter proposes the standard Maximum Likelihood Estimation (MLE) of Matrix

Angular Central Gaussian (MACG) distribution defined on Grassmann manifolds. The

focus is to make the MACG distribution consistent to MLE-based Bayesian classification

on manifold-valued data. The MACG distribution may be viewed as an alternative to

the matrix-variate Bingham distribution. In comparison to the matrix-Bingham distri-

bution, the MACG distribution is much simpler. The simplicity of this distribution is

mainly because of their normalizing constants, which can be expressed as the straightfor-

ward form of the generalized hypergeometric function: 0F0 and can be easily evaluated

as compared to the difficult confluent hypergeometric function 1F1 of the Bingham dis-

tributions. Consequently, the MLE over MACG distribution is much simpler and can be

adopted for special cases of concentrated parameters, in particular for very small values

of the concentrated parameters.

The Angular Central Gaussian (ACG) distribution [68], may be described as the distri-

bution of the directions normally distributed as random vectors, or the distribution of

random points uniformly distributed on the ellipse x ∈ Rd : xTGx = 1, where G is a

62
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d× d symmetric parameter matrix. That is, the ACG distribution is similar to those of

uniform distribution on the sphere. Another important property of ACG distributions is

their antipodal symmetric distribution as those of Bingham distributions. Nevertheless,

the normalizing constant associated with this distribution is much simpler than those

of Fisher and Bingham distributions. In the ACG distribution the parameter matrix

is symmetric positive definite and lies on the Stiefel manifold Vd,p studied by Chikuse

in [69]. It is also invariant under rotation on the right, making it tractable on the Grass-

mann manifold Gd,p. This is one of the most motivating aspects, for the study of MACG

distributions in this chapter for Bayesian MLE-based learning.

The ACG model has previously been used as a non-parametric Euclidean kernel den-

sity estimate in [186, 187], and the wavelet method [188]. It has also been investigated

for mixture densities in Euclidean space Rd, and for natural images in [70, 189]. How-

ever, these methods are computationally expensive in terms of time required for high

dimensional data. In general the Bayesian classifier is the most effective tool for working

via such parametric models, but it has been adopted in this chapter for classification

over Grassmann manifolds. The focus is, therefore, to extend the ACG distribution

for Grassmann manifolds over a simple Bayesian framework of MLE, and examine its

effectiveness for visual classification of data.

5.2 The Angular Central Gaussian Distribution

First, a review of the Angular Central Gaussian (ACG) distribution for vectors on the

unit sphere Sd−1 is considered, that is for the case p = 1 in Rd. Then the general case

of ACG is considered in the context of Grassmann manifolds, which will be the main

focus in the next section of this chapter.

The family of ACG distributions on d-dimensional hypersphere Sd−1 of constant radius

can be written as follows

f(x | G) = C−1
d | G |

−1/2 (xTG−1x)−d/2, x ∈ Sd−1, (5.1)
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where Cd = 2πd/2

Γ(d/2) is the surface area of hypersphere Sd−1 in Rd and G is a symmetric

positive definite parameter matrix, that is G ∈ Symd
+(set of symmetric positive definite

matrices of order d). Extension of Eq. (5.1) to the matrix case was introduced by Chikuse

in [69]. Next, its applicability on Grassmann manifolds for learning using the Bayesian

MLE approach is investigated.

5.2.1 The matrix case

The Matrix Angular Central Gaussian (MACG) is an alternate probability density func-

tion to matrix Bingham distributions. The term ACG distribution is due to the situation

where Eq. (5.1) represents the normal (0, G) directional distribution. Without loss of

generality, the MACG distribution can be utilised for Grassmann manifolds. For this to

happen, let X ∈ Gd,p, then for a d× d symmetric positive definite parameter matrix G,

their probability density function is given by

fMACG(X | G) =
1

0F0(| G |d/2)
exp

{
tr
(
XTG−1X

)}
, (5.2)

where tr is the trace operator that sums the main diagonal of any square matrix.

The denominator 0F0(| G |d/2) in Eq. (5.2) is the generalized hyper-geometric function

and represents the matrix-based normalizing constant of the MACG probability density

function.

0F0

(
| G |d/2

)
=

∞∑
k=0

∑
κ

Cκ(| G |d/2)

k!
=

∞∑
k=0

tr
(
| G |d/2

)κ
k!

= exp
{

tr
(
| G |d/2

)}
.

(5.3)

Here, Cκ
(
| G |d/2

)
is a zonal polynomial which depends on the corresponding eigenval-

ues of parameter matrix G.

Now if G = UΛUT and G−1 = UΛ−1UT which is the spectral decomposition of G

or its generalized inverse, with U ∈ O(d) as space of orthogonal matrices, and Λ =

diag(λ1, · · · , λd), then it is well known that 0F0(G) = 0F0(Λ). This is because the

orthogonal transformation generated by left multiplication by U is an isometry in unit

hypersphere Sd−1.
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Thus by incorporating Eq. (5.3) in Eq. (5.2) and an update of the above spectral

decompositions, the new likelihood function may be written as

fMACG(X | Λ, U) =
1

exp
{

tr
(
| Λ |d/2

)} exp
{

tr
(
XTUΛ−1UTX

)}
, (5.4)

5.2.2 Maximum Likelihood Estimation MLE over MACG distribu-

tions

Concerning solutions to the optimization problem of Maximum Likelihood Estimation

(MLE) of the parameter,

There are two popular alternatives to the solution of the optimization of the parameters

for the Maximum Likelihood Estimation (MLE), i.e., analytic and numeric. The usual

analytic method is to take the first derivative of the log-likelihood function, then after

some algebraic manipulation equate it to zero and solve for the new parameter Ĝ of G.

It was proposed in [69], that for X ∈ Gd,p, the maximum likelihood estimator of U is

Û , and Λ a set of symmetric positive definite matrices where the maximum likelihood

estimate Ĝ of G is based on a random sample of size q, with the equation’s solution

given by

Ĝ =
d

pq

q∑
i=1

Xi(X
T
j Ĝ
−1Xi)X

T
i . (5.5)

The maximum likelihood estimator Ĝ ∈ Symd
+ of G, can be recapitulated by the

straightforward Theorem 5.1 employed in [68], and used in numerical experiments of

this chapter as described in Section 5.3. A similar idea of MLE is described in the

previous chapter for matrix-Bingham distributions.

Theorem 5.1. If q > d(d− 1) and X1, · · · , Xq are observations that represent random

samples from the ACG distribution, then the following statements hold with probability

1.

• There exists a Ĝ ∈ Symd
+ which maximizes the likelihood function of G as given

by Eq. (5.2).
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• The matrix Ĝ ∈ Symd
+ maximizes Equation (5.2) if and only if it satisfies Eq.

(5.5).

• Both Ĝ and G̃ ∈ Symd
+ maximize the likelihood function of G given by Eq. (5.2)

if and only if G̃ = aĜ, a > 0.

Finally, for numerical optimization of MLE, it is sufficient to take the logarithm of both

sides of Eq. (5.4) and obtain the following log-likelihood equation

log
(
fMACG(X | Λ, U)

)
= L

{
fMACG(X | Λ̂, U)

}
= tr

(
XTUΛ−1UTX

)
− tr

(
| Λ |d/2

)
.

(5.6)

Or more precisely

MLEΛ̂=Λ = argmax{L̂(Λ)} = tr
(
XTU Λ̂−1UTX

)
− tr

(
| Λ̂ |d/2

)
, (5.7)

which is the final computational model used for Bayesian classification in Section 5.3 for

numerical experiments on real-world databases.

5.3 Experiments

A very similar computational procedure for parametric Bayesian classification was used

as in Chapter 4. In this section the validity of the proposed model Eq. (5.7) was exam-

ined on visual classification databases. All of the computational algorithmic framework

was coded and conducted in MATLAB for final classification outcomes.

5.3.1 Classification on Texture Databases

To demonstrate the performance of the computational model Eq. (5.7) for the Bayesian

parametric classification task, three popular texture datasets containing general images

were considered. Samples of five images from these datasets are shown in the first,

second and third row of Figure 5.1.
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1. Flickr Material Database (FMD) [6, 7] has ten material categories: fabric,

foliage, glass, leather, metal, paper, plastic, stone, water and wood. The database

has a total of 1, 000 images, with 100 for each category. All the images in FMD

are colored images of 512× 384 pixel resolution.

2. The KTH-TIPS2 Database [8] contains images of eleven different material cat-

egories: crumpled aluminium foil, cork, wool, lettuce leaf, corduroy, linen, cotton,

brown bread, white bread, wood and cracker. All the images were taken with an

Olympus C-3030ZOOM digital camera at a resolution of 1280 × 960. There are

432 images in each category, for a total of 4, 752 images.

3. The Describable Textures Dataset (DTD) [9] contains 5, 640 texture images.

It has 47 different classes. The sizes of the images in the database vary between

300× 300 and 640× 640 pixel resolution.

To demonstrate the performance of parametric Eq. (5.7) on texture image data, a similar

procedure was adopted as in Chapter 4. The given datasets of images were transformed

to generate Grassmannian points. By increasing the value of subspace dimension p,

the number of images per Grassmannian point or matrix increases accordingly. The

statistical details of prescribed texture databases that are downsized and transformed

to Grassmannian points including with further details are shown in Table 5.3. The

datasets consisting of the newly generated Grassmannian points were divided into groups

of appropriate sizes. In the numerical experiments, from each group of the corresponding

dataset, an appropriate data size from each group was reserved for training and the

remaining was used for testing via a few sample trials for the final classification outcomes.

Finally, by completing all the sampling trials for each experiment, Eq. (4.19) was used for

calculating average accuracy on the prescribed three texture datasets. The experimental

details are shown in Table 5.5.

The below experimental evaluation confirms the validity of the proposed method given

by Eq. (5.7). Finally, average classification outcomes of the proposed approach in

this Chapter were compared with the baselines taken from previous existing related



Chapter 5. Angular Central Gaussian Distribution on Manifolds 68

Table 5.1: Statistics of the Flickr Material Database (FMD), KTH-TIPS2
and Describable Textures Database (DTD): Here Images represents a total num-
ber of images for each dataset. Grayscale Resolution (GR) = Original pixel resolutions
of images downsized to grayscale. p denotes the subspace dimension and Gd,p represents

each Grassmannian point.

Data Classes Images GR p Gd,p
FMD 10 1000 40× 40 3 G1600,3

KTH-TIPS2-b 11 4752 50× 50 7 G2500,7

DTD 47 5, 640 40× 40 3 G1600,3

Table 5.2: Experimental Results: The notation GT represents a total number of
Grassmannian points derived from the image dataset (for the numerical experiments
conducted in MATLAB). Training = Total number of Grassmannian points used in the
whole experiment for training purposes. Test = Total number of Grassmannian points
used in the whole experiment for testing. False = Total misclassified points, True =
Total correctly classified points. Accuracy (in %) = Average classification accuracy

rate.

Data GT Training Test False True Accuracy

FMD-10 500 100 400 20 380 95.00

KTH-TIPS2-b 742 232 510 99 411 80.59

DTD 2820 820 2000 200 1800 90.00

approaches. The comparison was based on similar databases and similar classification

tasks but different approaches.

The relevant or related methods here refer to those existing methods that are based

on manifold-valued data and in particular Grassmann data for the classification tasks.

However, in the existing literature, it is difficult to find manifold-based methods for

similar classification tasks on every dataset used in this thesis. Many of the datasets

that were used over manifold-based learning models in this thesis were employed in com-

parative literature in direct Euclidean-based linear techniques, so in such scenarios, the

performance over the proposed approaches in this work was also considered comparative

to linear and nonlinear non-manifold based techniques.

5.3.2 Experiments on scenes and action data

In order to test the validity and performance of parametric classification Eq. (5.7),

MIT-67 indoor scenes, Willow action, Pascal VOC2012 images and Stanford 40 humans
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Table 5.3: Comparative performance of Eq. (5.7) on Flickr Material
Database (FMD) to previous approaches. The proposed Bayesian Para-
metric Modeling approach on Grassmann manifolds improved classification

accuracy.

Method Reference Accuracy (%)

Augmented LDA [190] 44.60

MS4C [191] 50.00

Multiple Descriptors [192] 51.60

sVLAD [193] 55.20

FV-SIFT (FC+FV-VD) [194] 82.20

The Proposed Parametric [Eq. (5.7)] 95.00

Table 5.4: Comparative performance of Eq. (5.7) on KTH-TIPS2 database
to previous approaches. Bayesian Parametric Modeling on Grassmann man-
ifolds improves classification accuracy. The classification accuracy obtained
via the proposed approach is very near to the baseline results of previous

approaches.

Method Reference Accuracy (%)

MS4C [191] 68.10

MS4C [191] 50.00

Multiple Descriptors [192] 68.90

Wavelet CNN [195] 74.20

FV-SIFT (FC+FV-VD) [194] 81.05

The Proposed Parametric [Eq. (5.7)] 80.59

Table 5.5: Comparative performance of Eq. (5.7) on the Describable Tex-
tures Dataset (DTD) to previous approaches. Bayesian Parametric Mod-

elling on Grassmann manifolds improved classification accuracy.

Method Reference Accuracy (%)

FC+FV-CNN (VGG-M) [195] 69.80

LRBP [196] 65.80

FV-SIFT (FC+FV-VD) [194] 80.40

The Proposed Parametric [Eq. (5.7)] 90.00
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action datasets were considered. Samples of five images from these datasets are shown

in the fourth, fifth, sixth and seventh row of Figure 5.1 respectively. The statistical

details of these datasets are briefly described and summarized in Table 5.6. Numerical

experiments were conducted on these prescribed databases using the Bayesian paramet-

ric classification procedure as used in the previous experiments. All the experimental

outcomes were collected and shown in Table 5.7. The classification outcomes of Eq.

(5.7), were then compared to the baselines taken from previous approaches.

1. The MIT-67 Indoor scenes database [10] contains 67 indoor scene categories.

It contains 15, 620 images in total. The images have 200-pixel resolution at the

minimum. The number of images in categories varies, however, each category has

at least 100 images. The dataset is considered challenging because many existing

methods have performed poorly with indoor scenes.

2. The Willow 7-Actions dataset [11] contains 968 still images of human actions.

The dataset has seven different action categories: interaction with computer, pho-

tographing, playing music, riding a bike, riding a horse, running and walking.

While the number of images varies across the classes, there are at the least 108

images per class.

3. The Pascal VOC 2012 Action Images Dataset [12] contains images of action

such as jumping, phoning, playing an instrument, reading, riding a bike, riding a

horse, running, taking a photo, using a computer, and walking. The dataset has

14, 961 Jpeg images in total. It contains 20 different object categories of 10 classes.

Each category contains at least 450 images.

4. Stanford-40 Human Actions Dataset [13] The Stanford-40 human actions

dataset contains 9532 still images. The dataset has 40 different action classes,

ranging from 180 − 300 images per class. These 40 human actions in still images

are brushing teeth, cleaning a floor, reading a book, riding a bicycle, driving a car,

walking along a street, running, jumping, and painting etc.

In comparison to the results obtained on the Willow 7-Actions dataset, the baseline

classification accuracy in [11] was 68.76%, and for object tracking CNN there was 76.96%
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Table 5.6: Statistics of the Flickr Material Database (FMD), KTH-TIPS2
and Describable Textures Database (DTD): Here Images represents a total num-
ber of images for each dataset. Grayscale Resolution (GR) = Original pixel resolutions
of images were normalized and downsized to grayscale images of low resolution. p

denotes the subspace dimension and Gd,p represents each Grassmannian point.

Data Classes Images GR p Gd,p
MIT-67 67 15, 620 62× 60 5 G3720,5

Willow 7 1, 000 40× 40 3 G1600,3

PASCAL-VOC 10 14, 961 24× 24 10 G576,10

Stanford-40 40 9, 532 52× 52 6 G2704,3

Table 5.7: Experimental Results on a Scene and three Action Databases:
The notation GT represents a total number of Grassmannian points derived from the
images dataset (for numerical experiments conducted in MATLAB). Training = Total
number of Grassmannian points used in the whole experiment for training purposes.
Test = Total number of Grassmannian points used in the whole experiment for testing.
False = Total misclassified points, True = Total correctly classified points. Accuracy

(in %) = Average classification accuracy rate.

Data GT Training Test False True Accuracy

MIT-67 3, 878 537 3, 340 927 2, 413 72.25

Willow 455 165 290 35 255 87.93

PASCAL-VOC 1, 894 394 1, 500 273 1, 227 81.80

Stanford-40 1, 890 370 1, 520 412 1, 108 72.89

accuracy reported in [197]. To view the Bayesian classification performance of MACG

Model (5.7), the comparison is shown in Tables 5.8, 5.9 and 5.10 for MIT-67, Pascal Voc

action 2012, and Stanford 40 human actions, respectively, with baselines taken from

previous related approaches.

5.3.3 Experiments on MOT Challange-2017 datasets

In the third part of the experimental section, validity of parametric Bayesian classi-

fication ACG Eq. (5.7) is examined on two MOTChallange databases that have re-

cently been used for object detection task of computer vision in workshops at CVPR

2017: BMTT-PETS and ReID-MTMCT. Here the use of MOT17Det and MOT17

databases [14,15] was extended to Bayesian parametric classification of Grassmann man-

ifolds. The datasets are briefly described below. Samples of five images from these

datasets are shown in the eighth and ninth row of Figure 5.1.
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Table 5.8: Comparative performance of Eq. (5.7) on MIT-67 Indoor scenes
to previous approaches. Bayesian Parametric Modelling on Grassmann

manifolds improved classification accuracy.

Method Reference Accuracy (%)

Object Bank [198] 37.60

Random Semantic Spaces [199] 43.30

DLANet+IFV [200] 59.10

GoogLeNet-GAP [201] 66.61

Mode Seeking + IFV [202] 66.87

Places-CNN feature [21] 68.24

ISPR+IFV [203] 68.50

MOP-CNN [204] 68.90

CNN Features off-the-shelf [205] 69.00

RMP [206] 69.10

CNN [207] 71.20

URDL+CNNaug [208] 71.90

The Proposed Parametric [Eq. (5.7)] 72.25

Table 5.9: Comparative performance of Eq. (5.7) on Pascal VOC Action
2012 database to previous approaches. Bayesian Parametric Modelling on
Grassmann manifolds improved classification accuracy. The classification
accuracy obtained on proposed approach is very near to the best results of

previous approaches.

Method Reference Accuracy (%)

fine-tuned ImageNet Model [209] 70.20

RMP [206] 76.40

PatternNet [210] 77.60

R-CNN [209] 77.70

fine-tunning [209] 80.40

Action Part CNN [211] 82.60

The Proposed Parametric [Eq. (5.7)] 81.80
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Table 5.10: Comparative performance of Eq. (5.7) on Stanford-40 Humans
actions database to previous approaches. Bayesian Parametric Modelling

on Grassmann manifolds improved classification accuracy.

Method Reference Accuracy (%)

Sparse Bases [13] 45.70

AlexNet [210] 49.00

PatternNet [210] 52.60

Semantic Pyramids [212] 53.00

GoogLeNet-GAP [201] 70.62

EPM+VGG-16 [213] 72.30

L-CORF. [214] 72.50

The Proposed Parametric [Eq. (5.7)] 72.89

1. The Pedestrian Scene Classification on MOT17Det database or the Multi

Object Tracking (MOT) dataset for detection task was organised by MOTChal-

lange group [14,15] for object detection. The MOT17Det is a challenging dataset

and was used for pedestrian detection task.

The MOT17Det dataset contains 5, 316 still images from videos. It has seven

different categories. The first category contains 600 images filmed from a bus on a

busy intersection. The second category contains 1050 images taken by a forward

moving camera in a busy shopping mall. The third category contains 837 images

of a pedestrian scene filmed at night by a moving camera. The fourth category

contains 525 images of a pedestrian street scene filmed from a low angle. The

fifth category has 654 images of a street scene from a moving platform, while

the sixth category comprises 900 images of a pedestrian street at night with an

elevated viewpoint. Finally, the seventh category consists of 750 images of people

walking around a large square. The images in the fifth category have 640 × 480

pixel resolution and all other images in the remaining six categories have pixel

resolutions of size 1920× 1080.

2. The Multiple Object Tracking 2017 (MOT17) dataset [14, 15] contains

15, 048 images of 21 object categories. All the images were collected using a sim-

ilar protocol as with the MOT17Det dataset. The 21 classes of the dataset are

organised so that in each of the three consecutive classes there is an equal number
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Table 5.11: Statistics of the MOT17Det and MOT17 Databases: Images rep-
resent a total number of images for each dataset. Original pixel resolutions of images
are normalized and downsized to grayscale images of low-resolutions = Grayscale Reso-
lution (GR). p denotes the subspace dimension and Gd,p represents each Grassmannian

point.

Data Classes Images GR p Gd,p
MOT17Det 7 5, 316 50× 50 5 G2500,5

MOT17 21 15, 048 40× 40 6 G1600,6

Table 5.12: Experimental Results on the MOT17Det and MOT17
Databases: The notation GT represents a total number of Grassmannian points de-
rived from the image dataset (for numerical experiments conducted in MATLAB).
Training = Total number of Grassmannian points used in the whole experiment for
training purposes. Test = Total number of Grassmannian points used in the whole ex-
periment for testing. False = Total misclassified points, True = Total correctly classified

points. Accuracy = Average classification accuracy rate.

Data GT Training Test False True Accuracy (%)

MOT17Det 1, 327 284 1, 044 267 777 74.42

MOT17 3, 186 536 2, 650 752 1, 898 71.62

of images, that is 600, 1050, 837, 525, 654, 900, and 750, respectively. All the

images are colored high resolutions of which 18 classes have 1920×1080 pixels and

three classes have 640× 480 pixel resolution images.

To demonstrate the validity of proposed method on the prescribed MOTChallenge data.

All images of the given database were normalized and downsized from high pixel reso-

lution to low-resolution grayscale images of appropriate sizes. Then, all the grayscale

images were transformed into Grassmannian points via the SVD method. The statistical

details of the databases used are shown in Table 5.11, and the numerical experiments

were conducted in MATLAB, with classification results shown in Table 5.12.

Until this study, there was no previous classification work available on the MOT17Det

and MOT17 datasets. This is because the MOTChallange dataset was mostly used

for multi-object detection tasks. For example in [215] the MOT16 dataset was used

with multi-object tracking with an accuracy of 47.2%. For the MOT17Det dataset the

state-of-the-art object detection accuracy using the CNN method was 76.9% in [216]

and the second best object detection accuracy was 68.5% via the Faster-R-CNN method

in [217]. The best multi-object detection accuracy on the MOT17 dataset was 51.3%
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Figure 5.1: A sample of 45 Images, with five images from each described
dataset: Five images in first to ninth row are taken from Flickr Material (FMD) [6,7],
KTH-TIPS2 [8], Describable Textures Dataset (DTD) [9], MIT-67 Indoor scenes [10],
Willow 7-Actions [11], Pascal VOC 2012 Action [12], Stanford-40 Human Actions [13],
Pedestrian Scene Classification on MOT17Det database and Multiple Object Tracking

2017 (MOT17) database [14,15] respectively.
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in [218]. The overall comparison of the proposed classification results vs tracking results

of the previous different approaches shows that the proposed parametric method is best

comparable.

5.3.4 Experimental setup

A similar experimental protocol of splitting the collection of manifold data into groups

as described in Section 4.4.3. In data partitioning, although equipartitioning groups is

a more appropriate way for balanced data processing it is not mandatory for the groups

to be the same size. That is, the partitioned groups can be different sizes, with different

sized training data, however, each combination of multiple groups must have equal

numbers of test data (without overlap in groups and training or test samples). After

preprocessing, each experimental design was arbitrarily based on divide and conquer

type strategies. Parametric models are more efficient to optimality by using small data

samples [55], hence throughout this thesis the large datasets were split into sub-datasets,

then numerical experiments were conducted on each sub-dataset and their outcomes

were summed together as an average error or classification rate of the whole underlying

dataset.

Similar to Chapter 4, each dataset (or sub-datasets) were partitioned into arbitrary

numbers of groups, say G1, · · · , Gk, then a unified system of two to three probability

density functions were defined arbitrarily on the same number of groups (model designed

over the data) for classification tasks by sampling about 20% to 30% data for training

and the remaining equisized data from each group for testing via a one to few appropriate

sample trials. Accordingly, an error or classification accuracy rate was summed from

each conducted experimental trial of data D, for example experiments via two or three

groups at a time as a balanced parametric model say, D = (G1, G2) + · · ·+ (Gk−1, Gk)

or D = (G1, G2, G3) + · · ·+ (Gk−2, Gk−1, Gk).

For example in experiments on the FMD dataset, their 500 Grassmannian points were

divided into 10 groups G1, · · · , G10 each consisting of 50 points. Accordingly, four nu-

merical experiments were conducted via an arbitrary setup of the form: (G1, G2, G3),

(G4, G5, G6), (G7, G8) and (G9, G10), where in each experiment 10 points from each
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group were used for training and the remaining 40 points from each group were used for

testing via four sample trials (10 points per sample). Consequently, the average accuracy

rate obtained via the sum of four experiments was calculated as the final classification

outcome. Another appropriate choice was to divide the FMD data into five groups

G1, · · · , G5 with 100 points per sample and conduct two numerical experiments by con-

sidering (G1, G2, G3) and (G4, G5) each time. Similar arbitrary experimental protocols

were adopted for all the experiments in this thesis, with grouping and experimental

strategies according to size and behaviors of the datasets at hands.

5.4 Summary

A novel Bayesian parametric framework for learning on Grassmann manifolds is pre-

sented. For modeling data, a generalized form of Gaussian distribution called Matrix

Angular Central Gaussian distribution is explored on Grassmann manifolds. The nor-

malizing constant that plays a vital role in Bayesian classification framework is evalu-

ated in the simplest way. A straightforward, fast and generalized Eq. (5.7) is derived

for evaluating classification on real-world databases. In order to confirm effectiveness of

the proposed method, the results were compared with the baselines of previous existing

approaches some of which are showed in various tables. The comparison shown that the

proposed method was best comparable.

The main contributions of the proposed approach in this Chapter includes:

• An exposition of the MACG parametric model to the learning community and a

well-detailed parameter estimation technique for learning via MLE using a simple

Bayesian approach.

• Introducing the MACG model for arbitrarily high dimensional data.

• A simple and straightforward approach without constraints or need to guess the

unknown parameter.

• The normalizing constant is calculated by considering generalized hypergeometric

function of type 0F0.
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• Validity of the proposed method is tested by conducting numerical experiments

on several real-world challenging visual classification databases.

• Experimental results are provided against the baseline results from existing related

techniques, where the proposed algorithm produce good classification accuracy

estimates.

• The proposed approach makes the computer vision task simpler than the currently

existing general techniques and may have a good potential for applicability in

various scientific disciplines that work with high dimensional data.



Chapter 6

Laplace’s Approximation for

normalizing constants

6.1 Introduction

In this Chapter, a novel parametric classification framework on Grassmann manifolds is

proposed, by assuming that the process follows a general matrix-variate Bingham distri-

bution instead of the classical Gaussian distribution. The proposed framework exploits

the Bingham model and is based on matrix-variate normalizing constants. In order to

calculate the corresponding normalizing constant of the Bingham model, a special func-

tion representation of the form 2F1(a, b; c;B) called a Gaussian hypergeometric function,

and 1F1(a; b;B), known as a confluent hypergeometric function are considered. Here B1

is a d×d symmetric parameter matrix, and a, b, c ∈ R. One simple way is to consider the

power series expansion of spacial function representations (e.g., the Bessel function, hy-

pergeometric functions) through Taylor’s method or in terms of zonal polynomial [172]

as employed in previous chapters. Although the straightforward ad-hoc methods for cal-

culating matrix-based normalizing constant in the previous chapters were very effective

for the limited case of very small values of concentrated parameters, the aim here was

to use more sophisticated methods for calculating normalizing constants.

1The matrix B may be a single matrix for vector case, however in terms of matrix variate distribution
it can be collection of symmetric matrices of the form B = (B1, B2, · · · , Bq).

79
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The Laplace’s method of approximation is one such effective and more generic method for

calculating the normalizing constant. In comparison to the previous methods that were

used for very small (or for very large) values of concentrated parameters, the Laplace’s

method of approximation does not have such limitations. It is valid for the whole integral

domain’s values of definition. More explicitly, the normalizing constant calculated by

the Laplace’s method is valid for all input values. In the literature [103, 108, 172] it

was shown that the special functions often have high integral representations. These

high dimensional integrals have no analytic or exact solutions. The second choice is the

numerical approximation. Laplace’s method is one effective way to approximate such

high dimensional integrals and is the specific focus of this chapter.

One focus of this Chapter is to utilize the representations 2F1(a, b; c;B), and 1F1(a; b;B)

proposed by Butler and Wood in [103, 104] consistent to the matrix variate Bingham

distributions on Grassmann manifolds for classification via a simple Bayesian MLE. This

is implemented in the next two sections by incorporating simple algebraic manipulations,

which consequently build an efficient generalized model for statistical inferences valid

on the standard MLE approach.

6.2 Laplace’s Approximation

Laplace’s approximation is a technique applied to integral representations of the nor-

malizing constant for the choice of modelling via a Bayesian framework. To describe

the intuitive approach of Laplace’s approximation [103], consider the scalar case of an

integral of the form (its generalisation to matrix form is straightforward) [103,104]

I =

∫ 1

0
f(λ)e−αg(λ)d(λ), λ ∈ [0, 1], α ∈ R. (6.1)

The unique solution of g(λ) over the domain [0, 1] of the integral Eq. (6.1) can be

obtained at the stationary point, say ω̂ ∈ [0, 1] of g(λ), with Laplace’s approximation

given by
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Î = (2π)d/2α−d/2 | g′′(ω̂) |−1/2 f(ω̂)e−αg(ω̂), (6.2)

where g′′ is the second derivative of g given by

g′′(λ) =
∂2g(λ)

∂λ∂λT
is the Hessian of g.

In order to generate a Bayesian parametric classification framework based on matrix-

based normalizing constants, first take the case when the normalizing constant of the

Bingham model is represented by a special function of the form 1
1F1(a;b;B) .

6.2.1 Bingham Density function on Grassmann manifolds

The matrix Bingham distributions on Grassmann manifolds are a generalization of the

Bingham distributions with density exp(xTBx) on the unit sphere Sd−1 in d-dimensional

Euclidean space [219]. The density function defined on Gd,p is given by

f(X;B) =
1

1F1(a; b;B)
exp

{
tr(XTBX)

}
, (6.3)

where a, b ∈ R, X ∈ Gd,p, B is a d× d parameter matrix and the normalizing constant

represented by 1F1(a; b;B) is called a confluent hypergeometric function chosen so that

the integral of f(X;B) over Sd−1 is 1. In order to validate Eq. (6.3), the confluent

hypergeometric function 1F1(a; b;B) must be calculated. To do so, the Laplace’s method

of approximation proposed by Butler and Wood [103] was considered.

Consider B = UΛUT the spectral decomposition of B, where U ∈ O(d) is the space of

d × d orthogonal matrices, and Λ = diag(λ1, · · · , λd). It is known that 1F1(a; b;B) =

1F1(a; b; Λ) [110]. Let X be the sample mean, then the Maximum Likelihood Estimator

is Ω̂, where X has the spectral decomposition Û Ω̂ÛT , with Ω̂ = diag{ω̂1, · · · , ω̂d}. Then

following [104], the unique solution can be written as

ω̂i = ω̂i(λi) =
−d+

√
d2 + 4λ2

i

2λ2
i

, i = 1, · · · , d. (6.4)
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Now consider the calibrated form of Laplace’s approximation at X = 0d proposed by

[103], which is based on Eq. (6.4) and is given by

1F̂1(a; b; Λ) =
1F̃1(a; b; Λ)

1F̃1(a; b; 0p)
= bbd−d(d+1)/4H−1/2

1,1

d∏
i=1

(
ω̂i
a

)a(1− ω̂i
b− a

)b−a
exp(λiω̂i),

(6.5)

where

H−1/2
1,1 =

d∏
i=1

d∏
i=j

{
ω̂iω̂j
a

+
(1− ω̂i)(1− ω̂j)

b− a

}
.

Denote a = d
2 , b = p

2 and j = i, then by taking the logarithm of both sides of Eq. (6.5),

with some basic algebraic manipulations the simplified log-likelihood function of the

normalizing constants can be given by

log

{
1F̂1

(
d

2
;
p

2
; Λ

)}
=

1

4
(2dp− d2 − d+ 2) log

(
p

2

)
− 1

2
d log

(
d

2

)
+

1

2
(d− p) log

(
p− d

2

)
+

1

2
(2d− p)

d∑
i=1

ω̂i +
d∑
i=1

λiω̂i.

(6.6)

Clearly, the log-likelihood of the Bingham density function Eq. (7.2) is

log{f(X | B)} = − log

{
1F̂1

(
d

2
;
p

2
; Λ

)}
+
{

tr(XTBX)
}
. (6.7)

Substituting Eq. (6.6) into Eq. (6.7), gives the final Bayesian parametric classification

model on Grassmann manifolds. Let log{f(X | B)} be the system of MLE, then the

ultimate computational model based on calculated normalizing constant via Laplace’s

method, is given by

MLEΩ̂ =
{

tr(XT Û Ω̂ÛTX)
}
−
{

1

4
(2dp− d2 − d+ 2) log

(
p

2

)
− 1

2
d log

(
d

2

)
+

1

2
(d− p) log

(
p− d

2

)
+

1

2
(2d− p)

d∑
i=1

ω̂i +
d∑
i=1

λiω̂i

}
.

(6.8)

The Bingham density function for the case of the generalized Gaussian hypergeometric

function 2F1(a, b; c;B) on X ∈ Gd,p may be expressed as

f(X | B) =
1

2F1(a, b; c;B)
exp{tr(XTBX)}, (6.9)
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where the Gaussian hypergeometric function 2F1(a, b; c;B) has the integral representa-

tion for d ≥ 1 [172] given by

2F1(a, b; c;B) =
Γd(c)

Γd(a)Γp(c− a)

∫ Id

0d

| Id −BS |−b| S |a−(d+1)/2| Id − S |c−a−(d+1)/2 (dS),

(6.10)

where Eq. (6.10) is valid whenever Re(X) < Id, Re(a) > 1
2(d−1) and Re(c−a) > 1

2(p−1)

and dS is differential with respect to S. The derivation of the Laplace approximation to

the integral in Eq. (6.10) is available in [103,108]. Here the main focus is on its explicit

calibrated form for the practicability of Bingham Eq. (6.9) via a Bayesian parametric

classification framework.

In order to obtain the calibrated form of the Laplace’s approximation of the Gaussian

hypergeometric function 2F1(a, b; c;B), it is known that the spectral decomposition of

B is UΛUT , where UTU = UUT = Id, and Λ = diag{λ1, · · · , λd} such that λi ≥ 0 for

every i = 1, · · · , d. For MLE, let the mean SVD of sample X be αB̂ = UΘ̂UT , where

Θ̂ = diag{θ̂1, · · · , θ̂d} and α > 0 controls the spread of the distribution around the

centre [55]. Then implement the Laplace approximation by following [103], by taking

the solution for the scalar case of g(θ̂) so that it can be extended to the matrix case (i.e.,

from vector to matrix).

Let λi ∈ Λ and θ̂i ∈ Θ̂ for i = 1, · · · , d, and differentiating the equation by following [108],

gives

g(θ̂i) = −{a log(θ̂i) + (c− a) log(1− θ̂i)− b log(1− λiθ̂i)}, (6.11)

and then equating the differential equation g′(θ̂i) to zero, the appropriate solution from

the quadratic equation is given by

θ̂i(λi) =
2a√

τ2 − 4aλi(c− b)− τ
, (6.12)

where τ = λi(b−a)− c. By further following Butter and Wood [103,108], the calibrated

form of the Laplace approximation to the integral Eq. (6.10) via a maxima from Eq.
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(6.12) is given by

2F̂1(a, b; c; Λ) =
2F̃1(a, b; c; Λ)

2F̃1(a, b; c; 0p)
= ccd−d(d+1)/4G

−1/2
2,1

p∏
i=1

{(
θ̂i
a

)a(1− θ̂i
c− a

)c−a
(1− λiθ̂i)

}
,

(6.13)

where

G2,1 =

p∏
i=1

d∏
j=i

{
θ̂iθ̂j
a

+
(1− θ̂i)(1− θ̂j)

c− a
− bλiλj θ̂iθ̂j(1− θ̂i)(1− θ̂j)
a(c− a)(1− λiθ̂i)(1− λj θ̂j)

}
. (6.14)

Finally, set a = d
2 , b = p

2 , c = n
2 , where d, p, n ∈ R, and then take the logarithm of

Eq. (6.13) with the use of Eq. (6.14). By applying some basic algebraic manipulations,

the log-likelihood function of the normalizing constant is given by

log
{

2F̂1(
d

2
,
p

2
;
n

2
; Λ)
}

=
1

4
(−p2 + p+ 2pn− 2n+ 2d) log(

n

2
) + log(

p

2
)

− d log(
d

2
) +

1

2
(2d+ p− n+ 2)

p∑
i=1

log(θ̂i) +
1

2
(p+ 4)

p∑
i=1

log(λi).
(6.15)

Now regarding the Bayesian parametric classification Bingham model on Grassmann

manifolds via Laplace’s method of approximation for its normalizing constants, the

second ultimate computational model for density estimation is given by

MLEΘ̂ = tr
(
XTUΘ̂UTX

)
−
{

1

4
(−p2 + p+ 2pn− 2n+ 2d) log(

n

2
) + log(

p

2
)

− d log(
d

2
) +

1

2
(2d+ p− n+ 2)

p∑
i=1

log(θ̂i) +
1

2
(p+ 4)

p∑
i=1

log(λi)

}
.

(6.16)

Remark 6.1. Since via Laplace’s method, the 1F1(a; b;B)-based calculated value of nor-

malizing constants produces slightly better results, compared to that of 2F1(a, b; c;B).

Hence, for the sake of ease, the results in this chapter were based on 1F1(a; b;B) only.

6.3 Experiments

In this section, extensive experiments were conducted to evaluate Bayesian parametric

classifications using Eq. (6.8) and Eq. (6.16). In the numerical experiments two fish

species, two flower species, and scene databases were considered.
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6.3.1 Experiments on Fish and Flower Species Datasets

Firstly, the two challenging fish species and two flower species databases are briefly de-

scribed and then their statistical details summarized in Table 6.1. Extensive experiments

were conducted and the results are reported in Table 6.2. Samples of five images from

these datasets are shown in the first, second, third and fourth row of Figure 6.1.

1. The 8-Species of Fish Dataset [16] consists of eight different categories of

fish, these being Albacore tuna (1, 719 images), Bigeye tuna (200 images), Yel-

lowfin tuna (734 images), Mahi Mahi (117 images), Opah (67 images), Sharks

(176 images), Other (299 images - meaning that there are fish present but not in

the above categories), and No Fish (465 images - meaning that no fish is in the pic-

ture). Each image only has one fish category, except that there are some very small

fish in the pictures that were used as bait. There are a total of 3, 777 images in

the dataset. The dataset was compiled by The Nature Conservancy in partnership

with Satlink, Archipelago Marine Research, the Pacific Community, the Solomon

Islands Ministry of Fisheries and Marine Resources, the Australia Fisheries Man-

agement Authority, and the governments of New Caledonia and Palau [16]. The

dataset is very challenging, for example, ALB, BET and YFT are very similar to

each other and the number of images in each class varies significantly.

2. The 15-Species of Fish Dataset [17] 2 consists of several underwater video se-

quences collected from the underwater observatories at Nanwan, Lanyu and Houbi

Lake of Taiwan and used in the EU-funded Fish4knowledge project. The dataset

contains 8, 948 images in total. It has 15 species of fishes of different categories,

where each species consists of several images to support the learning of fish ap-

pearance models. The number of images in all the species are uneven, that is with

great differences in the number of images per class ranging from 72 to 3, 165.

3. The Oxford 17 Flower Category Database [18] contains images of flowers

belonging to 17 different categories. The images were acquired by searching the

2The dataset of 15-species of Fish leveraged for the current classification task belongs to
Fish4Knowledge Homepage page: http://groups.inf.ed.ac.uk/f4k/index.html, where the dataset was
used for detection task.
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web and taking pictures. There are 80 images for each category and the total

number of images in the whole dataset is 1, 360. The flower dataset of 17 species

is very challenging. The flowers of 17 categories are chosen are indistinguishable

on color alone, and have obvious variations in shape, scale, illumination, partial

occlusions and multiple instances. The big challenge arises mainly due to the intra-

class variation vs inter-class variations, in other words, there are smaller variations

between images of different classes than within a class itself [18].

4. The Oxford 102 Flowers database [19] contains 8, 189 jpg images of flowers.

It also comprises of 102 different categories of flowers most commonly available in

the United Kingdom. The number of flowers per class varies between 40 to 258.

In order to test the validity and performance of the proposed method on the above-

described datasets, similar data preprocessing techniques were adopted as used in Chap-

ters 4 and 5. Statistical details of the preprocessed data are shown in Table 6.1. Nu-

merical experiments were conducted on the prescribed databases, using part of data for

training purposes and the remaining for the testing purposes via few a sample trials (see

Section 6.3.3 for details). Consequently, the average classification accuracy for each of

the datasets is reported in Table 6.2.

Table 6.1: Statistics of the 8 and 15 species of Fish, 17 and 102 Oxford
flowers databases. Here Images represents a total number of images for each dataset.
Grayscale Resolution (GR) = Original pixel resolutions of images normalized and down-
sized to grayscale images of lower resolution. p denotes the subspace dimension and

Gd,p represents each Grassmannian point.

Data Images Classes GR p Gd,p

8-Species of Fish 3, 777 8 40× 40 5 G1600,5

15-Species of Fish 8, 948 15 24× 24 33 G576,33

Oxford 17-Flowers 1, 360 17 55× 55 6 G3025,6

Oxford 102-Flowers 8, 189 102 50× 50 3 G2500,3

The 8-species of Fish dataset that was used for testing the performance of the proposed

method is relatively recent. This dataset was downloaded from the Kaggle challenge
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Table 6.2: Experimental Results on species of Fish and Flowers Databases:
The notation GT represents a total number of Grassmannian points derived from the
image dataset (for the numerical experiments conducted in MATLAB). Training = To-
tal number of Grassmannian points used in the whole experiment for training purposes.
Test = Total number of Grassmannian points used in the whole experiment for testing.
False = Total misclassified points, True = Total correctly classified points. Accuracy (

in %) = Average classification accuracy rate.

Data GT Training Test False True Accuracy

8-Species of Fish 512 112 400 90 310 77.50

15-Species of Fish 393 93 300 106 194 64.67

Oxford 17-Flowers 280 28 252 65 187 74.21

Oxford 102-Flowers 4, 182 1, 222 2, 960 521 2, 439 82.40

Table 6.3: Comparative performance of proposed approach on Oxford 17 Flower cat-
egory database to previous approaches. The Bayesian parametric modelling approach

on Grassmann manifolds improved classification accuracy (%).

Method Reference Accuracy

SIFT Int [19] 72.10

Nearest Neighbor [220] 73.70

BiCoS-MT [221] 90.04

The Proposed Parametric [Eq. (5.7)] 74.21

[16] it is considered a challenging dataset for classification or object detection. The

dataset actually belongs to ”The Nature Conservancy Fisheries Monitoring ”. However,

currently, no published classification or detection results are available to compare to the

results of the proposed method with them. On the basis of complexity and challenge of

this dataset, the results of the proposed method seem satisfactory in comparison to the

unpublished results (62% to 73%) in [16] . Moreover, in comparison to the ten different

results (42% to 80%) for Fish identification reported in [17], the classification accuracy

64.67% on the 15-species of a Fish dataset by the proposed method is best comparative.

For the Oxford 17-Flowers and Oxford 102 Flowers species databases the results on the

proposed method were compared with the baselines taken from existing approaches as

shown in Tables 6.3 and 6.4. The comparison was based on average classification results

for similar databases but different approaches.
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Table 6.4: Comparative performance of the proposed approach on the Oxford 102
Flowers database to previous approaches. The Bayesian parametric modelling approach

on Grassmann manifolds improved classification accuracy (%).

Method Reference Accuracy

HSV+SIFT int+SIFT bd+HOG [19] 73.70

Nearest Neighbor [220] 76.30

BiCoS-MT [221] 80.00

Fine-grained Recognition [222] 80.66

The Proposed Parametric [Eq. (5.7)] 82.40

6.3.2 Experiments on Pascal VOC 2012, FVGC-Aircraft, and Scenes

data

Here the proposed method was tested on four popular and comparatively large scale

databases: PASCAL VOC 2012 Images [12], FGVC-100 Aircraft [20], Places 205 Database

[21] and SUN-397 Scenes Database [22]. All of the following experiments were conducted

in MATLAB by following the same classification algorithm presented in chapter 4. Sam-

ples of five images from these datasets are shown in the fifth, sixth, seventh and eighth

row of Figure 6.1.

In numerical evaluations, first each of the prescribed datasets was converted to grayscale

images and then were transformed into Grassmannian points via the SVD method. Here,

the datasets - FVGC-100 Aircraft and MIT-205 places - were split into four sub-datasets

and the SUN-397 scenes of places dataset was divided into ten sub-datasets. Numerical

experiments were conducted on each subset of the corresponding dataset and finally the

average classification accuracy rate for each dataset was evaluated.

1. The PASCAL VOC 2012 [12] is comprised of well known publicly available

datasets of images that were also previously used for annual competitions and

workshops from 2005 to 2012 [12]. The PASCAL VOC dataset was mainly used

for the challenging tasks of computer vision, such as classification, detection, seg-

mentation and object classification, etc. The latest PASCAL VOC 2012 dataset

that was focused on here was used for classification task consisting of 17, 125 JPEG

images with 20 object classes: person, bird, cat, cow, dog, horse, sheep, aeroplane,



Chapter 6. Laplace’s Approximation for normalizing constants 89

bicycle, boat, bus, car, motorbike, train, bottle, chair, dining table, potted plant,

sofa, tv/monitor. Here the 17, 125 images were divided into 20 object classes, each

consisting of about 800 to 900 images.

2. The FGVC-100 Aircraft database [20] contains 10, 000 images of 100 different

categories of aircraft. Each category contains 100 images. A sample of images from

100 different categories.

3. The MIT Places 205 Database [21] contains 41, 000 images, with 200 images

per category. The images in the dataset are colored and of pixel resolutions 1280×

640.

4. The SUN-397 Scenes Database [22] contains 397 categories of different scenes.

The categories in the database are not homogeneous with respect to the number

of images, however, there are at least 100 images per category. The total number

of images is 108, 754 and they are all in jpg format.

The SUN-397 dataset was split into 10 sub-databases for numerical experiments. There

were 39 categories in each of the first three sub-datasets and each of the remaining sub-

database had 40 scene categories or classes. All of the groups were resized and using

the SVD method they were transformed into Grassmannian points. Like the previous

experiments, about 10−30% data from each sample group was used for training purposes

and the remaining for testing via a few sample trials. The statistical details of these

prescribed datasets including details of transformed grayscale images and the generated

size of Grassmannian points are shown in Table 6.5. Afterwards, numerical experiments

were conducted on PASCAL VOC 2012, FGVC-100, MIT Places 205 and the SUN-397

datasets via a similar Bayesian classification paradigm employed in previous chapters.

Accordingly, the average classification results are reported in Table 6.6 including the

size of the data used for training, testing, misclassified and correctly classified points.

Before comparison of the proposed method to previous approaches, it is important to

mention that some of the results of the proposed method are compared with the closely

related techniques. This is because learning on manifolds particularly via parametric

methods is rare. Although there is a considerable volume of work available on manifolds
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Figure 6.1: A sample of 40 Images, with five images from each described
dataset: Five images in first to the eighth row are taken from 8-Species of Fish
Dataset [16], 15-Species of Fish [17], Oxford 17 Flower Category [18], Oxford 102 Flow-
ers database [19], PASCAL VOC 2012 Images [12], FGVC-100 Aircraft [20], Places-

205 [21] and SUN-397 and Scenes Database [22] respectively.
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via non-parametric methods, most of these nonparametric methods were based on iter-

ative algorithms. That is why mostly small datasets were used for testing the method’s

performance, while mostly the species of animals and scenes of places datasets are rarely

used as manifold-valued data.

Therefore most of the classification results are compared to that of the Top1 results of

deep convolutional neural network methods instead of Top5 which most authors reported

in the existing literature. The comparison of the results to that of Top1 results can be

most justifiable, because the Top5 means that the solution value is among the first five

predictions compare to the Top1. The Top1 means the solution lies in the first class which

is similar to the proposed method of this work. Recently, the deep convolutional neural

network approaches for classification, object detection, localisation or segmentation are

widely used for most complicated databases. These include for example, species of

Table 6.5: Statistics of the PASCAL VOC 2012, FGVC-100 Aircraft, MIT
Places 205 and The SUN-397 databases. Here Images represents a total number
of images for each dataset. Grayscale Resolution (GR) = Original pixel resolutions of
images are normalized and downsized to grayscale images of low resolutions. p denotes

the subspace dimension and Gd,p represents each Grassmannian point.

Data Images Classes GR p Gd,p
PASCAL VOC 2012 17, 125 20 24× 24 10 G576,10

FGVC-100 Aircraft 10, 000 100 50× 50 5 G2500,5

MIT Places 205 41, 000 205 50× 50 6 G2500,6

The SUN-397 108, 754 397 50× 50 6 G2500,6

Table 6.6: Experimental Results on PASCAL VOC 2012, FGVC-100 Air-
craft, MIT Places 205 and The SUN-397 Databases: The notation GT represent
a total number of Grassmannian points derived from the image dataset (for the numer-
ical experiments conducted in MATLAB). Training = Total number of Grassmannian
points used in the whole experiment for training purposes. Test = Total number of
Grassmannian points used in the whole experiment for testing. False = Total mis-
classified points, True = Total correctly classified points. Accuracy (in %) = Average

classification accuracy rate.

Data GT Training Test False True Accuracy

PASCAL VOC 2012 1, 894 190 1, 704 270 1, 524 82.75

FGVC-100 Aircraft 2, 473 573 1, 900 622 1278 67.26

MIT Places 205 7, 068 1928 5, 140 1, 760 3, 380 65.76

The SUN-397 19, 229 4, 728 15, 565 4, 586 9, 979 68.51
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Table 6.7: Comparative performance of the proposed approach on PASCAL
VOC 2012 images database to previous approaches. The proposed Bayesian
Parametric Modelling approach on Grassmann manifolds improved classifi-

cation accuracy.

Method Reference Accuracy (%)

Second Order-Pooling [223] 75.60

Deep CNN+Alexnet [224] 79.80

Deep CNN+Alexnet [224] 79.80

fine-tuned ImageNet Model [209] 82.80

off-the-shelf ImageNet Model [225] 82.70

fine-tuned ImageNet Model [225] 83.20

Deep CNN+VGG-16 [224] 86.50

The Proposed Parametric [Eq. (5.7)] 82.75

Table 6.8: Comparative performance of the proposed approach on FGVC-100 Air-
craft, database to previous approaches. The classification accuracy obtained is very

near to the best results of previous approaches.

The Proposed Reference Accuracy (%)

LR-CNN [226] 44.80

FGVC-Aircraft [20] 48.69

FV-SIFT [227] 61.00

The Proposed Parametric [Eq. (5.7)] 65.76

animals, scenes of places etc with significant success in accuracy, but with long execution

time.

The results of the proposed approach are compared with baselines taken from existing

nearly comparative approaches on the same databases, shown in Tables 6.7, 6.8, 6.9 and

6.10. The overall comparison shows that the proposed approach is more accurate, or in

some cases very close to the best baselines.

6.3.3 Experimental setup

A similar experimental protocol to previous chapters was employed here, which was

based on recursive or arbitrary partitions of Grassmann manifold databases. In cases

where the raw image databases were large, they were divided into a few sub-datasets,

then each sub dataset was preprocessed via a similar dimensional reduction strategy
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Table 6.9: Comparative performance of the proposed approach on MIT-205 places
database to previous approaches. Bayesian Parametric Modelling on Grassmann man-

ifolds improved classification accuracy.

Method Reference Accuracy (%)

ImageNet CNN feature+SVM [21] 40.80

Places-CNN [21] 50.00

Places205-GoogLeNet [228] 55.50

Places205-VGG [228] 58.90

The Proposed Parametric [Eq. (5.7)] 65.76

using the SVD method. Accordingly, numerical experiments were conducted on each

dataset via a similar strategy as in previous chapters. However, the experiments where

the datasets were large, these were divided into sub-datasets say, D = D1, · · · , Ds, then

after data preprocessing steps, each sub-dataset was partitioned similarly to the previous

datasets: D1 = Gd11 , · · · , Gd1k , · · · , Ds = Gds1 , · · · , Gdsk . Numerical experiments were

conducted on each sub-dataset with all of their final outcomes summed together for an

ultimate error or accuracy rate. All such added outcomes for the corresponding datasets

are shown in tables.

In numerical evaluation the proposed parametric method was very sensitive to changes

in image resolution, that is dimension reductions of raw data to clean grayscale data (3D

to 1D data). Higher resolution images increase the number of data points significantly,

consequently producing very slow execution times and requiring high storage space.

Also for the large datasets, ordinary computers face memory limitations and would

not process the data. Similarly greatly reducing the images resolution may impede

the pattern recognition (though providing low storage and high speed). This is why

Table 6.10: Comparative performance of the proposed approach on SUN-397 places
database to previous approaches. Bayesian Parametric Modelling on Grassmann man-

ifolds improved classification accuracy.

Method Reference Accuracy (%)

Places-CNN feature [21] 54.32

Places-CNDS [229] 60.70

Places-VGGnet [230] 66.90

Places-VGGnet + Spectral Features [231] 67.60

The Proposed Parametric [Eq. (5.7)] 68.51



Chapter 6. Laplace’s Approximation for normalizing constants 94

appropriate model order reduction is one of the most important steps before conducting

numerical experiments on data manifolds.

Learning on manifolds is quite recent which is why many machine learning algorithms in

the literature are based on non-manifolds data and consequently there is little manifold

based work available on the datasets that were considered for validity and performance in

this thesis. Accordingly, the performance of the proposed approach was also compared

with non-manifolds based approaches. However, all of the comparisons were mostly

based on the similar recognition techniques.

6.3.4 Conclusion

In this chapter a novel Bayesian parametric classification framework of matrix variate

Bingham distribution for learning on Grassmann manifolds was derived. The associated

normalizing constant of the Bingham distribution was represented by two generalised ex-

ponentials, the confluent hypergeometric function 1F1 and the Gaussian hypergeometric

function 2F1. Both of these functions are special representations for normalizing con-

stants and are approximated independently by Laplace’s approximation. This method of

approximating multivariate special functions was proposed by Butler and Wood in [103].

Here, part of the idea explored in [103] was incorporated for construction of a standard

MLE framework on the Bingham distribution using Grassmann manifolds.

The newly formulated Bayesian parametric framework is a straightforward implemen-

tation for the classification of manifold-valued data. Since before generating the Grass-

mann manifolds, the given datasets of high resolutions were downsized to appropriate

sizes, it naturally added two important benefits to the proposed parametric method, the

first was very low storage space on the disk, the second was very low execution time

required for data processing. Low storage space and very low computational time are

two well-known consequences of Bayesian parametric formulations. That is why the

proposed work is not compared with respect to the execution time to that of previ-

ous approaches. Instead the average classification accuracy rate in comparison to the

previous approaches on similar databases are emphasized throughout this thesis.

The main contributions of the proposed parametric method in this Chapter include:
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• A new approach from traditional parametric modelling to parametric modeling on

Grassmann manifolds.

• The normalizing constant of the Bingham distribution was calculated by consid-

ering matrix-variate Gaussian hypergeometric functions of type 2F1 and that of

confluent hypergeometric functions of type 1F1.

• Employing a matrix based normalizing constant calculated by the Laplace approx-

imation for the practicability of the Bingham model.

• Learning a parametric model of Bingham distribution based on Grassmann man-

ifolds.

• The use of a Bayesian framework via MLE for density estimation over image

databases.

• The validity of the proposed model on numerical experiments using real-world data

was provided with best accuracy.



Chapter 7

The Saddle Point Approximation

for normalizing constant

7.1 Introduction

In this chapter, a novel parametric Bayesian classification framework of the matrix-

variate Fisher-Bingham distribution on Grassmann manifolds is examined. The matrix-

variate Fisher-Bingham distribution can be obtained simply by adding the exponents

of matrix Fisher and matrix Bingham distributions together. In particular, normalizing

constants of the matrix variate Fisher-Bingham model are studied using the Saddle-

Point Approximation (SPA) method. It is then straightforward to deduce the likelihood

formula for calculating the normalizing constant of matrix Fisher or Fisher-Bingham

distributions via the Bayesian MLE approach. For each model the normalizing constant

can be evaluated with respect to concentrated parameter matrices, so it is straightfor-

ward to deduce and use the calculated normalizing constants for the general exponential

families of distributions.

Saddle Point Approximation (SPA) is one of the most effective tools for calculating in-

tractable normalizing constants. It is valid for any statistics that admit moment and

cumulant generating functions. The method is based on Taylor expansion, where in-

stead of the entire series, the first four terms are considered more important for the

96
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approximate solution. In some cases only the first term is needed for an approximate

solution, instead of considering more terms of the series. Here, the first four terms of

the Taylor expansion are considered most important for the approximate solution of

the corresponding normalizing constants. Here first term of the series is the mean, the

second is variance, the third is skewness and the fourth term is kurtosis of the under-

lining series. This means that compared to classical distribution models, for example,

the multivariate Gaussian distribution, which is only based on mean and variance, the

current proposed directional models based on SPA studies have more descriptors of the

distribution. Consequently, such models are more efficient and suitable for data process-

ing.

SPA was first introduced to statistics for asymptotic analysis by Daniels [105], where

SPA and its asymptotic expansion were evaluated for the probability density function of

a mean of sample vector x ∈ Rd. SPA for multivariate statistics can be derived by using

the Edgeworth expansion [232,233,234]. As a starting point of application to directional

models, SPA was applied to the normalizing constant of the Fisher-Bingham distribution.

This applies to the case of multivariate random normal vector conditioned to have a unit

length [109]. Here the normalizing constant was expressed as an elementary function

multiplied by the density evaluated at the unity of a linear combination of independent

non-central X 2
1 random variables.

Here, the matrix-variate normalizing constant for Fisher-Bingham distribution studied

by Kume et al. in [81] was considered. This was the most important development

for SPA of the normalizing constants for the products of spheres and Stiefel manifolds.

Instead of sphere or Stiefel manifold cases, Grassmann manifolds were focused on and

the formulas proposed in [81] manipulated to create a new and more general setting

for the log-likelihood function of the normalizing constants for Grassmann manifolds.

It is straightforward to use the calculated normalizing constant for Fisher, Bingham or

Fisher-Bingham cases. In every case, the normalizing constant is based on the maxima

of sample mean data.
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7.1.1 Matrix Fisher Distribution

The linear exponential family of distribution on SO(d) as defined by Eq. (3.7) is known

as the matrix Fisher distribution with density given by

f(X | A) =
1

ΨF (A)
exp{tr(ATX)}. (7.1)

Here A is a d×p parameter matrix, X ∈ SO(d) = Vd−1, the special orthogonal group of

rotation matrices. The distribution is invariant under singular value decomposition and

is most tractable on Stiefel manifold. The term ΨF (A) is the normalizing constant for

the matrix Fisher distribution chosen such that the probability density function f(X | A)

over the given Stiefel manifold integrates to 1.

7.1.2 Matrix Bingham Distribution

The quadratic matrix Bingham distribution is a probability distribution on the set of

orthonormal matrices and arises as posterior distribution for multivariate and directional

data. The matrix Bingham distribution is most tractable on Grassmann manifold defined

by

f(X | B) =
1

ΨB(B)
exp{tr(XTBX)}. (7.2)

Here X ∈ Gd,p and B is the symmetric matrix of size d×d and ΨB(B) is the normalizing

constant for the matrix Bingham distribution. The distribution is antipodal symmetric,

i.e., f(X) = f(−X) = −f(X), is invariant under spectral decomposition, i.e., B =

UΩUT .

7.1.3 Fisher-Bingham Distribution

The Fisher-Bingham distribution is a rotationally invariant exponential model, which

consists of the linear matrix Fisher distribution given by Eq. (7.1) and the quadratic

matrix Bingham distribution given by Eq. (7.2). The straightforward vector versions of

Eq. (7.1) and Eq. (7.2) are shown as follows.
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Denote Sd−1
p by p-copies of hypersphere Sd−1 not necessarily of the same dimensions

(although in this case they are), and by following [81] consider x = (xT1 , · · · , xTp )T ∈ Sd−1
p ,

then the vector Fisher-Bingham density for the p copies of sphere Sd−1 is given by

f1(x; a,B) =
1

Ψ1(a,B)
exp

(
aTx+ xTBx

)
=

1

Ψ1(a,B)
exp

( p∑
i=1

aTi xi +

p∑
i,j=1

xTi Bijxj

)
,

(7.3)

where a =
(
aT1 , · · · , aTp

)T ∈ Rdp, B = (Bij)
p
i,j=1 is a block matrix with p2 blocks Bi,j of

dimension d× d, and Ψ1(a,B) is the normalizing constant chosen so that the integral of

Ψ1(x; a,B) over Spd−1 is 1.

Put X = (x1, · · · , xp) by a column matrix of size d×p , then the matrix Fisher-Bingham

density over Stiefel manifold Vd,p or Gd,p may be defined as

f2(X;A,B) =
1

Ψ2(A,B)
exp

{
tr(ATX) + tr(XTBX)

}
, (7.4)

where A = (a1, · · · , ap) is a matrix of size d× p, B = (Bij)
p
i,j=1 has the same structure

as in Eq. (7.3), and Ψ2(A,B) is the normalizing constant.

Let Vqd,p = Vd1,p1 , · · · ,Vdq ,pq denote q copies of Stiefel manifolds and similarly for Grass-

mann manifolds by Gqd,p = Gd1,p1 , · · · ,Gdq ,pq . The Fisher-Bingham density over these

prescribed manifolds is given by

f3(X1, · · · , Xq;A1, · · · , Aq;B)

=
1

Ψ3(A1, · · · , Aq;B)
exp

{ q∑
i=1

tr
(
ATi Xi

)
+

q∑
i,j=1

vec
(
Xi

)T
Bijvec

(
Xj

)}
,

(7.5)

where for i, j = 1, · · · , q, Xi ∈ Vdi,pi , or Gdi,pi , and the parametric matrices Ai and Bij

are of size di×pi and (dipi)× (djpj), respectively, with Ψ3(A1, · · · , Aq;B) a normalizing

constant with integral of 1. The vec is an operator that creates a column vector from

the matrix X by stacking the columns of its vectors below one another.

Theorem 7.1. [81] Assume V is a positive-definite symmetric matrix of dimension r =∑n
i=1 dipi and that x =

{
vec(X1)T , · · · , vec(Xp)

T
}T ∼ Nr(µ, V ). Then the normalizing
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constant Ψ3(A1, · · · , Aq;B) in Equation 7.5 may be written as

Ψ3(A1, · · · , Aq;B) = g(si;µ, V )(2π)r/2 | V |
1
2 exp(

1

2
µTV −1µ)2

∑q
i=1pi, (7.6)

where si = vech(Ipi) and g(u1, · · · , uq;µ, V ) is the joint density of the ui = vech(XT
i Xi),

vech(.) is an operator designed for symmetric matrices, stacks the lower triangular part

of the matrix with the diagonal included, using the ordering implied by vec(.).

7.2 Saddle Point Approximation (SPA)

The main focus of this section is to review the methods for calculating multivariate

normalizing constants, and then to derive the most efficient formula that could work for

manifold-valued data of arbitrarily high dimensions.

The SPA method was first introduced to statistics by [105] for asymptotic analysis, then

it was further extended to statistical inferences by Reid in [106]. Most recently, it has

been extended by [81] for exponential families of distributions. First, following the idea

from [106,234], let x = (X1, · · · , Xm), be an independent, identically distributed random

vectors from a density f(x) on Rd. Denote the moment generating function (mgf) by

M(θ) and the cumulant generating function by K(θ) = logM(θ), then the first order

SPA f̂1(x) of the density f(x) of x is given by

f̂1(x) =
1

(2π)m/2 | K̂ ′′ |
1
2

exp(K̂ − θ̂Tx). (7.7)

The right hand side of Eq. (7.7) is called the saddle-point approximation to the density

of f(x). The value θ̂ = θ̂(x) is called the saddle-point and is defined by

K ′(θ̂) = x, (7.8)

where K ′(θ) is the vector
(∂K(θ)

∂θ1
, · · · , ∂K(θ)

∂θm

)T
such that K ′(0) = E(x) is the first cu-

mulant and is called the mean. The d × d matrix K ′′ has (i, j) component
(∂2K(θ)

∂i∂j

)
and | K ′′(θ) | denotes the determinant where K ′′(θ)(0) = var(x) is the second cumulant
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called the variance of random variable x. The third and fourth cumulants are called

skewness and kurtosis of the distribution, respectively, which will be seen in the later

part of this chapter. Two versions of the second order SPA are given by

f̂2(x) = f̂1(x)(1 + T ) and f̂3(x) = f̂1(x) exp (T ), (7.9)

where T is written as

T =
1

8
ρ̂4 −

1

24
(3ρ̂2

13 + 2ρ̂2
23), (7.10)

with

ρ̂4 = K̂ijklK̂
ijK̂kl,

ρ̂2
23 = K̂ijkK̂rstK̂

irK̂jsK̂kt,

ρ̂2
13 = K̂ijkK̂rstK̂

ijK̂krK̂st,

(7.11)

where K̂ij is (i, j)-component of (K̂ ′′)−1.

At B = 0, the Fisher matrix distribution is the special case of Eq. (7.4) with simplified

density

1

Ψ2(A, 0)
exp

{(
ATX

)}
. (7.12)

Here A is a d× p parameter matrix and X ∈ Vd,p is invariant under Singular Value De-

composition (SVD), such that A = ΓΩ∆T . Also it is very easy to show that Ψ2(A, 0) =

Ψ2(Ω, 0), for details see [98]. The concentration parameter Ω = (wij) is d × p matrix

such that

ωij =


ωii = ωi, if i = j

0, if i 6= j

and here the density becomes

1

Ψ2(Ω, 0)
exp

{ p∑
i=1

ωixii

}
.

Then according to Theorem 7.1 it is known that

Ψ2(A,B + Λ⊗ Id) = exp

( p∑
i=1

λii

)
Ψ2(A,B).
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Hence

Ψ2(Ω, 0) = exp

(
−

p∑
i=1

λii

)
Ψ2(Ω,Λ⊗ Id).

where the operator ⊗ denotes the usual Kronecker product, where the focus is on

Ψ2(Ω,Λ⊗ Id) with Λ = −1
2Ip.

Then V = Idp and µ =
(
ω1e

T
1 , · · · , ωpeTp

)T
, where ej is d-vector with all components

being zero except for component j, which is 1.

Denote

C(θ) = Idp −Θ+ ⊗ Id = (Ip −Θ+)⊗ Id

where Θ+ = Θ+(θ) = (θ+
ij)

p
i,j=1 and θ+

ij is a block matrix of size d× d such that

θ+
ij = θ+

ji =


θij , if i < j

2θii, if i = j

Then

C(θ)−1 = Φ⊗ Id = (φrs)
p
r,s=1

where Φ = (φr,s)
p
r,s=1 = (Ip −Θ+)−1, so that the Saddle Point equation becomes

K(r,s) = δr,s

where δr,s is the Kronecker delta and

K(r,s) =
∂K(θ)

∂θr∂θs
=


dφrs +

∑q
u=1 ω

2
uφurφus, if r < s

dφrr + ω2
r + ω2

rφ
2
rr, if r = s

The unique solution is given by

φ̂rs = 0 (r < s), φ̂rr =
−d+

√
d2 + 4ω2

r

2ω2
r

. (7.13)
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Hence Φ̂ = (φ̂rs)
p
r,s+1 is diagonal, so is Θ+ . And if r < s, then

θ̂rr =
ω2
r

d−
√
d2 + 4ω2

r

. (7.14)

The second derivative of the diagonal matrix K̂ ′′ is

K̂(r1,s1)(r2,s2) =


dφ̂rrφ̂ss + φ̂rrφ̂ss(ω

2
r φ̂rr + ω2

s φ̂ss), r1 = r2 < s1 = s2

2dφ̂2
rr + 4ω2

r φ̂
3
rr, r1 = r2 = s1 = s2

0, r1 6= r2 or s1 6= s2

(7.15)

The (i, j)-th element K̂ ′′ is ordered in such a way that (r, s)-element (r < s) is counted in

the column order of the upper triangular part over matrix Ω. For example, location (2, 2)

is ordered at the third position, etc. Let π as this is inverse mapping, i.e., π(3) = (2, 2)

and π(4) = (1, 3), etc.

Following the supplementary materials of [81] implies that

ρ̂2
4 =

2

d
(6σ4 + 3σ5 + 4σ6 + σ7),

ρ̂2
23 =

2

d
(4σ1 + 3σ2 + 3σ3),

ρ̂2
13 =

2

d

q∑
r=1

1

1 + 2hr

{
2(1 + 3hr)

1 + 2hr
+
∑
s 6=r

1 + 2hr + hs
1 + hr + hs

}2

.

(7.16)

where

hr =
ω2
r φ̂rr
d

=
−d+

√
d2 + 4ω2

r

2d
, (7.17)
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and

σ1 =

p∑
r=1

(1 + 3hr)
2

(1 + 2hr)3
,

σ2 =

p∑
r=1

∑
s 6=r

(1 + 2hr + hs)
2

(1 + 2hr)(1 + hr + hs)2
,

σ3 =
∑

1≤r<s<t≤p

(1 + hr + hs + ht)
2

(1 + hr + hs)(1 + hr + ht)(1 + hs + ht)
,

σ4 =

p∑
i=1

1 + 4hr
(1 + 2hr)2

,

σ5 =
∑

1≤r<s≤p

1 + 2hr + 2hs
(1 + hr + hs)2

,

σ6 =

p∑
r=1

∑
s 6=r

1 + 3hr + hs
(1 + 2hr)(1 + hr + hs)

,

σ7 =

p∑
r=1

∑
s 6=r

∑
t 6=r,t 6=s

1 + 2hr + hs + ht
(1 + hr + hs)(1 + hr + ht)

.

(7.18)

Finally, the desired SPA, Ψ̂2,k(A,B), with k = 1, 2, 3 of the normalizing constant

Ψ2(A,B) is given by

Ψ̂2,k(A,B) =
2p(2π)dp/2−p(p+1)/4

| K̂ ′′ |1/2| Ĉ |1/2
exp

(
1

2
vec(A)T Ĉ−1vec(A)−

p∑
i=1

θ̂ii

)
Rk(T ). (7.19)

Or

Ψ̂2,k(Ω, 0) =
2p(2π)dp/2−p(p+1)/4

| K̂ ′′ |1/2| Ĉ |1/2
exp

(
1

2
µT Ĉ−1µ−

p∑
i=1

θ̂ii

)
Rk(T ). (7.20)

where

Rk(T ) =


1, if k = 1

1 + T, if k = 2

exp(T ), if k = 3

7.3 Maximum Likelihood Estimation of Parameters

The theory of MLE is very well established and its link to statistical inferences can be

traced back to [235]. The main role of MLE for inferences is to optimize parameters

via evaluating extreme values of probability density functions via a given set of data.

For more details and a review of MLE see for example [236, 237]. In other words, the
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likelihood function over a sample is the probability density function (pdf) of a random

sample evaluated at the observations at hand. The usual way of evaluating MLE is to

take the logarithm of the likelihood function, so that the new function becomes a log-

likelihood function. Consider for the case Eq. (7.20), where the log-likelihood function

is given by

log Ψ̂2,k(Ω, 0) = p log 2 +

{
dp

2
− p(p+ 1)

4

}
log (2π)− 1

2
log | K̂ ′′ |

+
1

2
| Ĉ−1 | +1

2
µT Ĉ−1µ−

p∑
r=1

θ̂ii + logRk(T ).

(7.21)

Although Eq. (7.21) may be valid for low dimensional feature spaces of vectors or ma-

trices, for high dimensions it fails to produce any meaningful results. The difficulty

mainly occurs due to the sparseness of sample feature vectors or matrices. For example

a similar classification task was considered by [84] where they tried the calculation of

normalization constants using the SPA method for the vector version in [109] of von

Mises-Fisher distributions. They were unable to demonstrate their classification tasks.

The reason was simply the sparseness of the sample vector. According to the proposed

method, the sparseness arises due to high dimensionality that makes the matrix C and

K ′′ much larger to the point of being oversized and eventually sparse, and then becomes

a source of degeneracy. In order to overcome this difficulty here, the main focus is given

to the effectiveness of Eq. (7.21). Thus to derive the most effective formula, from the

above calculations it is easy to obtain the following by simple algebraic manipulations

Ĉ−1 = Φ̂⊗ Id, µ = (ω1e
T
1 , ..., ωpe

T
p )T ,

where it may conclude that

log | Ĉ−1 |= d log | Φ̂ |= d

p∑
r=1

log φ̂rr. (7.22)

And

µT Ĉ−1µ =

p∑
i,j=1

ωiωjφ̂ije
T
i ej =

p∑
i=1

ω2
i φ̂ii = d

p∑
r=1

hr. (7.23)
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The log of diagonal matrix K̂ ′′ is

log | K̂ ′′ | =

p(p+1)
2∑

i=1,(s,t)=π(i),s≤t

log K̂(s,t)(s,t). (7.24)

Substituting Eq. (7.22), Eq. (7.23) and Eq. (7.24) in Eq. (7.21) yields the desired new

and most effective formula for computing multivariate parameter-dependent normalizing

constants.

log Ψ̂2,k(Ω, 0) = p log 2 +

{
dp

2
− p(p+ 1)

4

}
log (2π)− 1

2

p(p+1)
2∑

i=1,(s,t)=π(i),s≤t

log K̂(s,t)(s,t)

+
1

2
d

p∑
r=1

log φ̂rr +
1

2
d

p∑
r=1

hr −
p∑
r=1

θ̂ii + logRk(T ).

(7.25)

Eq. (7.25) is therefore efficient for high-dimensional feature space. That is for the case

of manifold-valued data it is more efficient and more accurate to calculate the numerical

value of the logarithm of normalizing constants. This calculated numerical value then

plays the role of a threshold value for calculating the maximum likelihood parameter

estimation using a Fisher-Bingham model in a more general context. Here, the formula

for the Bingham distribution by applying standard MLE via the Bayesian approach is

emphasized for numerical experiments.

7.3.1 Final classification model

According to the theory of optimization, it is known that for calculating MLE there

are two alternatives, that is numeric and analytic optimization procedure. For treating

analytic MLE the usual way is to take the first derivative or gradient of the log-likelihood

function, then equate it to zero for evaluating the desired parameter. The gradient of

Eq. (7.25) can be found by differentiating all terms, full details are given in Section 7.4.

The approximation of normalizing constants via SPA is based on the maxima Ω̂ achieved

from the singular value decomposition of sample mean data. Hence without loss of
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generality, the log-likelihood functions for the Fisher-Bingham case is

MLEΩ̂ = argmaxL̂(Ω) = log[f̂2,k(X | A,B)]. (7.26)

The log likelihood function for the matrix Fisher case at B = 0 is given by

MLEΩ̂ = argmaxL̂(Ω) = log[f̂2,k(X | A)]. (7.27)

The log-likelihood function for the matrix Bingham case (A = 0) is given by

MLEΩ̂ = argmaxL̂(Ω) = log[f̂2,k(X | B)]. (7.28)

In this Chapter, for all numerical experiments Eq. (7.28) was employed, for final classi-

fication outcomes by using real-world databases.

7.4 Gradient of the Log-Likelihood Function of Normaliz-

ing Constants

For treating analytic MLE the usual way is to take the first derivative or gradient of the

log-likelihood function, then equate it to zero for evaluating the desired parameters. To

proceed for the gradient of the log-likelihood function i.e., by considering the gradient

∇ωr(log N̂2,k(0,Ω)) of Eq. (7.28), the differentiation of all their terms follows.

∂K̂(s,t)(s,t)

∂ωr
=



4dφ̂rrφ̂
′
rr + 12ω2

r φ̂
2
rrφ̂
′
rr + 8ωrφ̂

3
rr, (r = s = t)

φφrrφ̂tt(d+ 2ωrω̂
2
rr) + φ̂tt(d+ 3ω2

r φ̂
2
rr + ω2

r φ̂tt)φ̂
′
rr,

(r = s < t)

0, otherwise.

(7.29)
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where

φ̂′rr =
d

dωr

(
−d+

√
d2 + 4ω2

r

2ω2
r

)

=
2

ωr
√
d2 + 4ω2

r

−
√
d2 + 4ω

2
r − d

ω3
r

.

Hence,

∂

∂ωr
log | K̂ ′′ |=

∑
r≤t

1

K̂(r,t)(r,t)

∂K̂(r,t)(r,t)

∂ωr
,

∂

∂ωr

p∑
i=1

θ̂ii =
1

φ̂2
rr

φ̂′rr,

∂

∂ωr
log | C−1 |= d

1

φ̂rr
φ̂′rr,

∂

∂ωr
µTC−1µ = dh′r.

For the derivative of T with respect to ωr, denote the summands in σi as

φ1(hr) =
(1 + 3hr)

2

(1 + 2hr)3
,

φ2(hr, hs) =
(1 + 2hr + hs)

2

(1 + 2hr)(1 + hr + hs)2
,

φ3(hr,hs,ht)

=
(1 + hr + hs + ht)

2

(1 + hr + hs)(1 + hr + ht)(1 + hs + ht)
,

φ4(hr) =
1 + 4hr

(1 + 2hr)2
,

φ5(hr) =
1 + 2hr + 2hs
(1 + hr + hs)2

,

φ6(hr, hs) =
1 + 3hr + hs

(1 + 2hr)(1 + hr + hs)
,

φ7(hr, hs, ht) =
1 + 2hr + hs + ht

(1 + hr + hs)(1 + hr + ht)
.

(7.30)
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The derivatives of σ1, · · · , σ7 are thus given by

∂σ1

∂ωr
= −6

hr(1 + 3hr)

(1 + 2hr)4
h′r,

∂σ2

∂σr
=
∑
s 6=r

∂

∂hr
φ2(hr, hs)h

′
r +

∑
t6=r

∂

∂hr
φ2(ht, hr)h

′
r,

∂σ3

∂ωr
=

∑
(r+1)≤s<t≤p

∂

∂hr
φ3(hr, hs, ht)h

′
r

+
∑

1≤s<r<t≤q

∂

∂hr
φ3(hs, hr, ht)h

′
r

+
∑

1≤s<t<r

∂

∂hr
φ3(hs, ht, hr)h

′
r,

∂σ4

∂ωr
=

∂

∂hr
φ4(hr) =

8hr
(1 + 2hr)3

h′r,

∂σ5

∂ωr
=

∑
(r+1)≤s≤p

∂

∂hr
φ5(hr, hs)h

′
r

+
∑

1≤s<r

∂

∂hr
φ5(hs, hr)h

′
r,

∂σ6

∂ωr
=
∑
s 6=r

∂

∂hr
φ6(hr, hs)h

′
r +

∑
t6=r

∂

∂hr
φ6(ht, hr)h

′
r,

∂σ7

∂ωr
=

∑
s 6=t,s 6=r,t 6=r

∂

∂hr
φ7(hr, hs, ht)h

′
r

+
∑

s6=r,t 6=r,t 6=s

∂

∂hr
φ7(hs, hr, ht)

+
∑

s 6=r,t 6=r,t 6=s

∂

∂hr
φ7(hs, ht, hr).

(7.31)

Now by denoting the terms of ρ̂2
13 in (7.16) as

ψ(h1) =
1

1 + 2hr
,

ψ2(hr) =
2(1 + 3hr)

1 + 2hr
,

ψ3(hr) =
1 + 2hr + hs
1 + hr + hs

.

it follows that
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ρ̂2
13 =

2

d

p∑
r=1

ψ1(hr)

[
ψ2(hr) +

∑
s 6=r

ψ3(hr, hs)

]2

which by differentiation simply becomes

d

2

∂ρ̂2
13

∂ωr
= ∂γrψ

′
1(hr)

[
ψ2(hr) +

∑
s 6=r

ψ3(hr, hs)

]2

h′r+

2ψ1(hr)

[
ψ2(hr) +

∑
s 6=r

ψ3(hr, hs)

][
ψ′2 +

∑
s 6=r

∂

∂hr
ψ3(hr, hs)

]
h′r

+2
∑
s 6=r

ψ1(hs)

[
ψ2(hs) +

∑
t6=s

ψ3(hs, ht)

]
∂

∂hr
ψ3(hs, hr)h

′
r.

Thus the gradient of the log-likelihood function of normalizing constants is calculated,

and with the given training data it plays the role of optimizer (i.e., maximizer or mini-

mizer) for inferences via a Bayesian framework.

7.5 Experiments

In this section, the validity and performance of extended Bayesian parametric modeling

on Grassmann manifolds are examined. Extensive numerical experiments were con-

ducted for the validity and performance of the proposed approach using Eq. 7.28. Here,

the data preprocessing and Bayesian classification via MLE was considered similarly as

in the previous chapters. Here, two aspects of the proposed approach were emphasized.

One was the corresponding normalizing constant of the matrix variate exponential fami-

lies of distributions, which were evaluated by the SPA method. The second was fourteen

different and more challenging visual classification datasets considered for model valida-

tion and performance with respect to accuracy.

7.5.1 Classification of Object databases

Here in the first experimental part, three popular datasets of objects, the Caltech 101

[23], the Caltech 256 [24] and the Pascal 3D+ [25] were considered. Samples of five
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images from these datasets are shown in the first, second and third row of Figure 7.1.

These three databases are described below.

1. The Caltech 101 [23] database consists of 9, 197 images of objects of 101

various categories (e.g., faces, anchors, beavers, etc.) plus a background collected

via Google image searches. There are about 40 to 800 images per category, with

most having 50 images per category. All the images have fixed 300 × 200 pixel

resolutions.

2. The Caltech 256 dataset [24] is an extended version of Caltech 101 object

categories. Each category of Caltech 256 contains at least 80 images. The dataset

has 30, 608 images in total. Caltech 256 has large intra-class variability then

Caltech 101.

3. The PASCAL VOC 3D+ dataset [25] is an extension of PASCAL VOC

2012. The PASCAL 3D+ is a challenging dataset and was previously used for

object detection and pose estimation tasks [25]. Here the aim was to use this

dataset for classification tasks via Bayesian MLE. PASCAL 3D+ has 24 ob-

ject categories: aeroplane-imagenet, aeroplane-pascal, bicycle-imagenet, bicycle-

pascal, boat-imagenet, boat-pascal, bottle-imagenet, bottle-pascal, bus-imagenet,

bus-pascal, car-imagenet, car-pascal, chair-imagenet, chair-pascal, diningtable-

imagenet, diningtable-pascal, motorbike-imagenet, motorbike-pascal, sofa-imagenet,

sofa-pascal, train-imagenet, train-pascal, tvmonitor-imagenet and tvmonitor-pascal.

It contains 33, 260 images in total.

Now by using similar statistical and experimental protocols as in the previous chapters,

first the statistics of Caltech 101, 102 and Pascal 3D+ datasets together with their pre-

processed Grassmannian points is shown in Table 7.5. Then the classification algorithm

for conducting numerical experiments was used on the prescribed databases. All the

experimental details, including the average classification accuracy rates on all databases

are reported in Table 7.6.

In order to evaluate the classification performance of the proposed approach, first it is

important to mention that so far no classification task has yet been carried out in the
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Table 7.1: Statistics details of Caltech 101, 256 and Pascal 3D+ databases.
Here ’Images’ represents a total number of images for each dataset. Grayscale Res-
olution (GR) Original pixel resolutions of images are normalized and downsized to
grayscale images of low resolutions. ′p′ denotes the subspace dimension and Gd,p rep-

resents each Grassmannian point.

Data Images Classes GR p Gd,p
Caltech 101 9, 197 101 30× 30 6 G900,6

Caltech 256 30, 608 256 30× 30 6 G900,6

Pascal 3D+ 33, 260 24 42× 40 7 G1680,7

Table 7.2: Experimental Results on Caltech 101, 256 and Pascal 3D+
databases: The notation GT represent a total number of Grassmannian points de-
rived from the image dataset (for the numerical experiments conducted in MATLAB).
Training = Total number of Grassmannian points used in the whole experiment for
training purposes. Test = Total number of Grassmannian points used in the whole ex-
periment for testing. False = Total misclassified points, True = Total correctly classified

points. Accuracy (in %) = Average classification accuracy rate.

Data GT Training Test False True Accuracy

Caltech 101 1, 788 388 1, 400 371 1, 029 73.50

Caltech 256 6, 027 1, 074 4953 1, 858 3, 095 62.49

Pascal 3D+ 1, 412 272 1, 140 195 945 82.89

Table 7.3: Comparative performance of the proposed approach on Caltech
101 categories database to previous approaches. The proposed Bayesian
Parametric Modeling on Grassmann manifolds improved classification ac-

curacy.

Method Reference Accuracy (%)

SVM-KNN [238] 59.08

HOG with Geo [123] 63.92

Multi-manifold KML [123] 65.07

Spatial Pyramid [24] 67.60

The Proposed Parametric [Eq. (7.28)] 73.50

previous literature on the Pascal 3D+ dataset. This work is the first to do so. This

dataset was first introduced in a paper [25] as an extended version of the Pascal VOC

2012 dataset, and was used for a segmentation task, where the baseline segmentation

accuracy was reported to be 52.4%. Here classification performance of the approach on

Caltech 101 and 256 is compared to the baselines taken from the previous approaches

shown in Tables 7.3 and 7.4.
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Table 7.4: Comparative performance of the proposed approach on Caltech
256 database to previous approaches. The proposed Bayesian Parametric

Modeling on Grassmann manifolds improved classification accuracy.

Method Reference Accuracy (%)

SpatialPyramid [24] 34.10

Multiclass Object Classification [239] 45.80

Subcategory Relevances [240] 49.5

M-HMP [241] 58.00

The Proposed Parametric [Eq. (5.7)] 62.49

7.5.2 Classification on Scenes Databases

In the second set of extensive experiments, popular scenes databases, Scenes− 15 [26],

Oxford 5k-Buildings Dataset, [27] and Paris 6k-Buildings [28] databases were consid-

ered. Samples of five images from these datasets are shown in the fourth, fifth and

sixth row of Figure 7.1. Firstly they are briefly described with their statistical details

summarized in Table 7.5. Extensive numerical experiments were conducted on these

prescribed databases via the similar methodologies described in previous Chapters. The

experimental outcomes are reported in Table 7.6.

1. The scenes-15 database [26] contains 4, 585 images. It has 15 different scene

categories: bedroom, suburb, industrial, kitchen, living room, coast, forest, high-

way, inside a city, mountain, open country, street, tall building, office and store.

The images across the classes vary and there are about 200 to 400 images per class.

The sizes of the images are variable and about 300× 250 on average.

2. The Oxford-5k Buildings database [27] is a collection of 5, 062 images lever-

aged from Flickr. The dataset comprises of 55 classes of different Oxford buildings.

Each category has about 92 images. The dataset challenge is mutual similarity of

of the buildings with respect to architectural features.

3. The Paris-6k Buildings dataset [28] is a collection of 6, 392 images leveraged

from Flickr. The dataset has similar classification challenges as the Oxfords-5k

buildings. There were 20 corrupt images in the dataset that were not compatible

with the MATLAB code for preprocessing, hence they were removed from their
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Table 7.5: Statistics details of Scenes-15, Oxford-5k, and Paris-6k databases.
Here Images represents a total number of images for each dataset. Original pixel reso-
lutions of images were normalized and downsized to Grayscale Resolution (GR) images.
p denotes the subspace dimension and Gd,p represents each Grassmannian point.

Data Images Classes GR p Gd,p
Scenes-15 4, 585 15 30× 30 5 G900,5

Oxford-5k 5, 062 55 50× 50 6 G2500,6

Paris-6k 6, 392 12 30× 30 6 G900,6

Table 7.6: Experimental Results on Scenes-15, Oxford-5k, and Paris-6k
databases: The notation GT represent a total number of Grassmannian points de-
rived from the image dataset (for the numerical experiments conducted in MATLAB).
Training = Total number of Grassmannian points used in the whole experiment for
training purposes. Test = Total number of Grassmannian points used in the whole ex-
periment for testing. False = Total misclassified points, True = Total correctly classified

points. Accuracy (in %) = Average classification accuracy rate.

Data GT Training Test False True Accuracy

Scenes-15 1, 117 217 900 76 824 91.56

Oxford-5k 1, 012 212 800 216 584 73.50

Paris-6k 1, 273 263 1, 010 153 857 84.85

Table 7.7: Comparative performance of the proposed approach on scenes-
15 database to previous approaches. The proposed Bayesian Parametric
Modeling on Grassmann manifolds improved classification accuracy (in %).

Method Reference Accuracy

ISPR [203] 85.10

Hybrid + GIST+SP [242] 86.30

RSP [243] 88.10

LScSPM [244] 89.70

The Proposed Parametric [Eq. (7.28)] 91.56

corresponding classes. It has 12 classes of different buildings and monuments from

Paris, where the number of images varies across the classes.

The average results obtained via the proposed approach are compared to the baselines

taken from comparative existing approaches for virtually the same recognition tasks on

same prescribed databases as shown in Tables 7.7, 7.8 and 7.9. The comparison shows

that the proposed approach improved classification accuracy.
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Table 7.8: Comparative performance of the proposed approach on Oxford-
5k database to previous approaches.

Method Reference Accuracy (%)

Geometric VLAD [245] 62.60

Net VLAD [246] 63.50

CNN-(CS-SR+QE) [247] 67.80

CNNaug-ss [205] 68.00

AS with CNNPB [248] 73.90

The Proposed Parametric [Eq. (7.28)] 73.50

Table 7.9: Comparative performance of the proposed approach on Paris-
6k database to previous approaches. The proposed Bayesian Parametric

Modeling on Grassmann manifolds improved classification accuracy.

Method Reference Accuracy (%)

Geometric VLAD [245] 63.10

AS with CNNPB [248] 69.90

Net VLAD [246] 73.50

CNN-(CS-SR+QE) [247] 78.40

CNNaug-ss [205] 79.50

The Proposed Parametric [Eq. (7.28)] 84.85

7.5.3 Classification of Animal species or breed databases

Here in the third experimental section, the validity and performance of the proposed

method for classifying animal species or breed was examined. Four popular and pub-

licly available databases: Caltech-UCSD Birds-200 − 2011 [29], North American Birds

(NABirds-555) [30], Oxford-IIIT-Pet [32] and Stanford Dogs [31] were considered. Sam-

ples of five images from these datasets are shown in the seventh, eighth, ninth and tenth

row of Figure 7.1. These databases are described and then summarized in Table 7.10.

The four visual classification databases were utilized for testing the validity and perfor-

mance of the proposed approach. All the experiments were conducted in MATLAB via

a similar experimental protocol as in previous chapters. The main difference here was

the new way of calculated normalizing constants and different datasets. Experimental

details are summarized in Table 7.11.
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Table 7.10: Details of CUBS-200, NABirds-555, Stanford Dogs-120 and
Oxford-IIIT-Pet databases. Here ’Images’ represents a total number of images
for each dataset. Original pixel resolutions of images were normalized and downsized
to Grayscale Resolutions (GR). ′p′ denotes the subspace dimension and Gd,p represents

each Grassmannian point.

Data Images Classes GR p Gd,p
CUBS-200 11, 788 200 30× 30 6 G900,6

NABirds-555 48, 568 555 30× 30 6 G900,6

Stanford Dogs-120 20, 580 120 30× 30 6 G900,6

Oxford-IIIT-Pet 7, 349 37 30× 30 6 G900,6

1. The CUB-200−2011 dataset [29] is an extended version of the CUB-200 dataset.

The CUB-200 − 2011 dataset is a challenging dataset of 200 species of birds. It

contains 11, 788 high resolution variously color images of sizes about 640 × 320

pixels.

2. The North American Birds (NABirds-555) database [30] contains 48, 562

images of North American birds. It consists of 555 classes where the number of

images across the classes varies with about 87 images per class on average.

3. The Stanford Dogs Dataset [31] contains 20, 580 images of 120 breeds of dogs

from around the world. There are about 150 images per class.

4. The Oxford-IIIT-Pet or Cats vs Dogs Dataset [32] has 7, 349 images in

total. It contains 37 classes of different breeds of cats and dogs. Each class

contains about 198 images.

For experimental setup, the details of the above four datasets are summarized in Table

7.16. The collection of Grassmannian points for each respective database and the total

training and total testing data size used in experiments together with classification

outcomes are then shown in Table 7.17.

The average classification results obtained on the proposed approach are compared to

the baseline results in existing approaches on similar datasets and shown in Tables 7.12,

7.13, 7.14 and 7.15. The comparisons show that the proposed parametric modeling

approach on Grassmann manifolds was more accurate.
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Table 7.11: Experimental Results on CUBS-200, NABirds-555, Stanford
Dogs-120 and Oxford-IIIT-Pet databases: The notation GT represent a total
number of Grassmannian points derived from the image dataset (for the numerical ex-
periments conducted in MATLAB). Training = Total number of Grassmannian points
used in the whole experiment for training purposes. Test = Total number of Grass-
mannian points used in the whole experiment for testing. False = Total misclassified
points, True = Total correctly classified points. Accuracy (in %) = Average classifica-

tion accuracy rate.

Data GT Training Test False True Accuracy

CUBS-200 2, 323 503 1, 820 167 1, 753 90.82

NABirds-555 9, 512 2, 240 7, 272 900 6, 372 87.62

Stanford Dogs-120 4, 072 832 3, 240 814 2, 426 74.88

Oxford-IIIT-Pet 1, 477 367 1, 110 295 815 73.42

Table 7.12: Comparative performance of the proposed approach on CUB-
200 − 2011 database to previous approaches. The proposed Bayesian Para-
metric Modelling approach on Grassmann manifolds improved classification

accuracy.

Method Reference Accuracy (%)

CNNaug - SVM [205] 61.80

IN-BS-ft-CUB-ft+SF with δKP [249] 77.50

VGG-M + VGG-D [227] 84.10

SVM + CNN - FT [250] 85.40

BoostCNN (VGG-D) [251] 86.20

DPS-CNN [252] 86.56

The Proposed Parametric [Eq. (7.28)] 90.82

Table 7.13: Comparative performance of the proposed approach on
NABirds database to previous approaches. The proposed Bayesian Para-
metric Modeling approach on Grassmann manifolds improved classification

accuracy.

Method Reference Accuracy (%)

CNN [30] 75.00

One-vs-most Classifiers [253] 82.20

Alex Net [254] 85.20

The Proposed Parametric [Eq. (7.28)] 87.62
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Table 7.14: Comparative performance of the proposed approach on Stan-
ford Dogs-120 database to previous approaches. The proposed Bayesian
Parametric Modeling approach on Grassmann manifolds improved classifi-

cation accuracy.

Method Reference Accuracy (%)

HAR-CNN [255] 49.40

SPV (Alignment) [256] 50.00

Unsupervised Grid Alignment [257] 57.00

AlexNet [254] 68.61

Google LeNet ft [195] 75.00

The Proposed Parametric [Eq. (7.28)] 74.88

Table 7.15: Comparative performance of the proposed approach on Oxford-
IIIT-Pet database to previous approaches. The proposed Bayesian Para-
metric Modeling approach on Grassmann manifolds improved classification

accuracy.

Method Reference Accuracy (%)

HPS [258] 53.50

Fine grained classification [32] 59.21

OverFeat [259] 70.48

The Proposed Parametric [Eq. (7.28)] 73.42

7.5.4 Classification on Actions and Cars Databases

Finally, the effectiveness of the parametric modeling approach based on SPA was exam-

ined, for action datasets: Ballet Action [33,34], YouTube Action [35] and the BMW-10,

Stanford Cars-197 datasets [36] as described bellow. Samples of five images from these

datasets are shown in the eleventh, twelfth, thirteenth and fourteenth row of Figure 7.1.

1. The Ballet dataset [33, 34] consists of eight actions. It contains 44 real video

sequences. The database has eight patterns performed by one woman and two

men, where the main actions of the database are left to right, right to left hand

opening, standing hand opening, leg swinging, turning, hopping, and standing

still. The database is very challenging due to the very complex movements of the

objects (men and women) and texture of the clothes.

2. The YouTube-180-clip dataset contains 180 high-quality videos, with 155 for-

ward and 25 reverse videos. The dataset set was collected by Pickup et al. [35],
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Table 7.16: Statistics details of Ballet Action, YouTube-180, BMW-10 and
Stanford Cars-197 databases. Here Images represents the total number of images
for each dataset. Original pixel resolutions of images were normalized and downsized
to Grayscale Resolution (GR) images of low resolutions. ′p′ denotes the subspace

dimension and Gd,p represents each Grassmannian point.

Data Images Classes GR p Gd,p
Ballet Action 2, 400 44 20× 20 6 G400,6

YouTube-180 43, 200 180 30× 30 8 G900,8

BMW-10 510 10 30× 30 3 G900,3

Stanford Cars-197 16, 185 197 30× 30 6 G900,6

where the video clips have a length of 6 − 10 seconds. The number of images

from video clips across some classes is non-homogeneous, however, in most of the

dataset there are 240 images per class.

3. The BMW-10 dataset [36] contains 512 images of sedan cars. It has 10 classes

with about 51 images per class on average. The classes are designed with respect

to Make, Model and Year for example 2012 BMW M3 Coupe.

4. The Stanford Cars-197 dataset [36] is a large-scale dataset with 16, 185 car

images. It contains 197 classes and there are approximately 82 images per class

on average. The dataset contains Sedans, SUVs, Coupes, Convertibles, Pick-ups,

Hatchbacks, Station wagons, etc. A major challenge concerning these datasets

is the variety of cars with respect to Make, Model and Year. For example, the

changes of models on a yearly basis do not lead to significant differences from year

to year.

Here the classification task on YouTube-180 was examined, in comparison to that in [35],

where the authors used Sa VM classifier for their numerical evaluation. They classified

their three data splits as 90%, 77%, and 75%, respectively, or an average of 80.67%

classification accuracy. Here average classification results of 82.23% evaluated by using

a Bayesian classifier on manifold-valued data were therefore superior on the same data

and similar classification task.
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Table 7.17: Experimental Results on Ballet Action, YouTube-180, BMW-
10 and Stanford Cars-197 databases: The notation GT represent a total number
of Grassmannian points derived from image dataset (for the numerical experiments
conducted in MATLAB). Training = Total number of Grassmannian points used in the
whole experiment for training purposes. Test = Total number of Grassmannian points
used in the whole experiment for testing. False = Total misclassified points, True =
Total correctly classified points. Accuracy (in %) = Average classification accuracy

rate (in %).

Data GT Training Test False True Accuracy

Ballet Action 900 180 720 117 603 83.75

YouTube-180 5, 025 1, 115 3, 900 693 3, 207 82.23

BMW-10 242 52 190 15 175 92.10

Stanford Cars-197 3, 236 706 2, 530 302 2, 228 88.06

Table 7.18: Comparative performance of the proposed approach on Ballet
Action database to previous approaches. The proposed Bayesian Parametric
Modeling approach on Grassmann manifolds improved classification accu-

racy.

Method Reference Accuracy (in %)

GDA [119] 67.33

KAHM [260] 70.05

GGDA [261] 73.54

KGDL [262] 83.53

The Proposed Parametric [Eq. (7.28)] 83.75

Table 7.19: Comparative performance of the proposed approach on BMW-
10 database to previous approaches. The proposed Bayesian Parametric
Modeling approach on Grassmann manifolds improved classification accu-

racy.

Method Reference Accuracy (in %)

SPM [263] 66.10

BB [264] 69.30

BB-3D-G [36] 76.00

The Proposed Parametric [Eq.l (7.28)] 92.10

Finally the average classification accuracy of the proposed approach on Ballet action,

BMW-10 and Stanford Cars-197 databases are compared to the baselines from the pre-

vious approaches shown in Tables 7.18, 7.19, and 7.20.
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Table 7.20: Comparative performance of the proposed approach on Stan-
ford Cars-197 database to previous approaches. The proposed Bayesian
Parametric Modelling approach on Grassmann manifolds improved classifi-

cation accuracy.

Method Reference Accuracy (in %)

BB-3D-G [36] 67.60

ELLF [265] 73.90

HAR-CNN [255] 80.80

SA+SB [266] 82.71

The Proposed Parametric [Eq. (7.28)] 88.06

7.5.5 Experimental setup

In conducting numerical experiments, on the SPA based method, a similar approach was

adopted as in the previous chapters. To mention again for numerical experiments af-

ter data preprocessing all the datasets were partitioned into non-overlapping groups and

each group was divided into non-overlapping training and test samples. The experiments

were conducted by considering two to three groups as unified systems of probability den-

sity functions, where the test sample size of each system of probability density functions

was on equally likely non-overlapped samples. The cases, where the datasets were large,

they were divided into sub-datasets. For example the Caltech dataset which consists of

102 classes, was divided into five sub-datasets consisting of 18, 25, 19, 20, and 20 classes

respectively. For numerical experiments each of the sub-datasets was preprocessed, then

numerical experiments were conducted on each sub-dataset. All of the collective train-

ing, testing, misclassified, correct classified points and average accuracy is shown in

Table 7.6. A similar protocol was adopted for all other datasets.

Speed and accuracy of the SPA method are different from the methods used in the

previous chapters. As mentioned in previous chapters, manifold data based on large

grayscale images have high storage space requirements and long execution times. Based

on the experimental observations using the SPA method, here it was also observed

that a larger number of equations and a larger number of parameters also dramatically

increased the execution time. For example the whole execution time for DynTex++

via the methods in Chapter 4, Chapter 5 and Chapter 6, were about 40 to 73 seconds,

however for the SPA method for the whole experiment took 1056 seconds. Consider



Chapter 7. Saddle Point Approximation for Normalizing Constants 122

Hinton et al. [153], used learning algorithm for deep belief nets, for classification task

on MNIST dataset by using 3GHz Xeon processor, where the total processing time

was more than a week. This MNIST dataset was also used in Chapter 4, where the

total execution time was less than a minute, and via the SPA method consists of many

equations and a large number of parameters, its execution was about 24.8 minutes [167].

All the experiments in this work were coded and conducted in MATLAB via an Apple

MacBook Pro i7, 4GB RAM, and 2.8GB dual processor.

Regarding average classification accuracy comparison of the proposed approach, though

the best comparable previous approaches may be based on similar manifold databases,

however, in the existing literature up to now, few authors have tested their model’s

validities and performance via the prescribed databases as manifold data. Most of the

existing approaches have used these databases as vector-valued data versus the ap-

proach in here, which used matrix manifold-valued data. Accordingly, the classification

outcomes of the proposed approach were also compared to the baselines of other linear

and nonlinear methods with relationships based on the same raw datasets and similar

classification tasks. Moreover, due to inherently speedy standard MLE based Bayesian

parametric framework and with visual classification databases in the form of highly re-

duced dimensions, the proposed method was very simple, straightforward to implement

and very fast. Therefore throughout the thesis, all the comparisons were based on av-

erage classification accuracies rather than speed, where the proposed method is hard to

beat.

7.6 Conclusion

Unlike the previous chapters, here, more sophisticated and sound mathematical formu-

lae for calculating log-likelihood functions of the corresponding normalizing constants of

Fisher, Bingham or Fisher-Bingham probability density functions that may be defined

on Stiefel or Grassmann manifolds was explored, based on the study of a Bayesian para-

metric modeling for statistical inferences. In this Chapter, it was observed that once the

log-likelihood function was evaluated and appropriately formulated for the generalized

setting of a Bayesian parametric framework of the directional model (Fisher, Bingham,
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Fisher-Bingham or even MACG), the optimal nature of Bayesian classifiers was guaran-

teed. This is guaranteed provided manifold valued-data is appropriately generated. One

can easily observe from the experimental outcomes that fixing the subspace dimension is

a critical point for achieving optimal results. Almost everywhere appropriately smaller

subspace dimension p produced better results. The drawback is that the smaller the

subspace dimension, the larger the number of points. Consequently, the experimental

process will be prolonged. Another important way to obtain optimal results was to con-

sider reasonably small samples of data in numerical experiments. However, these also

have a drawback in creating a longer experimental process.

In this chapter the technique for calculating the normalizing constant by SPA from

[81] was examined, and then reformulated for the log-likelihood function of normalizing

constants that may be associated with Fisher, Bingham, Fisher-Bingham or MACG

defined on Stiefel manifolds or Grassmann manifolds. Experimental results obtained

over Bingham model defined on Grassmann manifolds were emphasized, comparatively

the Bingham density function produces slightly better results.

Finally, the main contributions of the proposed approach in this Chapter were

• Deriving the most generically expressed formula for calculating the numerical

threshold value of multivariate normalizing constants.

• The viability of the matrix variate directional models through calculated normal-

izing constant in computer vision applications using manifold-valued data.

• Applying calculated parameter-based normalizing constants in manifold-values

cases to a learning community, which presents a detailed MLE of Fisher, Bing-

ham and that of Fisher-Bingham distributions for classification.

• Demonstrating the performance of MLE by calculating parameter-based normal-

izing constants in manifold-valued cases for classification on a simple Bayesian

classifier.

• Enhancing the utility of standard MLE for learning on Grassmann manifolds.

• For model validation, performance experimental results were provided on several

real-world databases. The final outcomes of experimental results are promising.
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Figure 7.1: A sample of 70 Images, with five images are taken from each
described dataset: Five images in first to fourteenth row are taken (row-wise order
top to bottom) from Caltech 101 [23], Caltech 256 [24], PASCAL VOC 3D+ [25], scenes-
15 [26], Oxford-5k Buildings [27], Paris-6k Buildings [28], CUB-200− 2011 [29], North
American Birds (NABirds-555) [30], Stanford Dogs [31], Oxford-IIIT-Pet or Cats vs
Dogs [32], Ballet [33, 34], YouTube-180-clip [35], BMW-10 [36], and Stanford Cars-197

dataset [36] respectively.



Chapter 8

Concluding Comments and

Future Research

8.1 Summary of contributions

In this thesis the general parametric modelling framework of probability density func-

tions defined on manifold-valued data has been demonstrated. It generalizes the tra-

ditional parametric modelling framework to that of smooth Riemannian manifolds. In

order to make the directional distributional model tractable in a general setting of Max-

imum Likelihood Estimation of a Bayesian framework over manifold-valued data, the

major practical challenge was to evaluate the normalizing constants associated with the

described directional models.In order to overcome the underlying challenge, inspirations

were taken from several areas, such as general topology, matrix-algebra, differential

geometry, measure and integration, approximation theory, directional statistics, proba-

bility distribution, etc. By utilising these tools, the components of normalizing constants

were studied and combined with the appearance of the distribution yielding a unified

consistent framework for analysing manifold-valued data. The constructed generalised

parametric modelling frameworks are all simple, explicit and can work on the standard

MLE of Bayesian density estimation.

125
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8.2 Discussion

During the process of exploring standard MLE-based Bayesian parametric models in

order to evaluate their corresponding normalizing constants, most inspiration for this

study has been taken from asymptotic series approximation, Taylor series approximation,

Laplace’s method of approximation for high dimensional integrals, and the Saddle Point

Approximation (SPA). Furthermore, this study considered the optimization method via

maximum likelihood estimation, density estimation, differential geometry and directional

statistics for the classification task in machine learning. These concepts have been

employed for different parts of the corresponding models, and then merged together to

generate a single unified input to output system for classification on manifold-valued

data.

In the experimental process, most of the inspiration has been taken from Bayesian statis-

tics, differential geometry and matrix algebra. An important advantage of Bayesian

statistics over classical statistics is that based on small sample sizes, parameter esti-

mation via a Bayesian classifier can behave more reasonably. Moreover, the Bayesian

classifier that was used in all of the experiments was in fact, a one layer Bayesian neural

network classifier. It is also known as the Naive Bayesian classifier, which is based on

independent and identical data distribution. Here the independence assumption can be

violated for actual data attributes, because most often very strong dependencies exist

among the attributes of the actual databases. This difficulty can be relaxed by data

preprocessing before conducting numerical experiments via a Bayesian classifier. Here

the goal is to reduce the dependence among the attributes of the data at hand.

The primary objective of this thesis was to estimate parameters for the assumed models

on two particular manifolds from training manifold-valued data, where the estimated

parameters can be used to build density functions for Bayesian classifiers. By definition,

the columns of Grasssmann manifolds are orthonormal; that is, the generated Grass-

mannian points are orthogonal to each other, with the inner product of every two points

equal to one. In real data applications, these Grassmannian points may be nearly or

approximately orthonormal, if otherwise then the probability must be one. However,

full orthonormality for actual data may be rare.
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In comparison to most existing approaches, such as nearest neighbour methods, kernel

methods, non-parametric regression methods or non-parametric convolutional deep neu-

ral network methods, optimization (or classification) is based on distance without any

need to include a normalizing constant. In the current parametric methods described in

this thesis, optimization (classification) is based on sample mean of training data from

each group of data.

There are important advantages of this approach such as high speed, low storage space

of data on disk, and good classification accuracy. Another important advantage is the

wide range of applicability in the fields that are based on directional data, such as

Biology, Bio-Informatics, Earth Sciences, Astronomy, Meteorology, Physics, Psychology

and Medicine. The directional nature of these areas is discussed by Mardia and Jupp

in [55].

Chapter 4, was focused on learning matrix variate Fisher and Bingham distributions

defined on Stiefel and Grassmann manifolds respectively. Since the target evaluation

technique throughout this thesis was the standard MLE-based Bayesian parametric

modelling approach, hence calculations of their normalizing constants (marginal dis-

tributions) were essential. Though there are no exact solutions, it is possible to recourse

an approximation. Henceforth, throughout this work, approximation techniques for cal-

culating normalizing constants were employed. In this chapter, normalizing constants of

matrix variate Fisher and Bingham distributions were expressed by hypergeometric and

confluent hypergeometric functions and were calculated by asymptotic and Taylor series

approximations for special cases: very small or very large values of concentrated param-

eters. Validity and performance of the proposed matrix Fisher and Bingham models

were tested by using one synthetic dataset and five real-world databases. Although the

first objective of this chapter was to simply validate the matrix variate Fisher and Bing-

ham distributions defined on manifold-valued data via standard MLE-based learning of

a Bayesian framework, for the special cases of concentrated parameters their accura-

cies were good and comparable to the baselines of related manifold based classification

methods in the existing literature.

Chapter 5, was concerned with the parametric Matrix-variate Angular Central Gaussian
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(MACG) distributions defined over Grassmann manifolds for classification tasks via a

simple MLE-based Bayesian framework. The corresponding matrix variate normaliz-

ing constant of MACG models was expressed by a generalized hypergeometric function

with its argument represented by zonal polynomials dependant on their corresponding

eigenvalues. Then a unified parametric model tractable to Grassmann manifolds was

constructed for density estimations via a standard MLE. Accordingly, numerical exper-

iments were conducted by using nine publicly available databases. The classification

outcomes in terms of average accuracies were compared with the baselines taken from

related methods in the existing literature, where it was observed that on most databases

the proposed approach was comparable and in some cases the method was superior.

In Chapter 6, parametric model of matrix variate Bingham distributions were amelio-

rated by calculating their corresponding normalizing constants by Laplace’s method of

approximations. Two versions of the corresponding normalizing constants: the Gaussian

hypergeometric function and the confluent hypergeometric functions were considered,

where integral representations of these special functions were calculated by Laplace’s

approximations. Accordingly, very effective and straightforward Bingham parametric

models tractable to standard MLE-based Bayesian framework was achieved. The valid-

ity and performance of the resulted model was then tested by eight real-world databases

with promising outcomes. The average classification accuracy of the proposed approach

was then compared with baselines taken from existing related techniques, where it was

observed that the proposed method was accurate and had very strong modelling power

for recognition over large-scale databases.

Chapter 7, was concerned with making MLE-based Bayesian inferences from manifold-

valued data that was assumed to be drawn from matrix variate Fisher, Bingham or

Fisher-Bingham (with a sum of the exponent of Fisher and Bingham density functions)

distributions. The normalizing constants corresponding to the matrix variate distribu-

tions were evaluated by the SPA method. Accordingly, more stable and unified com-

putational models were constructed with the ability to perform classification tasks for

large scale general image databases (replaced by data manifolds) via a standard MLE-

based Bayesian classification framework. In experimental evaluations in comparison to

Fisher or Fisher-Bingham distributions, the Bingham distributions were observed to be
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more optimal for classification accuracy estimates. This was mainly because, the Fisher

distributions were non-uniform skew-symmetric versus the Bingham distributions which

were antipodal symmetric and uniform. Consequently, numerous experiments were con-

ducted for model validity and performance by considering the Bingham distributions

and the experimental analysis. Results and comparisons of accuracies with respect to

the related methods in the existing literature were reported in the corresponding tables.

Throughout the thesis, a primary objective was on parameter based normalizing con-

stant, which in general context has no closed form solution (analytic or exact solution),

and was posing significant challenges for statistical inferences involving matrix variate

distributions (e.g., MACG, Fisher, Bingham or Fisher-Bingham distributions treated in

this work) in an MLE-based Bayesian framework. The so-called normalizing constants

were therefore evaluated via statistical approximation techniques. Consequently, with

the inclusions of calculated normalizing constants, systems of probability density func-

tions (probabilistic, parametric or directional models) were constructed, that were able

to make statistical inferences via Bayesian frameworks. Finally, all the models were vali-

dated over manifold-valued data with promising classification outcomes. Other than the

fantastic aspects of parametric classification on manifold-valued data such as simplicity,

fast speed, and disk low storage space, this new method generated classification results

comparable to many other existing approaches.

8.3 Future research directions

Future work should consider the explicit extension from real to complex cases that may

be useful for shape analysis. Its extension to deep parametric learning on manifold-

valued data is also an important research direction. It may provide distinct advantages

over conventional deep neural network approaches with respect to execution time, stor-

age space on disk and promise much better accuracy.
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