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Abstract

This paper analyses an isothermal roll coating for a Rabinowitsch fluid. Equations of

motion are simplified using lubrication approximation theory. Analytical solutions of

velocity, flow rate and pressure-gradient are calculated. Outcomes of coating thickness,

pressure distribution, split position, stresses, forces, the power input to the roller and

the temperature rise between the coating rollers and substrate are obtained.

The effects of some involved parameters are displayed through graphs and tables.

It is noted that the Rabinowitsch parameter is a controlling quantity for coating thick-

ness, flow rate, separation point, separation force, pressure distribution, and power

input. Moreover, an exponential and monotonic change in the above-mentioned engi-

neering parameters is a function of the Rabinowitsch fluid parameter.
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Introduction

Coating flows are normally used to produce thin layers on a substrate. This process
has become widely used during the past few decades. Thin, uniform liquid coatings are
produced on surfaces in many industrial processes. It comprises the coating of plastic
films, paper, fabrics or metal with decorative or protective materials, photographic
films, coated products and magnetic recording. A large variety of equipment is used
for such operations. Roll coaters are by far the most common. These flows being non-
Newtonian cause various challenges to applied mathematicians, numerical analyst and
modelers in developing suitable algorithms for calculating the flows. This is due to the
complexity and higher order of governing equations of non-Newtonian material as
compared to Navier-Stokes equations. Due to such complicated flows, numerous
constitutive equations of non-Newtonian fluids have been suggested in the literature.
Some valuable research in this direction is mentioned in literature.1,2 Many non-
Newtonian materials are pseudoplastic and are widely studied. Because pseudoplastic
fluids are found in important applications, they are subject to much research.
Examples are: extruding polymer sheets, emulsion-coated sheets such as photographic
films, high molecular weight polymer solutions and melts. The Rabinowitsch fluid
model is used to analyze pseudoplastic fluids.3 Various theoretical investigations have
helped understand the roll coating process and observe the associated challenges, as
summarized below. In a printing press process, the flow behavior of ink was studied
by Taylor and Zeltlemoyer 4 using the lubrication approximation theory (LAT), to
derive the pressure-distribution and force. Hintermaier and White5 applied the LAT
analysis to discuss how water flows between two rolls and compare the results with
experiments. Greener and Middleman6 further used LAT with some physical notions
to establish forward roll coating flows for a Newtonian fluid. The Greener and
Middleman6 model was modified by Benkreira et al.7 to a general case of two rollers
(of both identical and non-identical geometry) rotating at identical or non-identical
speeds. A good agreement between experimental data and numerical projections was
found. LAT was applied by Souzanna Sofou and Evan Mitsoulis8 and provided
numerical results in a roll coating process over a moving flat substrate. They used
the Herschel–Bulkley model for viscoplasticity, which reduces to the Bingham, power-
law, and Newtonian models with suitable modifications. Recently, Zahid et al.9 ana-
lyzed forward roll coating for a third-grade fluid when roll and the web have equal
velocities. They used LAT to simplify the equations of motion. Regular perturbation
method was applied to obtain quantities of interest.

Wada and Hayashi3 was first to introduce the Rabinowitsch fluid model and
verified it experimentally. This model comes under the class of pseudoplastic fluids
which are shear thinning fluids and efficiently describes the lubricant properties.
Note that the film pressure and load capacity are usually smaller in pseudoplastic
lubricants as compared to those in Newtonian lubricants. The viscosity of such
fluids shows a non-linear relation between the shear stress and the shear strain rate.
The model can be adopted for pseudoplastic, Newtonian, and dilatant fluids, as
well as for fluids with different pseudoplasticity coefficients through Rabinowitsch
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parameter. The Rabinowitsch parameter has predefined numeric domains, that is

in the different numeric domains one gets results for different fluids. For example,

if the fluid is Newtonian, then pseudoplasticity parameter K¼ 0, for dilatant fluids

K< 0, and for pseudoplastic fluids K> 0. When K is large, then the fluid will be

thinner versus shear rate, and pressure rise decreases rapidly in the region where

this study focuses. Bourgin and Gay10 took different non-Newtonian lubricants for

their bearing performance. Later, various authors11–14 studied this model on

squeezed film between two plane annuli, between circular plate bearings, and on

infinitely wide parallel rectangular plates. The roll coating analysis of a couple

stress fluid under LAT has been studied by Nasir et al.15 Recently, the

Rabinowitsch fluid model was studied for film bearings by Singh et al.16–18

A critical literature survey reveals that no contribution is available for mathe-

matical formulation of the roll coating process with constitutive equations of

Rabinowitsch fluid flow. The aim of this article is to develop the flow pattern of

the forward roll coating of a Rabinowitsch fluid along with investigating the effects

of physical properties of such a material during the coating process. The paper

setup is as follows. We will first present the governing equations followed by

problem formulation, numerical solutions, and discussion of the results.

Mathematical formulation

Let us consider a laminar, steady flow of an incompressible Rabinowitsch fluid to

deposit liquid on a moving substrate. Figure 1 illustrates the region under study.

There are two counter rotating rolls with an angular velocityU ¼ Rx, where R is the

roll radius and x is their angular velocity. The plane and the roll are moving linearly

Figure 1. Physical model for case under study.
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with the same velocity with H0 as the separation at the nip. A Rabinowitsch fluid is
governed by following equations

r: �V ¼ 0 (1)

q
D �V

Dt
¼ �r�p þr:�s (2)

where

In this model, the non-linear relationship between shear stress and rate of defor-

mation for one-dimensional flow can be described as follows

�sxy þ Kð�sxyÞ3 ¼ l
@�u

@�y
(3)

In above equation, l is the zero-shear viscosity and K is the non-linear parameter

which represents the non-Newtonian fluid behavior. In equation (3), for Newtonian

fluids K¼ 0, for dilatant fluids K< 0, and for pseudoplastic fluids K> 0.
The curved channel length emerged out of the roller and the sheet is large as

compared to the separation at the nip, i.e. H0 � R, thus causing the flow to be two

dimensional. As a result, the velocity field becomes

�V ¼ ½�uðx; yÞ; �vðx; yÞ� (4)

As a result of equation (4), equations (1) and (2) become

@�u

@�x
þ @�v

@�y
¼ 0 (5)

q u
@�u

@�x
þ �v

@�u

@�y

� �
¼ � @�p

@�x
þ @�sxx

@�x
þ @�sxy

@�y
(6)

q �u
@�v

@�x
þ �v

@�v

@�y

� �
¼ � @�p

@�y
þ @�sxy

@�x
þ @�syy

@�y
(7)

�V ¼ velocity

q ¼ density
D
Dt ð:Þ ¼ @

@t ð:Þ þ �V:rð:Þ ¼ the material derivative

�p ¼ pressure

�s ¼ the extra stress tensor for Rabinowitsch fluid.
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where �sxx;�syx;�sxy, and �syy are the stress components. The experimental relations of
the Rabinowitsch model for two-dimensional fluid flows are

�sxx ¼ 2l
@�u

@�x

�sxy þ Kð�sxyÞ3 ¼ 2l
@�u

@�y
þ @�v

@�x

� �

�syy ¼ 2l
@�v

@�y

9>>>>>>>=
>>>>>>>;

(8)

where

The suitable initial and boundary conditions corresponding to the flow problem are

�sxy ¼ 0 at �y ¼ 0

�u ¼ U at �y ¼ rð�xÞ

�
(9)

For non-dimensional expressions, we introduce variables defined by

With the help of above defined expressions, equations (5) to (9) become

@u

@x
þ @v

@y
¼ 0 (10)

bRe u
@u

@x
þ v

@u

@y

� �
¼ � @p

@x
þ b2

@sxx
@x

þ b
@sxy
@y

(11)

l ¼ zero-shear viscosity

K ¼ coefficient of pseudoplasticity

x ¼ �xffiffiffiffiffiffiffi
RH0

p axis in the flow direction

uðx; yÞ ¼ �uð�x ; �yÞ
U

velocity of the fluid in the x-direction

vðx; yÞ ¼ �vð�x; �yÞ
U

ffiffiffiffiffi
R
H0

q
fluid velocity in the y-direction

p ¼ H0�p
lU

ffiffiffiffiffi
R
H0

q
pressure

sxy ¼ H0�sxy
lU

shear stress

Q ¼ �Q
2UH0

flow rate

a ¼ Kl2U2

H0
2

Rabinowitsch parameter

r ¼ hðxÞ
H0

¼ 1þ x2

2
dimensionless width from the center line
to the roll surface

k ¼ H
H0

coating thickness
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b2Re u
@v

@x
þ v

@v

@y

� �
¼ � @p

@y
þ b2

@sxy
@x

þ b
@syy
@y

(12)

sxx ¼ 2b
@u

@x

sxy þ aðsxyÞ3 ¼ @u

@y
þ b2

@v

@x

syy ¼ 2b
@v

@y

9>>>>>>=
>>>>>>;

(13)

Here, b ¼
ffiffiffiffiffi
H0

R

q
is the geometric parameter and Re ¼ qUH0

l is the Reynold’s number.
where

The corresponding boundary conditions are

sxy ¼ 0 at y ¼ 0

u ¼ 1 at y ¼ rðxÞ

�
(14)

Moreover, the boundary condition at the symmetric line of u at y ¼ 0 is

@u

@y
¼ 0when y ¼ 0 (15)

At the symmetric line, the separation point xs needs to be calculated and two
additional boundary conditions are required to calculate its numeric value. From
the physics of the problem, the stagnation point is at the axis of symmetry as
shown in Figure 2, and one can define the following boundary conditions

u ¼ 0 when x ¼ xs and y ¼ 0 (16)

The boundary condition at the separation point xs for the pressure or force
equates the pressure p to the pressure related with surface tension c.

p ¼ � c
r
atx ¼ xs

p ¼ �H0

r
ðNca2Þ�1 at x ¼ xs

9>=
>; (17)

The parameter NCa2 ¼ lU
c

R
H0

� �1
2
is a modified capillary number.

P ¼ density

U ¼ velocity

H0 ¼ nip separation

l ¼ zero-shear viscosity
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Figure 2 indicates that a good approximation to the free surface is

2rþ 2H ¼ 2H0rðxsÞ
r

H0
¼ rs � k

9=
; (18)

where k ¼ H
H0

is a non-dimensional parameter for coating thickness and will be the
key factor that we seek to predict in this model. Furthermore, we know that
r ¼ 1þ 1

2 x
2, and from this one can define

rs ¼ rðxsÞ ¼ 1þ 1

2
xs

2 (19)

In a roll coating analysis, both Re and b are much smaller than unity. Under
these assumptions, equations (11) to (13) reduce to

@p

@x
¼ @sxy

@y

@p

@y
¼ 0

9>>=
>>;

(20)

sxx ¼ 0

sxy þ aðsxyÞ3 ¼ @u

@y

syy ¼ 0

9>>=
>>;

(21)

In equation (20), it is clear that p is not a function of y and is function of x only.

}}

Figure 2. Mathematical illustration for the region under study.

Zahid et al. 197



Numerical solution and engineering parameters of the process

The governing boundary value problem can be solved exactly, therefore integrat-
ing equation (20) and using boundary condition (14), one can write that

sxy ¼ dp

dx
y (22)

Using equation (22) into equation (21), we obtain

@u

@y
¼ y

dp

dx
þ ay3

dp

dx

� �3

(23)

Integrating again and using the remaining boundary conditions (14) gives

uðx; yÞ ¼ 1

2

dp

dx
ðy2 � r2Þ þ a

4

dp

dx

� �3

ðy4 � r4Þ þ 1 (24)

The above equation contains dp
dx, which is still unknown and can be determined

by introducing the dimensionless volumetric flow rate as

Q ¼ k ¼
Z r

0

udy (25)

Inserting equation (24) into equation (25) and subsequent integration yields

ar5

5

dp

dx

� �3

þ r3

3

dp

dx
þ ðk� rÞ ¼ 0 (26)

The above equation is cubic in dp
dx and its real solution is

dp

dx
¼ 5

4

� �1
3

2
3

� �
5

1
3ar5 þ 2

1
3

�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
ar5

0
BB@

1
CCA (27)

Since rðxÞ is an algebraic function, one may integrate equation (27) to get the
pressure profile pðxÞ as

pðxÞ ¼ 5

4

� �1
3
Z x

�1

2
3

� �
5

1
3ar5 þ 2

1
3

�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
ar5

0
BB@

1
CCAdx

(28)
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When equation (17) is used in above equation, an integral equation in k is
obtained as

�1

ðrs � kÞNca2

¼ 5
4

� 	1
3

Z xx

�1

2

3

� �
5
1
3ar5 þ 2

1
3

�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
�
� 27a2r10ðk� rÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20a3r24 þ 729r20ðk� rÞ2a4

q �
ar5

0
BB@

1
CCAdx

(29)

As yet separation point xs is unknown. For this, substitute Eq. (27) into equa-
tion (24) and use boundary equation (16) at the separation point, as an explicit
relation between the dimensionless flow rate k, and the separation point xs is
needed. In case of the constitutive model under study, it is not possible to find
such a relationship. Figure 3 shows the complex implicit relation between separa-
tion point and coating thickness.

It is quite evident from Figure 2 that the film splits uniformly; therefore, the
separation point is ðxs; 0Þ. Velocity and pressure are zero at this position. From the
implicit relation between separation point xs and dimensionless coating thickness
k, one can easily generate the data in order to interpolate the desire polynomial.

Figure 3. Separation point xs versus coating thickness k.
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Table 1 is the generated data with a ¼ 50. A 10 degree interpolating polynomial

has been constructed in terms of coating thickness, which has been further used in

equation (29) in order to find the desired coating thickness. After using the con-

structed explicit relation between separation point in terms of k into equation (29),

one can use Simpson’s 3/8 rule to approximate the complex integral by fixing a ¼
50 in Table. 2 and Nca2 ¼ 50 in Table 3. We set the relative error tolerance to 10�6.

After calculating the speed, pressure gradient, and pressure distributions, the

remaining interesting parameters are easily accessible. The working variables used

in engineering calculations are assessed as shown below.
The force required to split the fluid at the separation point s is given as

F ¼
Z xs

�1
pðxÞdx (30)

where ¼ �FH0

lURW,
�F is the dimensional roll-separating force per unit width W.

The power transmitted by roll to fluid is computed by integrating the

product of the roll speed and shear stress over roll surface which can be

Table 1. Variation in the coating thickness with respect to separation point.

xs 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k 1.0083 1.0129 1.0269 1.0506 1.0843 1.1280 1.1820 1.2464 1.3214 1.4070 1.5035

Table 2. Engineering parameters k, xs,
and F versus a(Rabinowitsch parameter)
at Nca2 ¼ 50 (Capillary number).

No. a k xs F

1 1 1.1728 1.8432 9.1498

2 5 1.1929 1.9423 4.5244

3 10 1.2011 1.991 3.4061

4 15 1.2061 2.0235 2.9047

5 20 1.2095 2.0469 2.6002

6 25 1.2121 2.0655 2.3894

7 30 1.2141 2.0803 2.2311

8 35 1.2158 2.0932 2.1069

9 40 1.2171 2.1087 2.0104

10 45 1.2183 2.1127 1.9194

11 50 1.2193 2.1206 1.8462

12 100 1.2254 2.1717 1.4353

13 200 1.2303 2.216 1.1202

14 500 1.2354 2.2652 0.8111
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obtained by putting �y ¼ H0

pw ¼
Z xs

�1
sxyðx; 1Þdx (31)

In the above equation pw ¼ �pw
lWU2 is the dimensionless power tensor and sxy ¼

�sxyH0

lU is the dimensionless stress tensor given by equation (22). The increase in fluid

temperature due to shear-induced heating can be obtained by assuming power

transfer under adiabatic conditions, so that dT ¼ pw
QqCp

.

Results and discussion

Table 2 highlights the numerical results for the:
• exiting coating thickness k
• separating point xs,
• separating force F
for a from 1 to 500.

Since the problem involves many non-dimensional parameters, we fixed some of

them seeking conciseness, namely Nca2 and a. In Table 2, the maximum coating

thickness is 1.2354 at a¼ 500. At a> 500, the coating thickness up to four decimal

places remains the same. The maximum separation point xs is at a ¼ 500, which is

2.2652 and the separation force F is 0.811. The coating thickness increases with

Table 3. Variation in separation
point k and coating thickness xs
versus modified capillary number
Nca at a ¼ 50.

No. Nca k xs

1 0.01 1.5153 25.6597

2 0.1 1.4519 13.3551

3 1 1.2393 2.3053

4 5 1.2272 2.1877

5 10 1.2235 2.1554

6 15 1.222 2.1427

7 20 1.2211 2.1353

8 30 1.2202 2.1279

9 50 1.2193 2.1206

10 100 1.2187 2.1158

11 300 1.2182 2.1119

12 1000 1.218 2.1103

13 2000 1.218 2.1103

14 3000 1.218 2.1103

15 5000 1.218 2.1103
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increasing a. The minimum coating thickness was 1.1728 at a¼ 1. We found that

when a ! 0, no significant change in the coating thickness is found, and as a ! 1,

k ! 1:3 as found in the literature by Greener6 in 1975. It is worth mentioning that

by changing a one can control the coating thickness. Table 3 has been generated

for the different values of Nca2 fixing a ¼ 50. It has been observed that by

Nca2 ! 0, the maximum coating thickness approaches to 1.7, whereas by

Nca2 ! 1, the minimum coating thickness is observed as 1.2180. This shows

that Nca2 plays an important role in controlling the coating thickness within the

domain as depicted in Table 3.
Figures 4 to 9 present the velocity distributions and show the variations of a at

different positions of the forward roll coating process. These figures indicate that

with an increase in a, the velocity of the fluid increases. The backward flow is

observed between the attachment point and the nip region when Rabinowitsch

parameter a belongs to the interval ½0; 30�, beyond this interval when a ! 1, there

will be no backward flow. The backward flow at the symmetric line is at maximum

and approaches to zero towards the roll surface. It is highlighted from the figures

that as the material moves towards the separation point, the gap between the

velocity curves becomes narrow and the fluid becomes further viscous and after

separation point, the coating on the substrate will take place due to the dominance

of viscous forces.

Figure 4. Velocity distribution versus y for a from 1 to 20 x¼ 0.
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Figure 6. Velocity distribution versus y for a from 1 to 20 at x¼ 0.5.

Figure 5. Velocity distribution versus y for a from 25 to 50 at x¼ 0.
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Figure 8. Velocity distribution versus y for a from 25 to 50 at x¼ 0.5.

Figure 7. Velocity distribution versus y for a from 1 to 20 at x¼ 1.
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Figure 10. Pressure gradient distributions for the Rabinowitsch fluid parameter from 1 to 20.

Figure 9. Velocity distribution versus y for a from 25 to 50 at x¼ 1.
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The result for the dimensionless pressure gradient distributions is shown in

Figure 10, whereas the results for the dimensionless pressure distribution are pro-

jected in Figure 11. It is observed that pressure gradient increases with an increase

in Rabinowitsch parameter a. One can witness by fixing a ¼ 1 that the pressure

distribution increases at around the nip region and maximum pressure distribution

has been found right before the nip at x ¼ �0:4 and then start decreasing and

becomes zero at the separation point.

Conclusions

The main deductions are:
• Rabinowitsch parameter a provides a tool to control separation point and

coating thickness.
• a is a controlling parameter for flow rate, separation points, coating thickness,

separation force, pressure, and power input.
• The roll separating-force and the pressure-distribution decrease with increasing a
• Viscous force plays an important role in separation force, coating thickness,

power, and pressure-distribution.
• The backward flow is observed between the attachment point and the nip

region when Rabinowitsch parameter a is between 0 and 30.

Figure 11. Pressure distributions along the gap when Rabinowitsch fluid parameter set at 1.
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• The maximum coating thickness up to four decimal places can be as high
as 1.2354.

• The maximum separation point is at a ¼ 500, which is 2.2652 and the sepa-
ration force is 0.811.

• By setting a ! 0, no significant change in the coating thickness is found,
whereas when a ! 1, k ! 1:3 as found in the literature by Greener6 in 1975.
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