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Abstract. A method called spatial subspace clustering (SpatSC) is proposed for the hyperspec-
tral data segmentation problem focusing on the hyperspectral data taken from a drill hole, which
can be seen as one-dimensional image data compared with hyperspectral/multispectral image
data. Addressing this problem has several practical uses, such as improving interpretability
of the data, and, especially, obtaining a better understanding of the mineralogy. SpatSC is
a combination of subspace learning and the fused least absolute shrinkage and selection operator.
As a result, it is able to produce spatially smooth clusters. From this point of view, it can be
simply interpreted as a spatial information guided subspace learning algorithm. SpatSC has flex-
ible structures that embrace the cases with and without library of pure spectra. It can be further
extended, for example, using different error structures, such as including rank operator. We test
this method on both simulated data and real-world hyperspectral data. SpatSC produces stable
and continuous segments, which are more interpretable than those obtained from other state-of-
the-art subspace learning algorithms. © 2014 Society of Photo-Optical Instrumentation Engineers
(SPIE) [DOI: 10.1117/1.JRS.8.083644]
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1 Introduction

We address the following hyperspectral data segmentation problem. The main focus of this
paper is the hyperspectral data taken from a drill hole, which can be seen as one-dimensional
(1-D) image data compared with hyperspectral/multispectral image data. The process is to drill
a hole from the ground to a specified depth and the rock samples are scanned by a spectrometer
along the depth. Figure 1 shows the first 50 thermal infrared (TIR) reflectance spectral samples
(after background correction) from a real drill hole called DDH9. Note that the background
includes a temperature curve and a constant. Removing the constant from the spectra means
subtracting their means, which produces negative values. The spectra look fairly consistent if
we ignore the brightness differences. Typically, the mineralogy is stratified, which is reflected
in the sections of spectra sharing similar features and, hence, similar compositions. Therefore,
segments of similar minerals congregate together as shown in Fig. 2. It is useful to estimate
these segments for various purposes. For example, once the segmentation is known, we can
summarize the samples in a segment or analyze the materials in this segment very quickly by
sophisticated unmixing algorithms, such as the one discussed in Ref. 1. Also, it is easier for a
human interpreter to understand what the drill hole contains for exploration and mining
purposes.

This problem can be cast to a subspace learning problem, which is well studied in machine
learning community.2–6 See Ref. 7 and references therein for a comprehensive review of
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subspace learning. However, in addtion to subspace learning (often called subspace clustering),
the formation of rocks determines that the immediate neighbor samples are very likely composed
of similar minerals and, hence, the spatial connection is very strong, which should play an impor-
tant role in segmentation.

To aid the explanation, we introduce the following notations. Let X ¼ ½x1; : : : ; xN � be the
matrix of the given hyperspectral data set taken from a drill hole and xi ∈ RD the i’th individual
spectrum. Note that the index i ∈ f1: : : Ng corresponds to the physical location of a particular
sample, which could be the depth.D is determined by the spectral resolution of the spectrometer.
We write matrix A ¼ ½a1; : : : ; aK�, ai ∈ RD, as the library of pure materials,8 which may be
absent. In subspace learning terminology, A is called the dictionary matrix and the data X is
supposed to be clustered in subspaces spanned by A. We write XS as the submatrix of X,
where S ⊆ f1: : : Ng is some index subset. In hyperspectral unmixing,9 a spectrum is usually
assumed to follow the linear model.8

xi ¼
X
m∈M

αmam þ ϵi; s:t: jMj ¼ M (1)

for a subset M ⊆ f1; : : : ; Kg, where j · j denotes the cardinality of a set, M is the number of
materials contained in the sample, which has to be estimated, and ϵi is the error. Least squares are
often used to obtain the regression coefficients αm’s, and the M regressors from A are obtained
by variable selection.1,10 Note that in hyperspectral data analysis practice, there are several
so-called background functions representing shade or other noninformative features. The
background can be removed for convenience of analysis from both am’s and xi. This will
not affect the regression coefficients of interest i.e., αm’s in least squares context. We, henceforth,
assume background removal has been carried out here for simplicity.

Hyperspectral data segmentation for a drill hole, therefore, requires the clustering of xi ’s into
several segments, where each or several segments belong to a subspace spanned by several
variables from A. More precisely, ∀ i ∈ Sj, xi ¼ AUj

αi, where Sj and Uj are the index sets
for data and dictionary corresponding to subspace j, and j ∈ f1: : : Jg. Because of the geological
property of the rocks in a drill hole, there is a spatial constraint on the coefficients such that
αi ≈ αiþ1 if i; iþ 1 ∈ Sj.
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Fig. 1 First 50 background corrected spectra from DDH9 drill hole data set.

Fig. 2 An example of segmentation of a drill hole data set. Note that segments from the same
subspace may be physically separated, e.g., segment 2 and segment 4.
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To solve this problem, we propose using sparse methods with the fused LASSO (least abso-
lute shrinkage and selection operator) for spatial constraint. The motivation is based on the
following two observations. First, M in Eq. (1) is usually very small compared with K,
which leads to the fact that the rank of a subspace spanned by AUj

is small. If we expand
αi to a full K-dimensional vector such that αil ¼ 0 if l ∈= Uj, αi is sparse. Second, when xi
and xiþ1 are from the same segment, they have similar sparse patterns. Therefore, the difference
of the coefficients, i.e., αi − αiþ1, is also sparse.

Sparse methods have been maturing very quickly in recent years in various areas, including
remote sensing.10 The earliest work is called the LASSO,11 where the l1 norm of the regression
coefficients is regularized to achieve sparsity. Other sparsity encouraging norms have been pro-
posed later on, such as the elastic net,12 l2∕l1 norm,13 and the group LASSO.14 As the sparsity
encouraging norms are nonsmooth, specific treatment in optimization is necessary. There are
quite a few solvers available for different scenarios, such as coordinate descent15 (blockwise
coordinate descent16), iterative shrinkage-thresholding,17 and online learning.18 The regulariza-
tion path19 can also be obtained by using various algorithms, such as least angle regression
(Ref. 20) and generalized path seeking.21

Recently, there has been a trend of using sparsity encouraging norms for specific data struc-
tures. The total variation norm22 is the l1 norm applied to the difference of neighboring pixels in
an image. The fused LASSO, introduced in Ref. 23, also applies l1 norm on both regression
coefficients and the successive coefficients to achieve sparsity and spatial smoothness. It has
been generalized to the so-called generalized LASSO in Ref. 24. Several efficient optimization
algorithms for this kind of problem have been proposed, such as pathwise coordinate optimi-
zation,25 subgradient finding,26 and alternating linearization.27

So it is possible to use sparse methods to solve our hyperspectral data segmentation problem
from modeling to optimization. What follows is how to construct a suitable model and then how
to solve the optimization it requires.

The rest of the paper is organized as follows. We present our spatial subspace clustering (or
SpatSC for short) model in Sec. 2. The algorithm for optimization is discussed in Sec. 3. We
apply the proposed method to both synthetic and real spectra from a real drill hole in Sec. 4 to
show its effectiveness, and the paper concludes in Sec. 5 with a discussion.

2 Spatial Subspace Clustering

Our proposed SpatSC has the following form:

min :
1

2
kEk2F þ λ1kZk1 þ λ2kZRk1 s:t: X ¼ XZþ E; diagðZÞ ¼ 0; (2)

where Z ∈ RN×N , E ∈ RD×N , and kXkF is the Frobenius norm of matrix X. The factor 1
2
is for

the convenience of the following derivation. R is an N × ðN − 1Þ matrix and

R ¼

2
66666664

−1
1 −1

1 −1
. .
.

−1
1

3
77777775
.

This formulation expresses several things. The first is that the data are explained by them-
selves, i.e., X ¼ XZþ E, where E is the error term. This comes from the subspace learning. The
data set can be regarded as random samples from subspaces so that they contain enough infor-
mation about the subspaces when the number of data in each subspace is sufficiently large. As in
the traditional principal component analysis (PCA), we can express the bases of the subspaces as
linear combinations of the data. If the data are truly from several subspaces, this form should be
able to identify them. The low-rank representation (LRR)28 is a good example exploiting this
idea. Several other methods, such as sparse projection29 and sparse manifold clustering,30 are
also built on it. The work of dimensionality reduction via compressive sensing31 is an interesting
extension of this powerful idea, where only a subset of the data is selected as a calibration set.
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The second is that the regularization for the coefficient matrix Z is based on the observations
we discussed in the Introduction, that is, each individual regression coefficient vector is sparse
and neighboring ones are similar, which suggests spatial smoothness. The sparsity is imple-
mented by kZk1 and the spatial smoothness by kZRk1. The parameters λ1 and λ2 determine
the strength of the regularization. The choice of them should be a trade off among the
reconstruction error, sparsity, and smoothness. There is no standard on how to choose these
parameters. If some ground truth is available, cross-validation may be an option.

The third is that the reconstruction error is measured by least squares, i.e., kEk2F. This is
equivalent to assuming that the error is from a standard Gaussian distribution. Interestingly,
this can be possibly extended further to other measurements, for example, l1 norm, l2∕l1
norm, and so on. In those cases, the error structures are different. We use least square here
because Gaussian error assumption seems to be reasonable.

The second constraint in Eq. (2), diagðZÞ ¼ 0, helps avoid the trivial solution of Z being
the identity matrix. Actually, this may not be necessary as this trivial solution is incompatible
with the smoothness constraint. However, with this constraint in place, the model can focus on
constructing a given sample using its neighboring samples.

Note that in Eq. (2), we do not use the dictionary matrix. This is sometimes desirable in
hyperspectral data analysis practice. There is a direction called blind unmixing in remote sens-
ing,32 and it is worth exploring the connection between the proposed model and endmember
extraction.33 Nevertheless, if the dictionary matrix, sometimes called library, is available, we
can revise the model a little to have the following form:

min :
1

2
kEk2F þ λ1kZk1 þ λ2kZRk1 s:t: X ¼ AZþ E; Z ≥ 0: (3)

When we replaced the diagonal constraint by a nonnegative constraint as in this case, the
coefficients Z actually correspond to composition and, therefore, should be positive. When the
spectra in both the data set and the library are perfectly scaled, we can put an additional sum to
one constraint on Z as well, i.e., 1⊤Z ¼ 1, where 1 is a column vector with all 1. It is worth
mentioning that even though the library is available, it is possible that the library is not complete.
There may be some materials not included in the library, such as very rare ones and some mate-
rials not discovered yet. Meanwhile, some library spectra of pure materials may be contaminated
by some noise. In this case, we often resort to the form in Eq. (2) to get around these problems.

The work directly related to our proposed method is the LRR. It takes the following form:

min :kZk� þ λkEkl2∕l1 s:t: X ¼ XZþ E; (4)

where kZk� is the nuclear norm of Z, defined as the sum of the singular values of the matrix. For
affine subspaces, an additional constraint, Z1 ¼ 1, is imposed. In the noise-free case, it simply
removes the error term in the above formula. Subspace learning is carried out mainly using the
nuclear norm, which is a convex envelope function of the rank operator.34 It differs from SpatSC
as there are no sparsity and smoothness ingredients in the model, and hence, spatially congre-
gated segments are not guaranteed. It is not difficult to correct this by adding the fused LASSO in
Eq. (4). However the optimization is challenging. This will be part of our future research.
Another algorithm similar to SpatSC is the sparse subspace clustering (SSC),35,36 which takes
the following form:

min :kZk1 s:t: X ¼ XZ; diagðZÞ ¼ 0: (5)

Apparently, only sparsity is encouraged. Interestingly, it is similar to the L1-norm-PCA
(Ref. 37) in the sense that the loading matrix is directly pursued instead of the principal com-
ponents. There are some other related methods published in the remote sensing literature, such as
Refs. 38, 39, and 40, where a single subspace for all the data in a scene is estimated instead of
several subspaces considered in this paper. It is normally called signal subspace identification
there and the methodology often uses second-order statistics and/or dimensionality reduction
based on the signal and noise structure.
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3 Implementation

We proceed to implementation of SpatSC in this section. It is clear that the problem in Eq. (2) or
Eq. (3) is convex. Therefore, there will be a unique solution. Here is the summary of the algo-
rithm for obtaining the optimal solution for SpatSC. We adopt Nesterov’s method34 as the
skeleton structure, within which the main update for Z is carried out by the subgradient
finding algorithm (SFA).26 We only focus on Eq. (2) in the following discussion; the algorithm
to be proposed can handle Eq. (3) as well with a slight change.

The first term in Eq. (2) is quadratic, which is the easy part. The challenge is the two
nonsmooth regularization terms. For this kind of smooth plus nonsmooth composition function,
we normally resort to constrained convex programming41 using Nesterov’s method34 for its
efficiency.

We first eliminate the equality constraint in Eq. (2) and write the unconstrained objective
function as

LðZÞ ¼ 1

2
kX − XZk2F þ λ1kZk1 þ λ2kZRk1.

Then we continue with the first-order approximation of the quadratic term at a given S.

Lγ;SðZÞ ¼
1

2
kX − XSk2F þ hG;Z − Si þ γ

2
kZ − Sk2F þ λ1kZk1 þ λ2kZRk1; (6)

where G ∈ RD×N is the gradient of kX − XZk2F at S and hA;Bi ¼ trðA⊤BÞ is the inner product
of two matrices. By doing this, we get around the tricky problem of handling XZ and the cal-
culation is significantly simplified. Moreover, this formation allows us to use SFA quite easily.
The purpose of including the proximal term in the linearization is to ensure that the estimation is
not too far away from the given point S. γ controls the step size in the estimation. We maximize
the step size in the algorithm for fast speed while maintaining the necessary accuracy.

Nesterov’s method uses two sequences to approach the optimum, Zk and Sk, where
Sk ¼ Zk þ βkðZk − Zk−1Þ. Zk is obtained by solving minZ Lγ;SkðZÞ. The program begins
from Z0, an initialization of Z, and sets Z0 ¼ Z1. In the cold start case, Z0 ¼ 0. An appropriate
value of γ is chosen using the Armijo-Goldstein rule.34 It works with a special update rule for βk
to achieve a Oð 1k2Þ convergence rate, which is optimal for first-order black box algorithms.
See Ref. 34 for details. We sketch the main algorithm using Nesterove’s method in Table 1.
Note that PCðXÞ in step 6 is the Euclidean projection of X to a convex set C, meaning that
PCðXÞ ¼ argminY;Y∈CkY − Xk2F. The stopping criterion could be specified as the maximum
number of iterations and/or a continuous update threshold.

In step 5, argminZ Lγ;SkðZÞ is found using SFA.26 This finds

argmin
x

1

2
kx − vk22 þ λ1kxk1 þ λ2kxRk1; (7)

where x and v are vectors. The idea of SFA is to replace the l1 norm of xR by its dual norm (the
infinity norm) and then to exploit the optimality condition of a transformed minmax optimization
problem, which leads to a very efficient update scheme for x using only a few of the estimated
dual variables. Refer to Ref. 26 for details.

The optimal solution to minZ Lγ;SkðZÞ can be obtained by applying SFA to the rows of the
matrices in Eq. (6). To see that, we complete the square for Z and ignore the terms in Eq. (6)
irrelevant to the optimization first. We have

Lγ;SðZÞ ¼
1

2
kZ − Vk2F þ λ1

γ
kZk1 þ

λ2
γ
kZRk1;

where V ¼ S −G∕γ. The above can be further decomposed to

Lγ;SðZÞ ¼
XN
j¼1

1

2
kzj − vjk22 þ

λ1
γ
kzjk1 þ

λ2
γ
kzjRk1 (8)
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due to the separability of Frobenius norm and l1 norm. In Eq. (8), zj and vj are the j’th row of
matrices of Z and V, respectively. It has exactly the same form as that in Eq. (7) and this justifies
the applicability of SFA.

The above deduction shows that we can simply apply SFA to the rows of V to solve
minZ Lγ;SkðZÞ. This concludes the implementation of SpatSC.

Remark 3.1. We can easily work out the λmax
2 when λ1 ¼ 0 from Eq. (8). λmax

2 is defined as
the threshold such that when λ2 ≥ λmax

2 , the value of Z is no longer affected by λ2. λmax
2 can be

used to improve the efficiency of the computation. Let λmax
2;j be the maximal λ2 for fusion only,

i.e,. minzj
1
2
kzj − vjk22 þ λ2

γ kzjRk1. We have

λmax
2;j ¼ γjðRR⊤Þ−1Rvjj∞

and for λ2 ≥ λmax
2;j

zj ¼
1⊤vj
1⊤1

1;

where kxk∞ is the infinity norm of x. It means zj has only one block, that is, the elements in zj
are all equal to 1⊤vj

1⊤1 . So we have

λmax
2 ¼ max fλmax

2;j gj¼1: : : N
.

As the fused LASSO solution to minzj
1
2
kzj − vjk22 þ λ1

γ kzjk1 þ λ2
γ kzjRk1 can be obtained

easily by applying soft threshholding to the fusion only solution,42 we have the following:

λmax
1 ¼ max

�
γ
j1⊤vjj
1⊤1

�
j¼1: : : N

.

Table 1 Main algorithm for spatial subspace clustering. PCðX Þ in step 6 is the Euclidean pro-
jection of X to a convex set C corresponding to constraints. For diagðZ Þ ¼ 0, it simply sets the
diagonal elements in Z to be 0, and sets zij ¼ maxðzij ; 0Þ for Z ≥ 0, where zij is the i j ’th element in
Z . argminZ Lγ;Sk

ðZ Þ is solved by subgradient finding algorithm. See the text for details.

Optimize Eq. (2) via Nesterov’s method

Input: X, λ1, λ2, Z0

Output: optimal Z

1. Initialization: Z1 ¼ Z0, γ ¼ 1, l−1 ¼ l0 ¼ 1.

2. for k ¼ 1 to. . .

3. βk ¼ l k−2−1
l k−1

, Sk ¼ Zk þ βk ðZk − Zk−1Þ

4. for j ¼ 1 to. . .

5. Z̃kþ1 ¼ argminZ Lγ;Sk
ðZÞ

6. Zkþ1 ¼ PCðZ̃kþ1Þ

7. if LðZkþ1Þ ≤ Lγ;Sk
ðZkþ1Þ then γ ¼ max½2γ; kXðZkþ1−Sk Þk2F

kZkþ1−Sk k2F
�

8. else break

9. end if

10. end for

11. l k ¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4l2k−1

q
Þ∕2

12. if convergent, then stop and output Zkþ1 as the solution.

13. end for
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For all λ1 > λmax
1 and λ2 > λmax

2 , Z will be totally wiped out to be a zero matrix. Note that there is
interaction between λ1 and λ2. The optimization on these two parameters is still an open problem.

After we obtain the optimal Z, the segmentation is carried out by a graph clustering algo-
rithm, such as normalized cuts (NCUT),5 based on the affinity matrix calculated from Z.
The final SpatSC algorithm is described in Table 2. Note that there may be other schemes
for the final segmentation, such as continuous clustering along the depth. We choose graph
clustering to allow reoccurrence of the segments.

4 Experimental Evaluation

We will show some experimental results to demonstrate the effectiveness of SpatSC algorithm
with a comparison with other methods in this section. Note that we have to restrict our com-
parison to those unsupervised clustering methods with publicly available source code. Several
other issues, such as regularization parameters, number of clusters, and speed, are also discussed.

4.1 Experiment Settings

Two simulated data sets were used to evaluate the effectiveness of SpatSC first and then it was
applied to a real-world drill hole data set. The reason of using simulation is the availability of
completely accurate ground truth. The data set to which we applied spatial subspace clustering is
a TIR data set from a real drill hole called DDH9. It contains more than 9000 valid spectra at 321
TIR wavelengths (6 to 14 um). All spectra have been normalized to have unit l2 norm. In regard
to the stopping criteria of the SpatSC optimization algorithm, we chose the maximum number of
iterations to be 200 and the objective function update at current iteration should be larger than
10−6 from previous iteration. Whichever criterion is achieved first stops the optimization. For
other methods, we set the recommended values to parameters if any.

4.2 Simulation

We test SpatSC on simulated data sets first. Then we investigate several aspects of this algorithm,
which may be interesting to practitioners. The first simulated data set is totally random, while the
second one is the so-called semisimulated43 TIR data set, where the data were generated by using
the TIR spectral library. The reason of using semisimulated data is twofold. The first is the semi-
simulated data are closer to reality while we do not have to worry about the background
correction. The second is the availability of accurate ground truth, which enables us to evaluate
the effectiveness of clustering quantitatively.

4.2.1 Simulated data

We randomly generated three distinct subspaces of dimension 100 and sampled 200 noise-free
data from each subspace. Some samples of these data are shown in Fig. 3. The data from the

Table 2 Complete spatial subspace clustering algorithm based on normalized cut (NCUT). In
step 2, gij is the i j ’th element of G and zi is the i ’th column of Z . σ is the width of the heat kernel.
We fix it to 0.03 in SpatSC.

Spatial Subspace Clustering Algorithm

Input: X, λ1, λ2, Z0, s (number of clusters), σ (width of the heat kernel)

Output: s clusters of data X

1. Obtain optimal solution of Eq. (2) using algorithm in Table 1;

2. Create affinity matrix G using Z, i.e., gij ¼ expf−σkzi − zjk22g;

3. Apply NCUT to G for the final segments.
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same subspace are stacking together so that the samples from the same subspace are spatially
close. It is expected that the subspace clustering algorithm would pick up the three subspaces.
For SpatSC, Z matrix should have blocky structure along the diagonal as any given sample can
be reconstructed by the data from the same subspace but not the data from other subspaces.
Figure 4(a) shows that Z matrix obtained by SpatSC is indeed blocky and the segmentation
shown in Fig. 4(b) is perfect. Note that in this simulation, there is no overlap between subspaces
and the data are noise free; other subspace learning algorithms, e.g., LRR, can obtain the same
results as SpatSC.

4.2.2 Semisimulated thermal infrared spectral data

To be able to evaluate the effectiveness of SpatSC on real data, we used the so-called semisi-
mulated TIR spectral data. We have a library of 120 typical TIR spectra of pure materials. To our
best experience in TIR spectra, most of the real spectra from a drill hole are composed of two to
six materials. Based on this, we randomly picked two to six spectra from the first 10 library
spectra to form five subspaces. So it is possible that some typical spectra appear in multiple

Fig. 3 A subset of simulated data (600 data in total with 200 each subspace). We only show
randomly picked 10 samples from each subspace. Different colors indicate data from different
subspaces.

Fig. 4 Z and segmentation obtained by SpatSC on simulated data. The horizontal axis in
(b) shows the indices of the samples. The segments are filled by different colors.
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subspaces. Table 3 shows the indices of spectra chosen from the library for the simulation. There
are several subspaces sharing some common bases spectra.

We removed the background of the library spectra and sampled the weights from a uniform
distribution between [0,1] to get the semisimulated spectral data with 100 spectra per subspace.
So there is no background correction issue here. Finally, we estimated the error structure by
fitting the whole library to an entire TIR drill hole data called DDH9. The error mean x̄ and
covariance matrix Σ were used to contaminate the semisimulated data so that they are close
to reality. The simulated noise was drawn from a Gaussian distribution with mean x̄ and covari-
ance matrixmΣ, i.e.,N ðx̄; mΣÞ, and added to the noise-free semisimulated spectra, wherem > 0

is the noise level. We need to mention that the estimation of error is very crude and there is
apparent overfitting so that the error turns out to be very small. However, for demonstration
purpose, this estimation is sufficient. Again, we stacked the spectra from the same subspace
together in matrix X.

Figure 5(a) shows the simulated TIR data without noise (different colors stand for spectra
from different subspaces). Because there is a fair amount of overlapping in subspaces, some
spectra from different subspaces are similar sharing similar reflectance features, for example,
the pink ones and blue ones. Even so, there is little trouble for some subspace learning algorithms
to identify the subspaces. However, when we put noise in, the situation changes drastically,
especially when the noise level is as high as the case shown in Fig. 5(b), where the signal-
to-noise ratio (SNR) of the spectra is as low as 3.88 db. The spectral features are not distinguish-
able and the wavelengths from 6 to 9 um are almost just random noise. The l2 distances between
adjacent spectra as in Fig. 5(c) have no distinct pattern for easy segmentation. Note that we

Table 3 Indices of spectra chosen from the library to form the
subspaces.

Subspaces index Typical spectra chosen from the library (indices)

1 8, 4, 5

2 5, 7

3 7, 8, 10, 2, 1

4 4, 8, 6, 2 10

5 8, 9, 1, 5, 7, 6

Fig. 5 Semisimulated thermal infrared (TIR) spectra and subspace clustering results.
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define SNR ¼ −10 log10
�kS−Tk2F

jjSjj2F

�
, where S is the noise-free signal and T is the noise-contami-

nated signal. This boils down to SNR ¼ −10 log10½mtrðΣÞ� in our case. When m ¼ 104,
the SNR is 3.88 db. The SNR of a TIR spectrometer is ∼30 db.

SpatSC and LRR had no difficulty in learning subspaces from noise-free semisimulated spec-
tra shown in Fig. 5(a). They both produced almost perfect segmentation. So we omit the results
here. What is more interesting is their performance when the SNR of the data is as low as 3.88 db.
Figure 5(d) plots the clusters obtained by SpatSC for these very noisy spectra, which are very
satisfying visually, while LRR clusters shown in Fig. 5(e) are nowhere close to ground truth. To
better assess the performance of SpatSC for this challenging case, we extended our comparison
to other clustering methods to include NCUT, affinity propagation,44 and Kmeans with their
recommended parameters. Furthermore, we used cluster purity and cluster entropy45,46 to quan-
tify the clustering results. Cluster entropy of the r’th cluster of size Nr is defined as

Er ¼ −
1

log q

Xq
i¼1

Ni
r

Nr
log

Ni
r

Nr
;

where q is the number of classes in the dataset and Ni
r is the number of samples of the i’th class

that were assigned to the r’th cluster. Here we use classes to mean true clusters. The entropy of
the entire clustering solution of total K clusters is given by

E ¼
XK
r¼1

Nr

N
Er.

The cluster purity of a clustering result is defined as

P ¼
XK
r¼1

Nr

N
Pr;

where Pr ¼ 1
Nr
maxi Ni

r is the purity of the r’th cluster. Cluster entropy describes how the various
classes of samples are distributed within each cluster, while the purity measures the extend to
which each cluster contained samples from primarily one class. Using these two measures in
conjunction enables us to evaluate the clustering quality comprehensively. The ideal clustering
solution should have high purity and low entropy.

We repeated the semisimulation with very low SNR (3.88 db) 20 times and collected the
mean entropy and purity results for both individual clusters and overall solution of each method
in Tables 4 and 5. The best results are highlighted in bold. Apparently, the clusters produced by
SpatSC are very pure. Other solutions have significant confusion of classes indicated by high
entropy and low purity values.

We did a more comprehensive comparison on this semisimulated data. We varied SNR from
∼44 to 4 db to test the clustering quality of different methods. For each noise level, we repeated

Table 4 Evaluation of clustering results obtained by different methods using cluster entropy.

Cluster entropy Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Overall

Spat SC 0.0078 0.0083 0.0135 0.0103 0.0214 0.0126

LRR 0.5320 0.4947 0.5355 0.4902 0.4687 0.5011

SSC 0.2174 0.2234 0.2184 0.3467 0.2764 0.2565

NCUT 0.5206 0.5329 0.4220 0.5743 0.6588 0.5328

AP 0.3540 0.2978 0.4132 0.4206 0.4269 0.3871

Kmeans 0.2680 0.3666 0.3119 0.3602 0.3806 0.3674

LRR, low-rank representation; SSC, sparse subspace clustering; AP, affinity propagation.
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20 times so that we can estimate the mean and variance of the clustering quality. The final results
are presented in Fig. 6, where the horizontal axis is the SNR, which is sampled to equal spacing
for better visual presentation. SpatSC works quite well and the clustering quality does not drop
much as SNR decreases. In contrast, other methods’ performance deteriorates very quickly in
terms of both cluster entropy and purity. It is clear that the spatial smoothness and sparsity
enhance the robustness of the clustering greatly.

Table 5 Evaluation of clustering results obtained by different methods using cluster purity.

Cluster purity Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Overall

SpatSC 0.9976 0.9976 0.9954 0.9963 0.9926 0.9958

LRR 0.5869 0.6034 0.5724 0.6144 0.6312 0.6009

SSC 0.8480 0.8396 0.8373 0.7733 0.8103 0.8204

NCUT 0.6042 0.5829 0.6889 0.5480 0.4948 0.5870

AP 0.7665 0.7946 0.7575 0.6714 0.6547 0.7250

Kmeans 0.7760 0.6780 0.7144 0.6939 0.6375 0.6617

Fig. 6 Clustering quality comparison evaluated using cluster purity and cluster entropy.
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4.2.3 Regularization parameters

We proceed to investigate several aspects of the SpatSC algorithm on the noisy semisimulated
TIR spectra with SNR of 3.88 db as we mentioned earlier [some of the spectra are plotted in
Fig. 5(b)]. The first is the regularization parameters used in SpatSC. Figure 7 shows Z obtained
by using SpatSC with different values of λ1 and λ2. It is clear that it works as expected for
sparsity and spatial smoothness. Larger λ1 promotes sparsity and larger λ2 encourages smooth-
ness. Note that in Fig. 7 the color maps are on different scales. As both λ1 and λ2 increase,
the absolute values in Z decrease in general. Although the parameters varied a lot, the final
segmentation results of these four parameter settings are reasonably good. Only the parameters
shown in Fig. 7(c) have slightly worse results. The reason is that the Z in Fig. 7(c) is over-
smoothed compared with others. This suggests that there is a range of these parameters suitable
for segmentation in SpatSC. Our experience of choosing these parameters is to vary λ1 and λ2
until Z shows moderate sparsity and spatial smoothness. As we mentioned earlier, it is still an
open problem for choosing λ1 and λ2. We may use adaptive fused LASSO (Ref. 42) to ease the
choice of λ2. However, the interaction between fused LASSO and subspace reconstruction needs
further investigation.

4.2.4 Number of clusters

As described in the second algorithm, the number of clusters, s, is a free parameter to be chosen
by the user. Figure 8 shows the segmentation with different values of s based on Z obtained by
SpatSC with λ1 ¼ 0.0003, λ2 ¼ 0.0003. Note that the color schemes for different segmentations
are not aligned.

There are a couple of important observations from Fig. 8. First, all the segments produced
with different values of s are continuous. This reflects the philosophy of the SpatSC algorithm,
which is to reveal the stratification feature of rocks: neighboring samples have similar compo-
sition if they are from the same segment; the transition of segments happens only when it is

Fig. 7 The Z matrix obtained by SpatSC with different λ1 and λ2 for 500 semisimulated TIR
samples.

Guo, Gao, and Li: Spatial subspace clustering for drill hole spectral data

Journal of Applied Remote Sensing 083644-12 Vol. 8, 2014



evident. This is owing to the fused LASSO, which combines both sparsity and spatial smooth-
ness. Second, the clusters produced by SpatSC with values of s from 2 to 5 have clearly nesting
effect. When s ¼ 5, which is the ground truth, the segmentation is almost perfect. When s > 5, it
begins to split the true clusters and nesting effect disappears, although the clusters produced by
neighboring values of s share some boundaries. This pattern may be exploited to determine the
true number of clusters. Meanwhile, this also implies that the choice of s is not that important.
It becomes a resolution-like parameter in the sense that as s becomes larger, we see finer spatial
clusters. In this sense, it can be determined by the application. For example, for visualization
purposes, we can summarize hyperspectral data to several segments rather than present every
sample’s unmixing result, which could overwhelm the human interpreter. Also, we can exploit
prior knowledge about the drill hole to determine s. We need to point out that a cluster can have
several disjointed segments as shown in Fig. 10(a). This is due to the NCUT, the graph clustering
method used in SpatSC, in which no spatial constraint is enforced. It can be replaced by
a smoothing window along the depth to produce the clusters. However, we stick with NCUT
as the clusters it generates are probably closer to reality.

4.3 Speed Comparison

We discussed the convergence rate of the SpatSC implementation in Sec. 3. In this section, we
compare it with one of the well-known off-the-shelf convex optimizers called CVX.47 Both opti-
mizers were working on the same problem in Eq. (2). Because CVX first parses the problem and
creates many auxiliary variables, the scale of the problem that it can solve is limited. We ran
the tests on a laptop with Intel Duo Core i5 2.53G CPU, 4 GB memory and Windows 32 bit XP
system. On this machine, CVX can handle a matrix Z of size up to 100 × 100 while the specific
solver for SpatSC can handle 2000 × 2000 on the same machine, which is equivalent to 4 millon
unknown variables. Therefore, we repeated our experiment 10 times on randomly chosen data
subsets from DDH9 with sizes ranging from 10 to 100 and plot the average time spent by both
algorithms to reach the same accuracy, which was 10−6. Figure 9 shows that the algorithm in
Table 1 is about one order of magnitude faster than CVX.

4.4 Spatial Subspace Clustering for Real TIR Data

We applied SpatSC to the data subset of size up to the limit of the machine (the same one men-
tioned earlier), i.e., the first 2000 samples of DDH9. Using λ1 ¼ 0.0004 and λ2 ¼ 0.0005 in
SpatSC, we obtained a segmentation with s ¼ 5. Meanwhile, we compare SpatSC with
SSC, which is the second best in the semisimulated TIR data tests. The left bottom plot in
Fig. 10 shows continuous and stable segments from SpatSC, while those from SSC are
quite scattered, which are not really meaningful. Note that the matrix Z learned by SSC is
very sparse. We have to set white color for 0’s in Fig. 10(b) deliberately to show the sparse

Fig. 8 Segmentation for 500 semisimulated TIR samples with varying number of clusters
using Z obtained by SpatSC with λ1 ¼ 0.0003, λ2 ¼ 0.0003.
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pattern obtained by SSC. Note that other methods, such as LRR, have results similar to that of
SSC. Therefore, we exclude their results here.

4.5 Using a Dictionary Matrix

We present the results of a variant of SpatSC [Eq. (3)] when a developing library A (with 120
typical spectra) is available. The library is still under development because we are not sure yet
whether it is complete and/or errors may exist in some spectra in the library. This may introduce
bias into the result because the missing information, e.g., materials not in the library, cannot be
inferred by using the incomplete library. However, SpatSC in the form of Eq. (2) can fill in
the missing part by letting data speak for themselves. Note that this variant produces some
fragments in the segmentation, shown in Fig. 11, compared to the result from original
SpatSC. Interestingly, they agree on the large trunk from roughly sample 1000, which may con-
firm the correctness of this segment.

4.6 Spatial Subspace Clustering on Spectral Image

Although SpatSC is primarily designed for drill hole data, it can still be applied to spectral
images. Limited by the SpatSC model in Eq. (2), we have to rearrange the image, which is

Fig. 10 Matrix Z and segmentation for 2000 samples obtained by SpatSC (a) with λ1 ¼ 0.0004,
λ2 ¼ 0.0005 and sparse subspace clustering.

Fig. 9 Speed comparison between the specific SpatSC optimization algorithm described in
Table 1 (stated as SpatSC in the legend for short) and CVX.
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a data cube or three-way tensor, to a matrix by stacking the image pixels column by column. For
illustration purpose, we extracted a subset of Indian Pine data set48 as shown in Fig. 12(a). It
includes background (class 0) in dark blue and six classes indicated by other colors. The way that
we rearranged the image for SpatSC breaks the large trunks of spatially close classes in two-
dimensional (2-D) image plane to many small fractions in one-dimensional (1-D) image line.
Therefore, a clustering algorithm has to identify those little segments to recover the patterns in
the original 2-D image without any guidance from class labels. It is very challenging indeed.

As the ground truth of this data set is available, we evaluated the clustering results of different
methods quantitatively using cluster entropy and cluster purity. After we obtained the clustering
solution by an algorithm, we labeled the clusters to their dominant classes so that we can com-
pare the results directly. Tables 6 and 7 show the clustering quality of individual cluster and
overall clustering solution in terms of cluster entropy and cluster purity, respectively. The
best ones are highlighted by bold fonts. SpatSC has difficulty in identifying background and
corn-notill class, which is due to the fact that the background and wheat pixels were very
small segments scattered in matrix X by stacking the image. For other classes, SpatSC outper-
forms other methods by a large margin, especially for classes with large areas, such as soybean
classes. This is evident in Fig. 12, where we can see that SpatSC produces clean and smooth
clusters closer to ground truth, which also enjoy better interpretability than clustering solutions
obtained by other methods. The overall cluster entropy and cluster purity evaluation in the last
columns of Tables 6 and 7 once again confirms our visual interpretation.

Fig. 11 Matrix Z and segmentation for 2000 samples obtained by a variant of SpatSC [Eq. (3)] with
λ1 ¼ 0.0004, λ2 ¼ 0.0005.

Fig. 12 Segmentation for subset of Indian Pine data set.
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5 Discussion

We proposed the SpatSC algorithm to address the spatial clustering problem for drill hole hyper-
spectral data. It comes from the subspace learning and incorporates the fused LASSO as a tool
for exploiting spatial information. Its powerful spatial subspace clustering capability has been
demonstrated by the continuous segments in the experimental results on both synthetic and
real-world data sets.

The model is built on the Frobenius norm of the data reconstruction error associated and is
regularized by the fused LASSO. It can be easily extended to many variants due to its flexible
structure. First, it is possible to introduce other types of error measurements, such as l1 norm,
l2∕l1 norm, and so on. In those cases, the error structure would be different. For example, the l1
norm of the error corresponds to the Laplacian distribution, which may enhance the robustness of
the model. Second, the subspace learning can be boosted by a low rank encouraging regulari-
zation. This may also help users determine the number of clusters. Third, we can interpret the
model from a Bayesian point of view and integrate the advantages of Bayesian inference into the
method, for example, online learning. We will follow these directions in our future research.

The optimization of SpatSC is implemented using Nesterov’s method with a subgradient
finding algorithm. It inherits the optimal convergence speed that a first-order black box pro-
cedure can achieve, and hence, it can handle millions of variables on a normal personal com-
puter. However, there is still room for further speed up. For example, it took the computer (refer
to Sec. 4) ∼20 min to cluster 2000 samples, meaning 4 million variables, although it took only
seconds for 100 samples (10k variables). Our final goal is to process a complete drill hole
(∼50;000 spectra) in minutes. A straightforward way is to run a 1-D sliding window clustering
for a coarse segmentation and then invoke SpatSC on these clusters. Another possibility is to

Table 6 Evaluation of clustering results on subset of Indian Pine data set obtained by different
methods using cluster entropy.

Entropy Background
Corn-
notill

Grass-
trees

Soybean-
mintill

Soybean-
clean Wheat

Buildings-Grass-
Trees-Drives Overall

SpatSC 0.5875 0.4574 0.4639 0.0116 0.0601 0.5985 0.4162 0.3457

LRR 0.4254 0.3096 0.6502 0.3362 0.4834 0.6428 0.5608 0.4632

SSC 0.4212 0.3801 0.6665 0.3117 0.3889 0.5517 0.5618 0.4518

NCUT 0.4997 0.3928 0.3699 0.2907 0.5126 0.6090 0.5324 0.4143

AP 0.4642 0.3931 0.5373 0.3580 0.4921 0.5416 0.4855 0.4344

Kmeans 0.4839 0.5175 0.4456 0.3894 0.3369 0.4674 0.4853 0.4259

Table 7 Evaluation of clustering results on subset of Indian Pine data set obtained by different
methods using cluster purity.

Purity Background
Corn-
notill

Grass-
trees

Soybean-
mintill

Soybean-
clean Wheat

Buildings-Grass-
Trees-Drives Overall

SpatSC 0.5814 0.5118 0.7019 0.9966 0.9750 0.3558 0.7471 0.6940

LRR 0.6627 0.7097 0.5235 0.7200 0.6747 0.4857 0.4472 0.6166

SSC 0.6923 0.5940 0.5170 0.7932 0.6867 0.5196 0.5260 0.6427

NCUT 0.6746 0.5605 0.7823 0.7994 0.6176 0.5410 0.6273 0.6913

AP 0.6944 0.5714 0.5839 0.7512 0.6387 0.6275 0.6772 0.6733

Kmeans 0.6905 0.6083 0.7407 0.6691 0.6364 0.6739 0.6762 0.6715
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explore random sampling49 to have a typical calibration set for SpatSC to work on and then
propagate the results. This is very promising and worth further investigation.

Although SpatSC was mainly applied to 1-D image spectral data (for drill hole spectra)
spatial clustering, it can be applied to 2-D image data (hyperspectral/multispectral images) or
even more dimensions by flattening the data cube to a matrix. However, one obvious drawback is
that this flattening operation compromises significant spatial information, and therefore, it
considers only two-way instead of eight-way neighborhood, which is common in images.
Although SpatSC works better on a subset of hyperspectral image than other clustering methods
considered in this paper, we would extend it further in near future to fully utilize the spatial
information. The idea is to use 2-D total variation seminorm for spatial smoothness. In this
case, we have to treat a spectral image as three-way tensor, which implies a change in the
model and a different optimization scheme accordingly. The computational complexity also
scales up very quickly as the dimension increases. Therefore, a speed-up strategy is needed.
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