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Abstract. Biometric data like fingerprints are often highly structured
and of high dimension. The ”curse of dimensionality” poses great chal-
lenge to subsequent pattern recognition algorithms including neural net-
works due to high computational complexity. A common approach is to
apply dimensionality reduction (DR) to project the original data onto a
lower dimensional space that preserves most of the useful information.
Recently, we proposed Twin Kernel Embedding (TKE) that processes
structured or non-vectorial data directly without vectorization. Here,
we apply this method to clustering and visualizing fingerprints in a 2-
dimensional space. It works by learning an optimal kernel in the latent
space from a distance metric defined on the input fingerprints instead
of a kernel. The output are the embeddings of the fingerprints and a
kernel Gram matrix in the latent space that can be used in subsequent
learning procedures like Support Vector Machine (SVM) for classifica-
tion or recognition. Experimental results confirmed the usefulness of the
proposed method.

1 Introduction

Biometric information based on a person’s physiological and behavioural traits
is gaining acceptance as a method for uniquely verifying his/ her real identity.
Among these traits, fingerprint, face, speech, iris and hand geometry are most
commonly used [13]. Recognition systems utilizing biometric data have been ap-
plied in many real world scenarios such as national security, medical services,
etc. An early application of this technology was Automatic Fingerprint Identi-
fication System (AFIS) found in law enforcement. In recent years, a number of
non-forensic applications have been proliferating very quickly [24, 15].
? The author to whom all the correspondences should be addressed.
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Biometric data like fingerprints are often highly structured and high dimen-
sional. For example, a fingerprint is characterized by numerous ending points
and ridge bifurcations that are called minutiae. Figure 1 shows an image of
fingerprint indicating the minutiae. In order to analyse a fingerprint, a vector
containing the coordinates, type information and tangent angles (if necessary)
for all feature points is normally created which is clearly residing in a very high
dimensional space. Similar problem applies to face, iris and palm biometrics.
The original images sampled from human subjects are either converted to key
features’ descriptors or represented directly by vectors of image pixels. Other
types of biometric data such as voices, gaits and keystrokes fall into the time
series category which are also high dimensional.

All of these biometric data pose great challenges to subsequent pattern recog-
nition algorithms such as neural networks due to high computational complexity.
The “curse of dimensionality” causes the number of hidden layers and neurons
to increase dramatically, thereby worsening the performance of the network by
having too many free parameters that are redundant. In addition, high dimen-
sionality demands large storage requirement in practical recognition systems.
Not only can this affect the performance such as response time, but it may also
limit the usefulness to some extent. To address the problem of high dimension-
ality, some algorithms adopt a multi-step strategy [10] to reduce computation.

Another commonly adopted approach to address the dimensionality problem
is to apply dimensionality reduction (DR) methods to project the original input
onto a much lower dimensional “latent space” that preserves most of the useful
information. The idea is to reduce the complexity of the problem while minimiz-
ing the information loss. Furthermore, if the data were represented by vectors of
dimension less than 3, they could be visualized in a Euclidean space to facilitate
understanding. It could also benefit researchers in interpreting the relationships
in the input data and design data-oriented algorithms.

Recent years have witnessed significant advances in DR methods that are
widely applied in robotics [7], bioinformatics [23], information retrieval [8], etc.
DR methods can be categorized into linear methods like PCA (Principal Com-
ponent Analysis) [9], ICA (Independent Component Analysis) [3] and nonlinear
methods such as ISOMAP [22], Laplacian Eigenmaps (LE) [1], Locally Linear
Embedding (LLE) [19], etc. The latter category is attracting more attention
since the linear assumption on which linear methods are based is violated in
most cases. Some of these DR methods have been successfully applied in bio-
metric information processing on face and iris data [14, 15] in order to simplify
the problems at hand.

However, DR methods applying to fingerprints occurred to a much lesser
extent. One reason might be the rather specific form of their representation.
Algorithms based only on the raw fingerprint images often failed due to very lit-
tle difference in appearance between the digitalized images. Therefore, minutiae
that reveal unique personal identity have to be extracted from the raw images
and used. It is hard to define an accurate distance metric between fingerprints by
the Euclidean norm which are often used in most DR methods. However, more
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accurate distances can be defined in other ways such as the Enhanced Shape
Context (ESC) distance reported in [11]. By using the ESC, we can construct
a pairwise distance matrix for the input fingerprints and input it into the ap-
propriate DR methods. In this paper, we choose TKE [6] as the candidate DR
method because it only depends on the pairwise similarity information. However,
in our earlier paper on TKE, a kernel defined on the input data is required but
the ESC can only provide the distance information.

In this paper, we will explain how to convert the ESC distance matrix to
a kernel Gram matrix that can be applied in TKE. A big advantage of TKE
which is absent in most DR methods is that it can learn a valid kernel on the
embeddings (the lower dimensional representations of the original data) which
can then be utilized in subsequent learning tasks such as SVM or other kernel
based algorithms.

The rest of this paper is organized as follow. We will review briefly DR
methods applied to biometric data in Section 2. In Section 3, we will describe
TKE to some details. In Section 4, we will explain how to convert the ESC
distance metric on input fingerprints to a quasi kernel, followed by the procedure
to learn an optimal kernel in the latent space for fingerprint clustering and
visualization. In Section 5, experimental results will be presented, and in Section
6 we conclude and discuss our future work.

ridge
bifurcations

ridge
endings

Fig. 1: Fingerprint with minutiae marked.

2 Related Work

Applications of DR methods on biometric data can be traced back to a lower di-
mensional reconstruction technique proposed by Sirovich and Kirby [21] in 1987
for face images that maximizes the variance by assuming that the distribution
of the data was Gaussian. In the following years, linear methods such as PCA
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and ICA appeared to dominate the research in this field due to their simplicity
and low cost of implementation.

In recent years, Discrete Cosine Transform (DCT) has been used to reduce
the dimensionality of the space of face images by truncating the high frequency
components since only a small number of these components will be sufficient
in preserving most of the important facial features [17]. The results of the DR
process were input to a Multi-Layer Perceptron (MLP) for subsequent classifi-
cation.

Having recognized the limitations of linear methods, [2] proposed the Curvi-
linear Component Analysis (CCA) and applied it on face images. The result was
used in two learning algorithms, MLP and Support Vector Machine (SVM) for
gender classification. CCA is composed by a two-layer structure. The first layer
performs vector quantization (vectorization) on the input data and the second
was called the projection layer which acts as a topographic mapping of the struc-
ture obtained from the first layer. Then, a linear kernel was used in subsequent
SVM learning. However a linear kernel might not be most suitable for the task
that involves revealing the non-linear information, and in fact SVM does not
restrict the choice to linear kernels.

In [14], a revised Locally Linear Embedding (LLE) called weighted LLE was
applied in face recognition. The spatial and temporal weights reflecting the possi-
bility of appearance variance were incorporated in LLE by influencing the neigh-
borhood searching and adjacency graph construction.

A new DR method was presented in [25] for face and palm biometrics named
Unsupervised Discriminant Projection (UDP) which is quite similar to the Fisher
Linear Discriminant Analysis (LDA) and can be considered an unsupervised ver-
sion of LDA. Initially, it constructs a neighborhood graph on the input data by
selecting k nearest neighbors and thereby creates several neighborhoods. Then, it
finds an optimal hyperplane onto which the input data will be projected accord-
ing to the LDA-like criterion, that is to maximize the ratio of inter neighborhood
scatter to inner neighborhood scatter. Because the scatter of the projected data
on the optimal hyperplane is included in the criterion, the author claim that
UDP preserves not only the locality but also the non-locality. As such, it will
facilitate classification because the result of UDP would have compact and far
away located clusters.

All the DR approaches mentioned above are mainly for face or palm images
because these data are readily converted into vectorial form. Much less attention
were paid to other structured data such as fingerprints due to their intrinsic
complexities. Furthermore, there is an obvious gap between the result of DR and
the subsequent learning algorithms because it purely finds the low-dimensional
embeddings for the input data and nothing additional. In other words, the target
of DR is quite simple, that is to reduce the dimensionality of the input data and
apply some classifiers to the simplified data with much less computational cost.
To the subsequent learning algorithms that actually work on the much lower
dimensional space output by DR, they have no idea how different the input and
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output spaces is and how much information might have been lost due to the DR
process.

In our opinion, DR methods should provide us with more by preserving as
much information on the original data as possible, thus allowing them to be used
with confidence in subsequent processing. By analyzing the structure of TKE,
we found that its potential can be further explored to fill that gap as described
in the previous paragraph. The key lies in the kernel in the latent or output
space that can be learned by TKE. To provide the background necessary for
such understanding, we will summarize TKE in the next section.

3 Twin Kernel Embedding

With no loss of generality, the following notations will be adopted. The data in
the input space are denoted by yi (i = 1, . . . , N) while xi (i = 1, . . . , N) their
embeddings in a low-dimensional space or the so-called latent space3. Notice
that yi does not have to be a vector while it can be any object, for example, a
fingerprint. In addition, Y and X will be used to denote respectively the set of
input objects and the set of embedded objects. If the objects were vectorial, Y
(and X) would denote a matrix consisting of rows of vectors. Furthermore, a · b
denotes the inner product of a and b.

Twin Kernel Embedding (TKE) preserves the similarity structure of input
data in the latent space by matching the similarity relations represented by
two kernel Gram matrices, that is one for input data and the other for their
embeddings. It simply minimizes the following objective function

−VecKy ·VecKx, (1)

where Vec denotes the vec operatior on matrix and Ky and Kx the kernel Gram
matrices derived from the kernel functions ky(·, ·) and kx(·, ·) which are defined
on the input data and the embeddings respectively. The idea is to preserve the
similarities among input data and reproduce them in a lower dimensional latent
space expressed also in similarities among embeddings. To explain this clearer, we
can just regard VecKy ·VecKx as a linear kernel which is a measure of similarity
between the variables involved in the kernel function. The larger the value of the
kernel, the more similar those two variables are. Therefore, we minimize (1) in
order to make Kx and Ky as similar as possible.

To avoid trivial solutions, two regularization terms on the kernel and the
embeddings are introduced and the objective function becomes

L = −tr(KyKx) + λktr(KxKx) + λxtr(XX>), (2)

where we use the fact that VecKy · VecKx = tr(KyKx). The second term is
a ridge regularizer on the kernel to make sure that the norm of the kernel is

3 We prefer to use the term latent space because it is frequently used in related liter-
ature
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controlled. The third term is a penalty for too large a norm for the embeddings
in order to ensure that their coordinates are relatively small. λk and λx are
tunable parameters for controlling the strength of the regularization and are
supposed positive.

In order to capture the nonlinear structure, kx(·, ·) should be chosen to be
nonlinear. If we use the common RBF kernel

kx(xi,xj) = γ exp (−σ
‖xi − xj‖2

2
). (3)

in (2), there would be no closed form solution for X and hence a gradient-
based algorithm for optimization has to be employed based on the requirement
that kx(·, ·) is differentiable. The initialization of X is also required to start
the optimization. KLE, KPCA and other methods which can work with kernels
can be applied here. The dimension of the embeddings is assigned according
to the requirement of the application, which is normally 2. A by-product of
this optimization process is that we can get the optimal hyper-parameters for
the kernel function kx(·, ·) as well. It ensures that the kernel we pick is well
adjusted.

Similar to UDP, TKE is also designed to preserve both locality and non-
locality simultaneously. This is achieved by filtering the entries in Ky. In other
words, not all entries will remain in the optimization process but only those
that convey most of the similarity information in the input data. This filtering
is fulfilled by the k-nearest neighboring process Given an object yi in the input
space, only those objects whose similarities (in the sense of kernel values) to
yi are among the k nearest neighbors of yi are selected to retain their original
values while all others are set to 0. The variable k(> 1) in k-nearest neighboring
controls the locality that the algorithm will preserve. It can be interpreted as
constructing a weighted adjacency graph in the feature space while the weights
of edges are evaluated by a kernel as in KLE [5]. However, it also works without
filtering in which case TKE becomes a global approach. Because TKE attempts
to match Kx with Ky and that RBF kernel (3) cannot return a value of 0 other
than two points being very far apart in the latent space, TKE seeks a solution
that keeps the points in the same neighborhood close together while allowing
the points not in the same neighborhood be very far.

In addition to the fact that TKE outperforms related methods like KPCA,
KLE, etc., another advantageous feature of TKE is that it only relies on the
pairwise similarities in the input data. The reason is that it only requires the
kernel Gram matrix of the input data in its objective fuction during optimization.
Using TKE, any kind of data (structured or not) can be visualized in a lower
dimensional space as long as an appropriate kernel is defined on them. Thus,
only the kernel Gram matrix on the input data Ky and an initialization for X
will be adequate for TKE to find the optimal embeddings.
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4 From Distance to Kernel

In the last section, we noted that TKE requires a kernel defined on the input
data. [16] proposed a kernel function based on the edit distance which is applica-
ble to both string and graph representations of patterns including fingerprints.
However, what is widely adopted in matching biometric data is distance metric
instead of kernel, like the enhanced shape context distance (ESC) we mentioned
earlier. A similar problem exists in other fields such as bioinformatics. [12, 18]
presented several similarity measures for protein sequences other than kernels.

When we analyze the objective function of TKE in (2), several observations
become obvious. Firstly, the kernel on the input data can actually be replaced by
other similarity measures on condition that they can provide pairwise similarities
represented in a matrix form. The special properties of kernel such as positive
definiteness are not mandatory in TKE. Secondly, on the output side of TKE, an
optimal kernel (kx) can be learned from the input data as well as the embeddings
since not only do we have the form of the kernel (for instance, the RBF kernel)
in (3), but we also have all the optimal hyperparameters that enable us to
reconstruct the kernel Gram matrix on the embeddings. Therefore, TKE can
be seen as a learning machine for kernels. If we use other similarity measures
on the input side such as those mentioned above, we are actually forcing TKE
to learn a kernel Gram matrix from the similarity matrix. Thirdly, followed
from the second observation, the kernel learned by TKE preserves most of the
information in the input kernel matrix or similarity matrix. In other words, Kx

is truly the mimic of Ky or the kernelized similarity matrix. Given Kx being a
kernel Gram matrix that faithfully preserves the information contained in Ky

or a similarity matrix that reflects the relations among the input data, we will
be more confident in the subsequent learning algorithms since the information
loss is visible and controllable. Furthermore, if we use Kx directly in learning
procedures like SVM, etc., we not longer need to choose appropriate kernels for
the embeddings. kx is the right one that resembles the original kernel ky as close
as possible. This fills the gap we discussed in section 2.

Finally, we can convert a distance metric to kernel or roughly speaking a
quasi-kernel which is not strictly a kernel mathematically but applicable in TKE
because of the first observation if we simply regard the quasi-kernel as a simi-
larity measure. Even the concept of distance metric here needs not to be strict.
Although we could relax the necessity of a kernel on the input data, here we
require at a minimum positivity and symmetry for the entries in the similarity
matrix to ensure that the learning result will be correct. This observation also
applies to Kernel Laplacian Eigenmap (KLE) since to make a Laplacian valid,
the weights on the adjacency graph should be positive and symmetric according
to the spectral graph theory [4]. This characteristic provides a solution to an-
other hard problem, that is the initialization of embeddings in the latent space.
Now we can use KLE with the quasi-kernel to give TKE an approximate initial
state.

Now we return to our discussion on the input fingerprints. As described in
[11], the ESC distance additionally incorporates the domain specific information
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like minutiae type and angle details, which were not considered in the original
paper. Here, we will not explain its formulation in details other than showing
that we can turn it from being a semi-metric into a metric distance as follow.

d(yi,yj) = desc(yi,yj) + desc(yj ,yi). (4)

desc(yi,yj) denotes the ESC distance between yi and yj . Interested readers
are referred to the original paper and references therein. We just use d(yi,yj) to
denote the metric distance between yi and yj . It satisfies the following properties:

– d(yi,yj) ≥ 0, equality holds if and only if i = j;
– Symmetry: d(yi,yj) = d(yj ,yi);
– Triangle inequality: d(yi,yj) + d(yj ,yl) ≥ d(yi,yl).

Then, the following equation can convert d(yi,yj) to a (quasi-)kernel [20]:

k(yi,yj) = e−d(yi,yj) (5)

The k defined above apparently satisfies the positivity and symmetry properties.
Though it may not strictly be a kernel, according to our analysis above, it can
be used in TKE. What remains is to use the (quasi-)kernel defined in (5) as the
kernel on the input data to compute the kernel Gram matrix and then substitute
it in TKE. Through this, the input fingerprints can be clustered and visualized
in a 2-dimensional space that can be interpreted with ease. Note that TKE can
use either KLE, KPCA or other methods applicable to non-vectorial data to
initialize the embeddings. Because whether the k in (5) is a valid kernel or not
is still in question, we decide to use KLE as the initialization for the reason we
explained earlier.

5 Experimental Results

Experiments were conducted on the same fingerprint database used in [11]. The
database we used contains 21 different fingers, each having 8 impressions totalling
168 fingerprint images. We randomly selected 10 subjects and processed the
corresponding fingerprints images. Although the size of our database might be
small, it is adequate for illustrating our idea. It is a common problem with
biometric information processing in which most biometric data sets have large
pool of subjects but limited samples for each subject. Figure 2 shows one finger
impression for each of the 10 randomly selected subjects.

The raw images of the fingerprints were put through six pre-processing steps:
normalization, ridge orientations superimposing, filtering, binarizing, thinning
and minutiae filtering. In the end, a set of minutiae including their coordinates,
types and related information like tangent angles for each finger is extracted
from each fingerprint image. Because the set of minutiae is highly structured, it
creates problem for most DR methods. ESC is employed to evaluate the distance
between each pair of fingers with the optimal parameters as stated in [11]. By
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Fig. 2: Fingerprints of 10 subjects

using equation (4) and equation (5), the metric distance is converted to a (quasi-
)kernel and as a result a kernel Gram matrix is constructed which serves as Ky

in TKE.
The fingerprints from the same finger are anticipated to be close to each other

in the 2-dimensional space with overlappings indicating similar prints actually
from different fingers. The RBF kernel is used as kx for the embedded data in
TKE for its simple derivative formulation and ability to capture the nonlinear
structure in the data. The regularization parameters are set to be 0.005 and
0.001 for kernel regularization λk and variable regularization λx respectively,
and k in k nearest neighbor filtering of Ky is set to 13. As mentioned above,
KLE provides the initialization for X.

Figure 3 shows the visualization result of the fingerprints that we are seeking.
Different symbols stand for different fingers. From the result of TKE, we can see
that the nonlinear structure among the clusters are very clear. The result of KLE
is not as good as that of TKE as can be seen by the overlappings in the middle
that causes the embeddings to be indistinguishable. Observing the visualization
result of TKE, we notice that fingerprints of some fingers have relatively high
nonlinear structure like the plus, hollow pentagon and upright triangle in figure
3 (a). This explains why simple linear models cannot correctly classify them.

Figure 4 demonstrates the kernel Gram matrices on the input data and the
embeddings. If we simply observe the patterns of the images of these Gram
matrices, we can easily detect that the rightmost one, that is Kx learned by TKE
from Ky faithfully preserves the block property showing enhanced contrast. This
reflects what we have discussed earlier regarding the ability of TKE to reproduce
the kernel Gram matrix of the input data in the embeddngs as well as preserving
the locality and non-locality at the same time.

As mentioned, the kernel Kx and the embeddings can serve as inputs to
subsequent learning algorithms. To illustrate this point, Kx is put into SVM
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Fig. 3: Visualization of fingerprints using TKE and KLE.
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Fig. 4: Kernel Gram matrices.
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directly. It is a multi-class problem, and we adopted a one-against-all strategy
and set C = 8 in SVM. Since the embeddings are in a 2-dimensional space, we can
visualize the result of SVM on a plane. Figure 5 (a) shows the optimal separating
hyperplanes (black solid curves) betweem fingers while the red circles indicate
the support vectors. Due to the high nonlinearity, there are 69 support vectors
altogether and the training error is 23.75% which is not optimal. However, we
want to emphasize that here our goal is not so much in classification but in
illustrating the whole DR process visually. The error rate, we believe, can be
further improved. Figure 5 (b) shows the result of K-means (that is, the original
K-means using the Euclidean distance) on the embeddings. The black square
in each area separated by the black boundaries is the median of the class. It
is obvious that this simple linear method results in numerous mistakes. It is
impossible to find straight lines that can separate those fingerprints correctly.

 

 

(a) SVM

 

 

(b) Kmeans

Fig. 5: SVM and Kmeans on the embedded data

6 Conclusions

In this paper, we apply TKE to clustering and visualizing fingerprints in a 2-
dimensional space. Twin Kernel Embedding (TKE) is dimensionality reduction
method proposed recently that can process structured or non-vectorial data di-
rectly without vectorization. In this work, it is applied in learning an optimal
kernel in the lower dimensional embedding or latent space from a distance metric
defined on the input fingerprints instead of a kernel. The output are the embed-
dings of the fingerprints and a kernel Gram matrix in the latent space that can
be used in subsequent learning procedures like Support Vector Machine (SVM)
for classification or recognition. Experimental results supported positively the
usefulness of the proposed method.

Several issues still need to be investigated further in the future. Though we
can use the images of the kernel Gram matrices as shown in figure 4 to distinguish
their differences, a method for quantifying the amount of information loss is
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necessary to determine how much information is actually preserved by the DR
methods. Another problem is the initialization for TKE. If a similarity matrix
other than a kernel Gram matrix is the only available information about the
input, it is still unclear how to give an initial value for the embeddings since
in general TKE only has local minimum solutions, thereby rendering random
initialization infeasible.
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