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ABSTRACT

The so-called robust L1 PCA was introduced in our recent work1 based on the L1 noise assumption. Due to
the heavy tail characteristics of the L1 distribution, the proposed model has been proved much more robust
against data outliers. In this paper, we further demonstrate how the learned robust L1 PCA model can be used
to denoise image data.

Keywords: Robust L1 PCA, Bayesian Inference, Image Denoising

1. INTRODUCTION

Most models favor a Gaussian likelihood distribution, for example, the Gaussian noise model assumption in the
probabilistic principal component analysis (PPCA).2 However if the underlying process generating the data set
is not controlled by a Gaussian distribution, then the model that favors a Gaussian estimate may interpret the
data set in a misleading way, in particular when there exist data outliers. A robust model that resists any data
outliers or non-Gaussian noises is always preferred in dealing with real-life data. One solution is to favor an
assumption of heavy tailed distributions in the models.

The Student-t distribution and the Laplacian L1 distribution are two examples of the so-called heavy tailed
distributions. In fact, the Student-t distribution is a heavy-tailed generalization of the Gaussian distribution.
Compared with Gaussian distributions, using Student-t distributions or Laplacian L1 distributions in a model
significantly increases its robustness. Such kind of work has been done by a number of researchers under different
assumptions and different algorithm implementations. See the references 3, 4, 5, and 6. Also there are more
recent work such as the robust subspace mixture model,7 in which both the likelihood and the latent variables
were supposed to be Student-t distributions and the EM algorithm was applied to the model; robust generative
subspace models,8 in which the Student-t distribution is expressed in an infinite superposition of Gaussian
distribution; robust projections,9 in which the authors considered the robust PPCA and PCCA algorithms; and
robust Bayesian interpolation and independent component analysis (ICA).10 Most recently Ref 11 discussed the
robust models in the context of finite mixture models.

The purpose of heavy tailed distributions is to deploy a robust statistical model to cope with possible data
outliers. Recently one of the authors1 gave a new robust PCA model based on the L1 distribution which is much
less sensitive to outliers compared to the Gaussian density. The approach of using the L1 distribution originates
from LASSO,12 and has caught some interest in machine learning13 and statistics. There is a long history in
favor of the L1 robust models. In early 1996, Ref 14 proposed the first L1-PCA model. The resulting PCA is
connected to the canonical correlation analysis of the original data. By replacing L2-norm (associated with a
Gaussian assumption) with L1-norm (associated with the L1 distribution assumption), Ref 15 proposed a matrix
factorization algorithm which can handle outliers and missing data. Similar to Ref 15, the so-called R1-norm (a
modified L1-norm) was employed in the matrix factorization algorithm in the context of PCA.16

This paper is concerned with the application of the generative modelling for robust L1 PCA (L1 PCA) in
image denoising. Although it has been proved in Ref 1 that the robust L1 PCA is very robust to outliers and
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noise existed in the training data set, we further investigate the capability of the robust L1 PCA in assisting
noise removing. Denoising data based on a built-in model is a direct application of the modeling algorithm.

The standard PCA is considered as one of standard denoising methods for preprocessing data sets. The
algorithm can be found in many textbooks such as Ref 17. Further development on the denoising application of
the state-of-art PCA-type algorithms can be seen in recent years. For example, Refs 18 and 19 present denoising
algorithms for enhancing noisy signals based on Local ICA (Local Independent Component Analysis: LICA)
and Kernel PCA (KPCA). KPCA is the PCA version in the feature space induced by kernel functions, see
Ref 20. The algorithm LICA relies on applying ICA locally to clusters of signals embedded in a high-dimensional
feature space of delayed coordinates. Ref 21 presents an effective denoising algorithm as a multivariate extension
of the well known wavelet denoising procedure by combining a straightforward multivariate generalization of a
classical one and principal component analysis and the adapted algorithm was applied to multichannel neural
recordings. The first denoising algorithm based on the kernel PCA was designed in the feature space by Mika et
al.22 Now it has be further investigated recently in Ref 23 to recover the subspace and dimensionality relevant
for good classification. Thus the algorithm can be used to denoise data in feature space in order to yield better
classification results.

In the next section, we give a review on the robust L1 PCA model. In section 3 a sophisticated denoising
algorithm is introduced along with the successive L1 regression procedure. Then, in section 4, we present the
experimental results to evaluate the presented methods. Finally, in Section 5, we present our conclusions.

2. REVIEW OF ROBUST L1 PCA MODEL

Let Y = {yi : i = 1, 2, . . . , N} be N independently identical random variables with values in RD. The model
we consider assumes that each yi = (yi1, yi2, ..., yiD)> can be additively decomposed as a linear latent variable
model and noise given by

yi = µ + Wxi + εi (1)

where µ is the mean of the data Y , xi = (xi1, xi2, ..., xid)> ∈ Rd is the d-dimensional vector of latent variables,
the D × d matrix W is called the loading factor, and εi is a vector of additive noise with E[εi] = 0 and
Covar[εi] = 2σ2ID.

In the formatting of the robust L1 PCA as done in Ref 1, the joint distribution of all the components of εi

is supposed to be,

pL1(εi|σ) =
1

(2σ)D
exp

{
− 1

σ
|εi|1

}
, (2)

where |εi|1 = |εi1|+|εi2|+· · ·+|εiD|. That is, the error components εij are independent and identically distributed
according to a centered Laplacian distribution.

The robust L1 PCA model employs a generative Bayesian model in which we suppose a prior on the latent
variable as the 0 mean and unit variance of Gaussian, i.e., p(xi) = N (xi|0, Id) and a prior on the precision
ρ = 1/σ2 as a Gamma distribution pσ(ρ) = Γ(ρ|aρ, bρ) with parameters aρ and bρ.

Given the above specifications, the joint distribution of the data set Y = {yi}N
i=1, the latent variable X =

{xi}N
i=1, the hidden parameters σ is given by

P (Y, X, σ|W ) =
N∏

i=1

pL1(yi − µ−Wxi|σ)p(xi)pσ(ρ) (3)

Under the approach of Bayesian inference and learning, one should work with the posterior distribution

p(X, σ|Y, W ) =
∏N

i=1 pL1(yi − µ−Wxi|σ)p(xi)pσ(ρ)
p(Y |W )

. (4)



Unfortunately, we cannot compute the posterior analytically as the denominator p(Y |W ) necessitates an in-
tractable integration due to the Laplacian distributions in the likelihood assumption.

In Ref 1, a sophisticated variational EM-type algorithm was adopted based on the decomposition of the
Laplacian distribution into a superposition of infinite number of Gaussian distribution with a precision controlled
by the inverse Gamma distribution. Simply speaking instead of directly handling with the Laplacian distribution
in the Bayesian inference, we can turn to a mixture of infinite number of Gaussian. By this way another
latent variable βij (the precision of Gaussian components for the Laplacian) was introduced for the Laplacian
distribution corresponding to every component of error for each data point. Then the approximated posterior
distribution can be obtained, under the variational Bayesian framework, by assuming that the independency of
the latent variables, i.e.,

p(X, σ, β|Y, W ) ≈ Q(X)Q(σ)Q(β)

The variational Bayesian algorithm is iterative in the sequence of updating Q(X), Q(β), Q(ρ) and the
parameter W . Please consult to Ref 1 for details. To save room, only the updating formulae for Q(X) and W
listed as follows, please note that we have denoted by u the mean of u with respect to the approximate posterior
Q(u),

The approximated Q(X) (or Q(xi)) is a Gaussian given by

N (xi|xi,Σi)

where

Σi = (Id + ρW>βiW )−1

xi = ΣiρW>βiyi.

And the W can be optimized by

max
W

L(W ) = −ρ

2

N∑

i=1

[
(yi −Wxi)>βi(yi −Wxi) + Tr(βiWΣiW

>)
]
+ const.

The above optimal problem can be decomposed into D linear least squares problems which are easily to solve.

Thus for a given data set Y = {yi : i = 1, 2, . . . , N}, we can build up the model (1) through the variational
learning by finding W and each latent variable xi.

3. DENOISING ALGORITHM

In this section we denote by Y = {yi : i = 1, 2, . . . , N} a set of N images which may contain some noised images.
Each image is considered as a higher dimensional vector. Take Y as the training set and suppose we have learnt
the corresponding robust L1 PCA model (1).

Our denoising problem is formulated as: Given a new “noised” image y, we want to find the denoised version
ỹ based on the information provided by the model (1). This is equivalent to find ỹ such that

ỹ = µ + Wx (5)

where x is the latent counterpart of the “noised” image y under the given model. Note that we don’t know the
latent value x.

In the denoising process, the focus is to infer the latent variable value x from the model. Under the assumption
of generative Bayesian model, all the information on x is encoded in the following posterior distribution

p(x|y,W, Y ) ∝ p(y|x,W )p(x|Y, W ) = pL1(y − µ−Wx)p(x|Y, W )

= pL1(y − µ−Wx)
∫

p(x|X, σ, Y,W )p(X, σ|Y, W )dXdσ (6)



where p(X, σ|Y, W ) is defined in (4).

Due to the L1 distribution in the model, it is very hard to infer x from p(x|y,W, Y ) according to (6). Now
we propose an alternative way for the sake of simplifying the denoising process.

Consider the “noised” image y and its latent counterpart x. They should satisfy the learnt model

y = µ + Wx + ε

where W has be learnt from the robust L1 PCA procedure and ε is supposed to be L1 noise. Thus we can solve
the latent variable through the following L1 linear regression problem

min
x
‖y −Wx‖L1 (7)

It is very complicated to directly solve (7) due to the L1 distance. We shall note that W = [w1, ...,wd]
consists of all the d learnt L1 principle components as its columns ordered according to its importance, more
detail please refer to Ref 1. This fact suggests that we could use a successive approach. At the first step, we
solve the follow L1 regression problem with a single regressor w1

min
α1

‖y − α1w1‖L1 =
D∑

j=1

|yj − α1wj1| (8)

The algorithm for the problem is very simple.

1. Throw away wj1 = 0, those components dont matter.

2. Compute zj := yj/wj1, and cj = |wj1|.
3. Order the zj in increasing order, if several zj coincide, coalesce them but redefine the corresponding cj as

the sum of all ci with zi = zj . Thus, after step 3, we can assume that z1 < z2 < ... < zm, m <= D, and
cj > 0 where the same notation is used for the situation after re-ordering only for simplicity.

4. Compute sk =
∑m

j=k c(j), and define the index k0 where the sequence tk = 2sk − s1 changes sign, i.e.,

tk0−1 ≥ 0 ≥ tk0

5. set α∗1 = zk0 .

The value α∗1 = zk0 given by the algorithm is the solution to the single regressor L1 problem defined by (8).

Once the optimal α∗1 is found from the above algorithm, calculate the error y1 = y − α∗1w1 and build the
second single regressor L1 problem as follows

α∗2 = arg min
α2

‖y1 − α2w2‖L1

The same procedure applies to each of the L1 component wi (i = 1, 2, ..., d) to get the optimal estimate α∗i .
And the latent variable x is defined as x = (α∗1, α

∗
2, ..., α

∗
d)

T .

Finally the denoised version is given by
ỹ = µ + Wx.



4. EXPERIMENTS

To demonstrate the effectiveness of the proposed denoising algorithm, the experiment is conducted for the real
life data. Particularly, a subset of handwritten digits images is extracted from the MNIST database∗. We chose
50 images of digit 6 as the training data. All images are in grayscale and have a uniform size 28 × 28 pixels.
Thus the input data are in a very high dimensional space D = 784.

In addition to the 50 images, we also add several corrupted images of digit 6 to the data set. The noise added
is generated from a uniform distribution on the interval [10, 400] and then the corrupted images are scaled to
the standard gray levels from 0 to 255. Based on the data set, a linear model was constructed by using of the
robust L1 PCA algorithm. Ten learnt L1 principal components are displayed in Figure 1.

(a) Ten L1 principal components obtained by the robust L1 PCA algorithm

(b) First ten principal components obtained by the standard PCA algorithm

Figure 1. The principal components revealed by two PCA algorithms on a dataset of 50 training images plus 6 additional
corrupted images

For the purpose of comparison we have also provided the first 10 principal components obtained by the
standard PCA algorithm. Due to the corrupted data in the dataset, the standard PCA tries to explain all the
training data under the assumed model, thus we have seen the corrupted information in at least first 5 principal
components revealed by the standard PCA. However the result revealed by the robust L1 PCA algorithm is
much robust to the corrupted training data. Only can we observe the corrupted information in the seventh and
tenth principal components.

In the next step we are going to test the denoising capability of the robust L1 PCA model. We randomly
picked up four images of digit 6 from the test database and add the uniform noise to the digit images. The
corrupted images are shown in the first row of Figure 2.

In the denoising implementation, we only use the first eight principal components in the denoising algorithm,
i.e., we conducted 8 successive single regressor L1 problems as suggested in section 3. For a fair comparison with

∗MNIST handwritten digits database is available at http://yann.lecun.com/exdb/mnist.



the standard PCA, we also use the first eight PCA components to reconstruct the images from the corrupted
ones.

The result are presented in Figure 2 where the second row shows the result from the standard PCA and the
third row gives the corresponding result from the robust L1 PCA denoising algorithm.

Figure 2. The denoising results: the first row gives the corrupted digit images from the test dataset; the second row
presents the result denoised by the standard PCA model; the third row shows the result provided by the proposed
denoising algorithm for the robust L1 PCA model

5. CONCLUSIONS

In this paper, we have shown that the robust L1 PCA can be used to denoise image corrupted with higher level
non-Gaussian noises. The algorithm is based on the generative probabilistic model for the L1 PCA. In order
to find tractable solutions for the denoising algorithm, we proposed a successive approach to the L1 regression
problem.
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