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Abstract 
 

The Markov model has been applied to many 

prediction applications including the student models of 

intelligent tutoring systems. In this paper, we extend 

this well-known model to the weighted Markov model, 

and then apply it to student models in order to predict 

student behaviors. The prediction using our models is 

based not only on the frequency of collective behaviors 

of previous users, but also on the degrees of the 

relations between the predicted user and others. In 

doing so, a novel way is presented to quantify the 

similarities between previous students and the current 

active student. These similarity scores will be used as 

weights in the weighted Markov model.  

 

1. Introduction 
 

As personalization and recommendation 

functionalities have become integral part of intelligent 

information systems, particularly for the e-commerce 

systems, user modeling has recently received a great 

deal of attention [2, 3, 7]. Similarly, intelligent tutoring 

systems (ITS) are capable of providing effective 

instruction through their adaptiveness and 

personalization.  This personalization cannot be 

achieved without its critical component -- the student 

model [4, 5, 6, 7, 9].  As one type of user models, 

student models analyze students’ behaviours, and 

predict their future behaviours, as well as learning 

performance. In particular, relying on knowledge about 

students contained in learning profiles, the models 

deduce what the students want and predict what actions 

they will take in the next step. Characterizing the 

students, the profiles form compact representations, 

which can be leaned from the training data, by 

maintaining the results from the students’ interaction 

with the system.  

Apart from the student model, an ITS contains an 

expert module that contains the domain knowledge of 

the system, and a pedagogical module that chooses 

appropriate teaching strategies. As the core component 

of an ITS, the student model plays a central role in an 

ITS. The vital issue of a student model is how to make 

the predictions of students using their profiles. 

Several existing systems employ machine-learning 

techniques [4, 8] to discover student knowledge behind 

the descriptions of the user's behavioral patterns. 

Substantial research [5, 10, 11, 12] has been devoted to 

using probabilistic reasoning frameworks to deal with 

the inherent uncertainty of the student actions and 

goals. A Bayesian network, for example, is used to 

predict what a student will do next after each action.  

Learning systems normally store detailed traces of 

students’ activities, thus producing huge sets of training 

data. 

As being utilized for studying and understanding 

stochastic processes, Markov models [1] have been 

shown to be well suited for modeling and predicting a 

user’s behavior in different applications. In the context 

of student models, the input is the sequence of actions 

taken by a student, and the goal is to build Markov 

models by which to predict the action that the student 

will most likely take next. 

In many applications, lower-order Markov models 

are not very accurate in predicting the user’s behavior, 

since these models do not look far into the past to 

correctly discriminate the different observed patterns. 

As a result, higher-order models are often used. 

Unfortunately, these higher-order models have a 

number of limitations associated with high state-space 

complexity, reduced coverage, and sometimes overall 

prediction accuracy. 

In this paper, we will present a technique for 

effectively combining observed patterns of users into 

lower-order Markov models so that the coverage and 



the accuracy are basically retained without using the 

higher-order Markov models. The key idea behind our 

technique is that observed patterns of different students 

that are to be utilized in higher-order models are 

implicitly be combined into lower-order models in the 

forms of various weights with respect to the action 

pattern being predicted. In particular, we present a 

weighted Markov models that weight the similarities 

between observed users and current users when 

calculating the next-selected possibility of each 

candidate state. The users who are observed to have 

similar behaviour patterns to the current user’s will 

have more influence than others on predicting this 

user’s behaviour.  In a word, we employ the lower-

order models without affecting the performance of the 

overall scheme. 

Even though our approaches are developed in the 

context of student models, they are suitable for 

prediction in different applications as well. 

The rest of this paper is organized as follows. 

Section 2 presents an overview of the problem of 

predicting a student next-action using Markov models. 

A detailed description of our weighted Markov models 

is presented in Section 3. Section 4 provides an 

approach to computing the weights, followed by an 

example in Section 5. After related work is presented in 

Section 6, Section 7 offers some concluding remarks. 

 

2. Markov Models for Predicting the 

Student Next-Action  
 

In this section, we present the problem of the 

student next-action predication. We assume that there 

is a set of m students }1:{ mjsS j ≤≤= , and a set of n 

actions }1:{ njaA j ≤≤= . Active student s ∈ S who 

is now in the state Ai, is referred to as the student 

whose next action through A needs to be predicted. 

Definition 1 Action graph: a directed graph that 

models all possible actions and their relations within an 

ITS system. The nodes represent actions, and the edges 

indicate the sequence relations between these actions. 

An action graph is denoted as G = (A, E), where A is a 

set of actions, and E is a set of their relations.  

Note that the actions in this paper refer to either 

knowledge points in domain knowledge networking or 

help actions. As an example, a set of actions can be A= 

{fact 1, principle 3, example 2, supplementary 

materials 1.2}. An action graph is depicted as Figure 1 

where we have },,,,,{ 754321 aaaaaaA = . 

Definition 2 Learning path: a sequence of 

actions ><
− 11 ,,, AAA ll L  by which a student has chosen 

during interacting with an ITS at different stages.  

As a subset of G, a learning path refers to action 

paths which either previous students or the active 

student has chosen so far. Different students may have 

various learning paths. It is likely that students with 

similar backgrounds may choose the similar learning 

paths. As illustrated in Figure 1, the learning paths of 

six prior students are denoted as
54321 ,,,, sssss , and

6s , 

respectively. These learning paths result from students 

traversing through the action graph, each beginning 

with the corresponding student’s first action, and 

terminating with his/her most recent action. 

ITS systems normally keep record of learning paths 

of different students, which consist of history training 

data.  

Definition 3 Problem of student next-action 

predication: Given the history data of different students 

and an active student using an ITS system, we will 

predict the next action of the active student, based on 

the data and the actions that the student has taken so 

far. 

The next-action prediction problem can be solved 

using a probabilistic framework as follows. Let G⊆Ω  

be a student’s learning session of length l (i.e., it 

contains l actions), and let )|( ΩaP  be the probability 

that the student takes next-action a. Then, the action 

al+1 that the student will take next is given by 
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where A is the total set of actions being present on 

the action graph. Essentially, for each action a, this 

approach computes its probability of being taken next, 

and then selects the action that has the highest 

probability.  

The key step in determining al+1 from Equation 1 is 

to be able to compute the various conditional 

probabilities given the student’s current learning 

session Ω . In general, it is not feasible to accurately 

calculate these conditional probabilities because (i) the 

learning sessions can be arbitrarily long, and (ii) the 

size of the available training set is not big enough to 

accurately estimate them for long learning sessions. For 

this reason, the conditional probabilities are commonly 

estimated by assuming that the sequence of actions 

taken by the student follows a Markov process. This 

implies that the probability of taking an action a does 

not be computed from all the actions in the learning 

session, but only from a small set of k preceding 

actions, where lk < . Using the Markov process 

assumption, Equation 1 for predicting the action al+1 

that the student will visit next is simplified by 
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Figure 1: An action graph, training and test 

sets 

 

In order to use the kth-order Markov model, we 

need to learn Al+1 for each learning path of k actions, 

>=<
−−−− lklkl

k

j AAAS ,,, )2()1( L , where Sj∈ , by 

estimating the various conditional probabilities, 

),,,|( )1(11 −−−+ = kllll AAAaAP L  of Equation 2.  

Using the maximum likelihood principle, the 

conditional probability is computed by  
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where )( k

jj Sn amounts to the number of times that 

the sequence k

jS was chosen, and ),( aSn k

jj the number 

of times action a was chosen immediately after k

jS , 

both by student j (1 ≤ j ≤ m) in the training set. In other 

words, the conditional probability equals the ratio of 

these two frequencies. When calculating the frequency 

of Sk, it is in fact counting the number of students who 

visited this path sequence.  

Based on Equation 2, among all candidate actions, 

the action with the highest possibility will be predicted 

as the next action of the active student.   

Of the different variations of Markov models [1], it 

is generally found that higher-order Markov models 

display high predictive accuracies on various 

applications that they can predict. As mentioned 

before, however, we use the k-th order Markov model 

instead of the original l length one because of 

infeasibility of determining the conditional 

probabilities of large number of states. In practice, one 

normally employs the 2-th order Markov model. This 

simplification comes at a price of making use of only 

part of information in the training data. The data 

beyond 2-th order sessions, which is the learning paths 

with the length of (l-2), has totally been ignored. One 

of our contributions in this paper is to utilize this useful 

higher-order information in such a way that does not 

increase much the space and run-time requirements. 

 

3. Weighted Markov Models  
 

The next-action prediction problem using the 

Markov model is basically based on the following idea. 

From Equation 1, from the candidates of the current 

state, the active student is predicted to choose the next-

action that has already been taken by the highest 

proportional number of prior students.  In other words, 

the higher number of students has chosen an action, the 

more likely the active student will follow. The 

prediction result is in principle rooted in the voting, 

regardless of what kinds of students have made the 

votes.   

The problem of using the Markov models in student 

models is that it completely ignores the differences 

between students.  It is natural that a student will likely 

choose the learning path that is more similar to that 

chosen by those who exact more influence on this 

particular student. That is to say, we should not only 

consider the number of a particular action being chosen, 

but also take into account the influence of the persons 

who have made such choices. In particular, we will 

assign a higher weight to the students who have more 

influence on the active student. Based on the learning 

path this student has already chosen, we will develop 

an approach to calculating the similarity values 

between this student and others. By considering these 

factors, Equation 3 for computing the probability is 

adjusted accordingly: 
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a1 

a2 
a3 

a4 a5 

a7 a6 

Training set 

>< 34311 ,,,: aaaas  

>< 653212 ,,,,: aaaaas  

>< 213 ,: aas  

>< 23434 ,,,: aaaas  

>< 353215 ,,,,: aaaaas  

>< 543123216 ,,,,,,,: aaaaaaaas  

 

Test set 

>< ?,,,,,: 43321 aaaaas  



That is, the number of the learning paths that student 

j visited is weighted by the different weight wj of each 

student.  The conditional probability is now regarded as 

the ratio of weighted frequencies. Unlike Equation 3, 

Equation 4 differentiates who has visited the learning 

paths, not just counting the number of visited paths.  

The implications of Equation (4) are at least of 

twofold: (1) the more number of previous students have 

chosen an action, the more likely the active student will 

do the same one. This is as same as the original 

philosophy of Markov models; and (2) the active 

student will more likely take the next action that was 

chosen by the students who are similar to her/him in 

terms of choosing the similar past learning paths.  

Using Equation (3) of the normal Markov model, 

the predicted action will always be the same one if the 

number of students following the leaning path 

>< aS j ,
2 remains unchanged, regardless of which 

students chosen these paths. From Equation (4), in 

contrast, we can conclude that different active student s 

may have different results of next-action prediction 

even though there exists the same data  >< aS j ,
2  in the 

training data set k

jS  .We also note that Equation (3) is 

equivalent to be Equation (4) if all weights wj are 1s.  

 

4. An Approach for Calculation of Weights   
 

Up to this point, we have presented our weighted 

Markov model. The question of how to calculate the 

weights remains unsolved. 

The weights in our model reflect the degrees of 

similarities between the active student and other 

students in S who have used the system. In the 

following, we will present an approach to computing 

such similarities. 

It is assumed that the active student s has chosen the 

l-length learning path (l> 2) >< il

k

j pS , when we predict 

her next probable action. Due to the computational 

complexity, we normally use the lower order Markov 

model as mentioned before. In this paper, we employ 

the second-order Markov model; that is, >< aS j ,
2 . This 

means the action sequences occurring before the latest 

two actions ( 2

jS−Ω  ) are ignored. However, we make 

use of these sequences by using the similarity score. 

The basic idea of measuring student the similarity is 

(1) to represent a student as a sequence of actions that 

have been taken; (2) to find the longest-common-sub-

sequence (LCS) through the best matching between two 

sequences using dynamic programming techniques; and 

(3) to calculate the similarity value between the action 

sequence of the active student and the LCS.  

 

4.1. Student represented as action sequences 
 

In order to quantify the similarity between students, 

we must choose features to characterize a student. 

Students in ITS systems are different from each other 

in that each one chooses various actions, and the 

sequences of these actions, and their lengths. One 

difference between our similarity measure and others: 

we consider a learning session as a sequence rather 

than a set. For example, Jaccard coefficient, 

||/||),( 212121 SSSSSSsim ∪∩=  is widely used. We 

argue that a sequence can better represent the nature of 

a learning session than a set. For example, using 

Jaccard Coefficient similarity measure there is no 

difference between three learning sessions 

>< 4321 ,,, aaaa , >< 4132 ,,, aaaa  and >< 3421 ,,, aaaa . 

Intuitively, students who study with “a1”, then with 

“a2”, are different from those who study “a2” directly, 

because “a1” may be the pre-requisite knowledge for 

“a2”. In ITS systems, it matters in terms of pedagogies 

what kinds of actions a student chooses and its chosen 

sequence. 

How to define a learning session for students? We 

can pre-assign a time window size, say T.  For 

comparison we select all learning paths with the time 

interval T. This is based on the fact each action is 

associated with a timestamp.  

   TimeStamp (the last action in a learning path) =  

timestamp ( the first action in the learning path) + T 

The problem of calculating the similarity score is 

equivalent to finding the longest common subsequence 

between two sequences 

 

4.2 Finding the longest-common-subsequence 
 

This problem is referred to as the longest-common-

subsequence problem [13]. We rephrase the problem as 

follows: Given a learning sequence 

>=< maaaA ,,, 21 L by the active student, another 

sequence >=< kzzzZ ,,, 21 L is the sub-sequence of A if 

there exists a strictly increasing sequence 

>< kiii ,,, 21 L of indices of A such that for 

all kj ,,2,1 L= , we have jij za = . Given two learning 

sequences A and B, we say that a sequence Z is a 

common subsequence of A and B if Z is a subsequence 

of both A and B. For examples, if 

>=< 2142321 ,,,,,, aaaaaaaA  and 

>=< 121342 ,,,,, aaaaaaB , the LCS of A and B are 



>< 1232 ,,, aaaa or >< 2142 ,,, aaaa with the length of 4. 

rather than being >< 132 ,, aaa . 

 

4.3 Calculating the similarity score 
 

The similarity between two sequences can be 

quantified by the number of changes needed to turn one 

into another.  This idea is similar to the well-known the 

edit distance that describes how many fundamental 

operations such as insertions and substitutions are 

required to transform one string into another. We 

therefore arrive at   

||

|),(|
),(

A

BALCS
BAw =  

In the previous example, we have 

>=< 2142321 ,,,,,, aaaaaaaA  

>=< 1232 ,,,),( aaaaBALCS or >< 2142 ,,, aaaa . So we 

have w(A, B) =4/7. It is obvious that w(A,B) ranges in 

[0,1]. That is, when A is a subset of B, their similarity 

reaches the maximum value 1.  

Like other approaches, the application of weighted 

Markov models cannot avoid the cold-start problem. 

When the active student starts to use the system, there 

is no an established profile including the chosen action 

sequences associated with the student. Therefore, the 

similarity scores cannon be calculated.  A 

straightforward way of overcoming this problem is to 

utilize the normal Markov models where all weights are 

set to the same values. 

As the active student continues using the system, 

his/her learning paths will become longer and longer. 

The predication of next-action is more accurate by 

using this longer sequence for computing the similarity 

scores. In addition, the more accurate the predication 

result will be, the later actions being taken by the active 

student is utilized. This suggests that the weighs should 

take into account the length of learning paths, and the 

time of these actions taken. Formally, we have the 

following equation  

),()1(),(' BAwe
k

l
BAw t−

+=  

where l is the window size as the length of learning 

paths, and t the latest timestamp associated with the 

action of the learning path.  Obviously, the similarity 

score is damped exponentially by time, while being 

increased linearly by the window size.  When the 

learning paths are formed long time ago, i.e., ∞→t , 

and k=2 ( the second-order model), we have 

),(),(
'

BAwBAw = . 

 

5. An Example 
 

Comparing the Markov model to our weighted 

Markov model, we provide an illustrative example in 

Figure 1 in this section.  

 

5.1 The Markov model 
 

As depicted in Figure 1, the history data are 

}61:{ ≤≤= jsS j
which records the learning path of 

prior six students. The action set is }71:{ ≤≤= jaA j . 

The active student s is currently in state a4. The 

problem of student next-action predication of this 

particular case is to predict which action the active 

student most probably chooses from three possible 

candidate actions a3, a5 or a7. According to Equation 3, 

we have from the training data 
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According to Equation 2, we have  
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The action a3 will be predicted.  

 

5.2 Weighted Markov model 
 

We first compute the similarity score between active 

student s and s1, s4 and s6, respectively: 
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According to Equation 4, we then have 
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Finally, we predict that the next-action of the active 

student is the action a5 instead of a3: 
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Examining the leaning paths of S6 and s, we should 

not surprise this prediction result because they have 

much common in the learning paths. 

  

6. Related Work 
 

Several improvements on the Markov models have 

been proposed. Cadez et al.[2] utilize Markov models 

for classifying browsing sessions into different 

categories. Users with similar navigation patterns are 

grouped into the same cluster using a clustering 

approach, and each cluster is then represented by a 

Markov model. Deshpande et al. [1] propose 

techniques for combining different order Markov 

models to obtain low state complexity and improved 

accuracy. The method starts by building the all kth-

order Markov model, and employs three schemes to 

eliminate states that have low prediction accuracy. Our 

approach starts with a low-order Markov model, and 

effectively makes use of the useful information 

included in the higher-order model.  

 

7. Conclusion 
 

In this paper, we have presented a weighted Markov 

model that distinguishes the users in training data for 

computing the probabilities of states. By doing so, the 

observed patterns occurring in higher-order models can 

effectively be used in lower-order models without 

increasing computational complexity. A novel way of 

computing the weights in the context of student models 

was also presented. The future work includes 

experiments on the real data. 
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