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Abstract. A new iterative procedure for solving regression problems
with the so-called LASSO penalty [1] is proposed by using generative
Bayesian modeling and inference. The algorithm produces the antici-
pated parsimonious or sparse regression models that generalize well on
unseen data. The proposed algorithm is quite robust and there is no
need to specify any model hyperparameters. A comparison with state-
of-the-art methods for constructing sparse regression models such as the
relevance vector machine (RVM) and the local regularization assisted
orthogonal least squares regression (LROLS) is given.

1 Introduction

In the setting of supervised learning we are given a set of examples of input vec-
tors {xi}N

i=1 (features) along with the corresponding targets {ti}N
i=1. We suppose

that input data is of dimension d. Using this data we wish to build a prediction
model or learner which will enable us to predict the outcome for new unseen
inputs. Of those modeling methods, the least absolute selection and shrinkage
operator (LASSO), aiming at providing parsimonious models, has attracted great
attention in the past decade. The LASSO method was first introduced by Tib-
shirani [1]. It has the appealing ability to prune predictors whose effects are
actually zero. The LASSO estimate is defined by

β̂lasso = argmin
β

N∑
i=1

(ti − β0 −
d∑

j=1

βjxij)2, Subject to:
d∑

j=1

|βj | ≤ s. (1)

There are many ways to compute the solution of the LASSO such as the Non-
Negative Squared algorithm [2] and the scaled Gradient Projection for Sparse
Reconstrunction [3]. A recent survey on LASSO is [4]. Cross-validation is a viable
tool for estimating the best value of s, but the least angle regression (LAR)
procedure [5] turns out to be a better approach. However, although the LAR
procedure could identify all the solution paths, we still need to decide the number
of predictors to be used in the model.
? The author to whom all the correspondences should be addressed.



In recent years, the support vector machine (SVM) [6] and kernel machine
models (KMM) [7, 8] have attracted considerable interest. These techniques have
been gaining increasing popularity and are regarded as state-of-the-art tech-
niques. The model used is

t = t(x;β) + ε = β0 +
N∑

i=1

βik(x,xi) + ε (2)

where k(x,xi) is a kernel function and ε is an additive noise. The key feature of
the SVM is to prune all the unnecessary k(x,xi) and results in a sparse model
dependent only on the so-called “support vectors”. However, the SVM technique
is not always able to construct parsimonious models such as in system identi-
fication [9]. This inadequacy motivates researchers to explore new methods for
parsimonious models. Tipping [10] first introduced the relevance vector machine
(RVM). Chen [8] derived a novel method for constructing sparse kernel models
based on the orthogonal least squares (OLS) algorithm [11]. Both are efficient
learning procedures for constructing sparse models. There is a lot of literature
concerning the problem of regressor selection, see for example [12–15].

In this paper, we propose an approach by applying the L1 LASSO penalty
in (1) to the weights βj in model (2) to gain model sparsity while adopting a
Bayesian learning and inference approach for solving the problem. The rest of
the paper is organized as follows. In Section 2, the concepts of L1 LASSO in
Bayesian formulation are given and the algorithm for finding L1 LASSO solu-
tions is presented. The experiments are carried out in Section 3, followed by our
conclusions in Section 4.

2 Bayesian LASSO Model Formulation

In supervised learning we are given a set of examples of input vectors X =
[x1,x2, ...,xN ] ⊂ Rd, d is the dimension number of input space, along with
corresponding targets t = (t1, t2, ..., tN )T which are independent and identically
distributed (iid). We assume that the model noise random variable ε follows a
Gaussian distribution of mean 0 and variance σ2. Without loss of generality, we
will assume β0 = 0 in our discussion.

Let K be the Gram matrix of the kernel function k defined on the input data
X. Due to the assumption of independence of the data points, the likelihood of
the complete dataset can be written as

p(t|X,β, σ2) =
1

(2πσ2)N/2
exp

{
− 1

2σ2
‖t−Kβ‖2

}
(3)

For the L1 LASSO penalty on weights β = (β1, β2, ..., βN )T , we impose on
β a prior of joint Laplacian distribution, defined as

p1(β|λ) =
(
√
λ)N

2N
exp

{
−
√
λ(|β1|+ |β2|+ · · ·+ |βN |)

}
. (4)



To develop a generative Bayesian model, we further suppose priors on both
the inverse of the noise variance 1/σ2 and the variance of the Laplacian distri-
bution λ. A suitable prior for the scale parameter τ = 1/σ2 could be a Gamma
distribution:

p(τ |a, b) = Gamma(τ |a, b) =
ba

Γ (a)
τa−1 exp{−bτ}.

In our experiments, we fix its parameters to a = 500 and b = 1.
Given specifications (3) and (4), the joint distribution of the data set (X, t),

the weight variables β and the hyperparameter τ (or σ2) is given by

p(t,β, τ |X) = p(t|X,β, τ)p1(β|λ)p(τ |a, b) (5)

Unfortunately, we cannot compute the posterior of β analytically as the de-
nominator p(t|λ) in Bayesian formula necessitates an intractable integration due
to the existence of Laplacian distribution. However, the Laplacian distribution
p1(β|λ) can be expanded as a superposition of an infinite number of Gaussian
distributions [16]

p1(β|λ) =
∫ ∞

0

√
ηλ

2π
exp

{
−ηλ

2
β2

}
p(η)dη with p(η) =

1
2η2

exp
{
− 1

2η

}
(6)

Instead of directly handling the joint distribution defined in (5) we introduce
a new latent variable ηi for each βi as defined in (6) and consider the following
joint distribution

p(t,β,η, τ |X) =
1

(2πσ2)N/2
exp

{
− 1

2σ2
‖t−Kβ‖2

}
× ba

Γ (a)
τa−1 exp{−bτ}

×
N∏

i=1

√
ηiλ

2π
exp

{
−ηiλ

2
β2

i

}
1
2
η−2

i exp
{
− 1

2ηi

}
(7)

The new distribution can be handled by using a variational Bayesian ap-
proach [17–19]. We can absorb λ into ηi by setting λ = 1. The purpose of the
variational Bayesian approach is to approximate the posterior p(β,η, τ |t, X)
by appropriate independent distributions Q(β)Q(η)Q(τ). Q(β), Q(η) and Q(τ)
can be approximated by an iterative procedure defined as follows, u means the
expectation of u with respect to the approximated posterior Q(u),

1. The best Q(β) is a Gaussian given by N (β|β, Σ) with the mean β =
Σ−1τKT t and covariance Σ = (diag(η) + τKTK)−1.

2. The best Q(η) (or Q(ηi)) is the Generalized Inverse Gaussian (GIG) distri-
bution given by

Q(ηi) = G(ηi|λ, χ, ψi) =
(ψi/χ)

λ
2

2Kλ(
√
χψi)

ηλ−1
i exp

{
−1

2
(χ/ηi + ψiη)

}
where λ = − 1

2 , χ = 1 and ψi = βi and Kλ(·) is the modified Bessel function

of the second kind. Then ηi = 1/
√
β

2

i .



3. The best Q(τ) is still a Gamma distribution Gamma(τ |a′, b′) where

a′ = a+
N

2
and b′ = b+

1
2
(t−Kβ)T (t−Kβ) +

1
2
tr(KTKΣ)

which gives τ = a′/b′.

An iterative algorithm can be constructed based on the above three steps
which we call the Variational Bayesian Inference Algorithm (VBIA). For those
points (xi, ti) whose ηi is increasing in the iterative process, the corresponding
weight βi would approach 0. Unfortunately the convergence speed is quite slow
and an improved procedure is desired. We note that in the joint distribution (7)
the variable β can be analytically integrated out. We can take this advantage to
propose a new procedure for the optimal latent variables η and τ .

Define L = log p(t,η, τ |X) = log
∫
p(t,β,η, τ |X)dβ. Then we find MAP

estimate for η and τ by maximising L. It is easy to have the exact same iterative
formula for τ as in step 3. However we propose the following iterative formula
for η

ηnew
i =

1/ηi − 3

β
2

i +Σii

(8)

where Σii is the ith diagonal element of Σ. That is, instead of using the iter-
ative formula for ηi in step 2, we use (8). We call this algorithm the Modified
Variational Bayesian Inference Algorithm (MVBIA) for the LASSO problem.

3 Modeling Examples

In this section, we will test the new MVBIA method for LASSO regression prob-
lems on both a synthetic data set and one real world data set. The experiment
will be used to compare MVBIA to two other related algorithms, Chen’s LROLS
[8] and Tipping’s RVM [10].

Example 1: In this example we use a Gaussian radial basis function (RBF)
network to model the scalar function

sinc(x) = sin(x)/x, −10 ≤ x ≤ 10.

A set of training data {(xi, ti)}100i=1 is generated for the input xi by drawing from
the uniform distribution over [−10, 10] and target noise within ti was given by a
Gaussian with zero mean and variance 0.1. The target is quite noisy compared
to the maximal target values ±1.

In the experiment, the width of the RBF kernel function is set to 3. The full
RBF model (2) is defined by all the RBF regressors with centers at each input
training data, thus N = 100. The MVBIA method produced a sparser 7-term
model. The iterative procedure was terminated at 34 iterative steps when the
change of the log value of the successive ηi was less than a given threshold of
0.01.
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(a) Model by the MVBIA
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(b) Model by the RVM
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(c) Model by the LROLS

Fig. 1: Dots are the noise training data, the dash-curve is the underlying function
sinc(x), the solid curves are models generated by algorithms and the marker ◦ indicates
the key regressor vectors selected by each algorithm.

Table 1 compares the MSE values over the training and testing sets for the
models constructed by the LROLS [8], the RVM [10], and the MVBIA. The result
given by MVBIA is comparable to the result generated by both RVM and LROLS
algorithms. Although it is reported that the LROLS has less computational
cost due to a forward model selection procedure, however in practice we need
to run the LROLS at the full size to let each regularizer settle down on the
appropriate scale. In practice, after several initial iteration most of the non-
significant regressors have been pruned out from the model in MVBIA. The
graph of the 7-term model produced by the MVBIA is shown in Figure 1 (a)
where the significant vectors (or selected regressors) are marked with ©. From
Figure 1 (b) we can see poor performance of the RVM on the left hand side of
the curve.

Table 1: Mean Square Errors (regrs=regressors)

Example 1

Methods LROLS (9 regrs) RVM (6 regrs) MVBIA (7 regrs)
Training MSE 0.00137469 0.00180249 0.00126753
Test MSE 0.00137368 0.0245362 0.00126916

Example 2

Methods LROLS (34 regrs) RVM MVBIA (11 regrs)

Training MSE 0.000435 N/A 0.00045094
Test MSE 0.000487 N/A 0.00047714

Example 2: In the second example, we are about to construct a model repre-
senting the relationship between the fuel rack position (input) and engine speed
(output) for a Leyland TL11 turbocharged, direct inject diesel engine operated
at low engine speed. A detailed system description and experimental setup can
be found in [20]. The data set consists of 410 samples. We use the first 210
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(b) One-step prediction
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(c) Iterative prediction

Fig. 2: The results of modelling the relationship between the engine speed and the fuel
rack position

data points as training data in modeling and the last 200 points in model val-
idation. An RBF model of the form (2) is used with the input xi given by
xi = [ti−1, ui−1, ui−2]T where ti−1 is the engine speed and u means the fuel
input at the last time step.

The variance of the RBF kernel function was chosen to be 1.69. The total
number of regressors is N = 210 at the initial stage. The MVBIA algorithm
produced a model with 11-term significant regressors. The result is comparable
to the one given by LROLS, see Table 1. In our own experiments, a significant
effort was made to choose an appropriate value for the parameter ξ used as in
LROLS [8]. It is worth pointing out that MVBIA is more robust and insensitive
to changes of the initial parameters and is a completely automatic procedure.
For example the initial value of ηi is randomly chosen. The results are presented
in Table 1.

For this example, the RVM algorithm failed to build up a reasonable model,
due to numerical instability of the iterative loop for updating regularization
parameters. The constructed RBF model by the MBVIA algorithm was used to
generate the one-step prediction ti of the system output for i ≤ 410. The iterative
model output tdi was produced by xd

i = [tdi−1, ui−1, ui−2]T and tdi = t(xd
i ;β). The

one-step model prediction and iterative model output for this 11-term model
selected by the MBVIA algorithm are shown in Figure 2 in comparison with the
system output.

4 Conclusions

The MBVIA algorithm has been proposed for solving kernel regression mod-
eling problems with the LASSO penalty. Compared to the LROLS and RVM
algorithms the new algorithm is robust with respect to parameter settings. The
computational requirements for this iterative model algorithm are very simple
and its implementation is straightforward. The core idea can be easily extended
to other penalty measures such as robust loss measures and error/loss functions
for classification problems.
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