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Abstract:
A novel critical vector (CV) regression algorithm is pro-

posed in the paper based on our previous work [9] and PRESS
statistics. The proposed regularized CV algorithm finds criti-
cal vectors in a successive greedy process in which, compared
to the classical OLS algorithm, the orthogonalization has been
removed from the algorithm. The performance of the proposed
algorithm is comparable to the OLS algorithm while it saves
a lot of time complexities in implementing orthogonalization
needed in the OLS algorithm.
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1. Introduction

In practical nonlinear data modelling more and more in-
terests are paid to the basic principle of parsimonious mod-
els that ensure the smallest possible model that explains
the data well. Apart from obvious computational advan-
tage, small models often generalize better for the unseen
data. The well known sparse modelling algorithms in the
recent years are perhaps the support vector machine (SVM)
[16] and kernel machine models (KMM) [3, 14], which are
widely regarded as the state-of-art technique for regression
and classification problems with tremendously successful
applications in many areas. These techniques have been
gaining more and more popularity. The theoretical funda-
mental of SVM is the structural risk minimization princi-
ple which results in excellent generalization properties with
a sparse model representation [13]. However it has been
shown that the standard SVM technique is not always able
to construct parsimonious models in system identification
[8]. This inadequateness motivates exploring new methods
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for the parsimonious models under the framework of both
SVM and KMM. Tipping [15] first introduced the relevance
vector machine (RVM) method which can be viewed from
a Bayesian learning framework of kernel machine and pro-
duces an identical functional form to the SVM/KMM. The
results given in [15] have demonstrated that the RVM has a
comparable generalization performance to the SVM but re-
quires dramatically fewer kernel functions or model terms
than the SVM. A drawback of the RVM algorithm is a
significant increase in computational complexity, compared
with the SVM method. Recently Chen et al [2, 3, 7] de-
rived a novel method for constructing sparse kernel models
based on his orthogonal least squares (OLS) algorithm [5, 6]
and kernel techniques [14]. Further to the research, the au-
thors [9] derived a more efficient algorithm based on a suc-
cessive greedy process in which the orthogonalization used
in Chen’s OLS algorithm has been removed.

In [9] we followed the same idea used in OLS, and found
that orthogonalization procedure employed by the OLS al-
gorithm can be removed. The algorithm determines regres-
sors to be used in the kernel regression modelling and the
training vectors corresponding to the selected regressors are
called critical vectors (CV). Just like the OLS algorithm
the criterion used for selecting CVs in the model construc-
tion process is the training mean square error (MSE). As
the training MSE typically decreases as the model size in-
creases, a separate stopping criterion is needed to stop the
selection procedure in order to avoid an over-fitted model.

In this paper, we will construct a sparse modelling algo-
rithm based on an explicit cross validation. One of famous
delete-1 cross validation criteria is kwown as the PRESS
(Predicted REsidual Sums of Squares) statistic [11].

The rest of this paper is organized as follows: In sec-
tion 2, the basic idea of the OLS algorithm is reviewed and
the concepts of critical vector analysis are given. In section
3, the algorithm for finding critical vectors based on PRESS



statistic is presented. The experiments are carried out in sec-
tion 4, followed by our conclusions in Section 5.

2. The Critical Vector Learning

To introduce our method, we follow the structure of our
paper [9].

Consider the general discrete-time nonlinear system rep-
resented by the nonlinear model [4]:

y(k) =f(y(k − 1), ..., y(k − ny), u(k − 1), ..., u(k − nu))
+ e(k) = f(x(k)) + e(k), (1)

whereu(k) andy(k) are the system input and output vari-
ables, respectively,ny andnu are positive integers repre-
senting the lags iny(k) andu(k), respectively,e(k) is the
system white noise,x(k) = [y(k− 1), ..., y(k−ny), u(k−
1), ..., u(k − nu)]T denotes the system “input” vector, and
f is the unknown system mapping. The system identifica-
tion involves in constructing a function (model) to approx-
imate the unknown mappingf based on anN -sample ob-
servation data setD = {x(k), y(k)}N

k=1, i.e., the system
input-output observation data{u(k), y(k)}. The most pop-
ular class of such approximating functions is the kernel re-
gression model of the form:

y(k) = ŷ(k) + e(k) =
N∑

i=1

wiφi(k) + e(k), 1 ≤ k ≤ N

(2)

whereŷ(k) denotes the “approximated” model output,wi’s
are the model weights, andφi(k) = k(x(i),x(k)) are the
regressors generated from a given kernel functionk(x,y),
see [14]. If we choosek(x,y) as the Gaussian kernel, then
(2) describes a RBF network with each data as a RBF cen-
ter and a fixed RBF width. The model (2) can be made more
general if we choose eachφi as different function regres-
sors, such that it can include, for example, all the kernel
based models, the polynomial-based models and all the gen-
eralized linear nonlinear model (i.e., linear-in-the-weight
models). But in this paper we will focus on the case in which
all the regressorsφi are generated from a single kernel func-
tion. Our analysis in this paper can be easily applied to all
the other cases.

Let

Φi = [φi(1), ..., φi(N)]T

= [k(x(i),x(1)), ..., k(x(i),x(N))]T ; (3)

Φ = [Φ1, ...,ΦN ]; w = [w1, w2, ..., wN ]T ;
y = [y(1), y(2), ..., y(N)]T ; e = [e(1), e(2), ..., e(N)]T

then the regression model (2) can be written in the follow-
ing matrix form

y = Φw + e. (4)

The goal is to find the best linear combination of the
columns ofΦ (i.e. the best value forw) to explainy ac-
cording to some criterion. The normal criterion is to mini-
mize the sum of squared errors,

E = eT e (5)

where the solutionw is called the least squares solution to
the above model, which is equivalent to finding the orthogo-
nal projection of the target vectory in the subspace spanned
by all the regressor vectorsΦi given by (3). If the dimension
of the subspace isN , then the least square solution is strict
interpolation solution in which the observation dataset is ex-
actly reproduced by the resulted model. In fact too many re-
gressors in the model always cause the model to be over
sensitive to the details of the data and result in poor gener-
alization performance (over-fitting).

Thus, the objective is to select the smallest number of
nM of regressor functions (i.e., to selectnM columns from
the matrixΦ) that can model the training data to the de-
sired degree of accuracy. The PRESS statistic can be used
for this objective. The PRESS statistic is defined for model
(4) as follows (suppose we only havenM regressors inΦ):

Each training dataxk (k = 1, 2, ..., N ) is sequentially
set aside in turn, and a model withnM regressors is esti-
mated using the remainingN − 1 data. Denote the model
constructed in this turn bŷy−k, then one can compute the
model error at the removed data as

e−k(k) = y(k)− ŷ−k(k) = y(xk)− ŷ−k(xk)

Then the PRESS error for model (4) is obtained by averag-
ing all these model errors given by

Epress=
1
N

N∑
k=1

e2
−k(k) =

1
N

eT
p ep

where ep = [e−1(1), e−2(2), ..., e−N (N)]T . Among a
number of models such as (4), the criterion is to choose the
model with the smallest PRESS error.

This suggests that we could define a set of critical vec-
tors whose model gives a desirable PRESS error in a for-
ward greedy procedure.

At the beginning of the procedure the set of critical vec-
tors is empty. Denotey(0) = y. Then for each vectorΦi

from the columns ofφ we calculate the PRESS error of
model (4) with a single regressorΦi. Denote the PRESS er-
ror byEpress(y(0),Φi). Then find the first critical vectorΦi1



by
Φi1 = min

Φi∈Φ
Epress(y(0),Φi)

Now dropΦi1 from the columns ofΦ and denote the
remnant byΦ(1). Then the second critical vector will be
chosen from the columns of the newΦ(1). As there is no
orthogonality between the columns ofΦ, the selection cri-
terion should be rectified. It is natural for us to choose the
second critical vector such that it will mostly explain the
residual between the target vector and the first critical vec-
tor, i.e.,y(1) = y(0) − ω∗1Φi1 whereω∗1 is the least square
solution of a single regressorΦi1 . In a similar procedure,
we define the second critical vector as

Φi2 = min
Φi∈Φ(1)

Epress(y(0),Φi)

Generally, suppose that, at the timem, we have a set of
critical vectors{Φi1 ,Φi2 , ...,Φim−1}. Denote byy(m−1)

the residual vector incurred by the least squares approxi-
mation by the subspace spanned by{Φi1 ,Φi2 , ...,Φim−1}
and Φ(m) the remnant vectors fromΦ by removing
{Φi1 ,Φi2 , ...,Φim−1}. Then themth critical vector is de-
fined by

Φim
= min

Φi∈Φ(m)
Epress(y(m−1),Φi)

where we need to solveN one-parameter least squares
problems.

As the PRESS statistic is concave with respect to the
model sizenM , thus the procedure can be terminated at a
point where the PRESS statistic changes from decreasing to
increasing.

Obviously the algorithm proposed here is sub-optimal
just like the OLS algorithm. However the orthogonalization
process, which costs a lot of computational complexity in
the OLS algorithm, is omitted in the new algorithm. In sec-
tion 4, we will demonstrate that the performance of new al-
gorithm is comparable to the OLS algorithm but the compu-
tational complexity has dramatically decreased. One advan-
tage of the new algorithm is that only one-parameter least
squares problems are solved in each stage to find new criti-
cal vector, thus speed of the algorithm is very fast.

3. Regularized Critical Vector Algorithm
with PRESS Statistic

As the criterion used in the algorithm is based on the
cross validation, the algorithm suffers from less over-fitting
problem than its original counterpart algorithm [9]. How-
ever if the data is very noise, the model over-fitting may oc-
cur again.

As done in [9], an equivalent regularization formula can
be adopted in the critical vector algorithm with PRESS
statistic for the regularized objective. The regularized crit-
ical vector algorithm with PRESS statistic is based on the
following regularized error criterion

E(w,α, β) = βeT e +
nM∑
i=1

αiω
2
i = βeT e + ωT Hω (6)

wherenM is the number of involved critical vectors,β is the
noise parameter andH = diag{α1, ..., αnM

} consisting of
the hyperparameters used for regularizing weights. The key
issue in regularized regression formulation is to automati-
cally optimize the regularization parameter. The Bayesian
evidence technique [10] can readily be used for this objec-
tive. Estimating hyperparameters is implemented in a loop
procedure based on the calculation of the log evidence for
β andα [12].

Define
A = βΦT Φ + H

and

γi = 1− αi(A−1)ii, γ =
nM∑
i=1

γi (7)

Then the update formulas for hyperparametersβ andαi can
be given by

αnew
i =

γi

2w2
i

, βnew =
N − γ

2eT e
(8)

The iterative hyperparameter and model selection proce-
dure can be summarized:

Initialization Set initial value for β and αi for
i = 1, 2, ..., N , for example, using estimated
noise variance for the inverse ofβ and a small value
0.0001 for allαi.

Step 1 Given the currentβ andαi, use the procedure with
PRESS statistic to select a subset model withnM crit-
ical vectors (see section 2).

Step 2 Updateαi andβ using (8). Ifαi andβ remains suffi-
ciently unchanged in two successive iterations or a pre-
set maximum iteration number is reached, then stop the
algorithm; Otherwise go to step 1.

4. Modelling Examples

We are now in a position to compare our algorithm with
Chen’s LROLS algorithm [3]. Our modelling simulation is
conducted on the three examples used in [3] for the purpose
of comparison.
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Figure 1. The results for the simple scalar
function modelling problem: dots are the
noise training data, the dash-curve is the un-
derlying function f(x) and the solid curves
are models generated from the proposed al-
gorithms

Example 1:In this example we use a Gaussian radial ba-
sis function (RBF) network to model the scalar function

f(x) = sin(2πx), 0 ≤ x ≤ 1.

The width of RBF kernel function is 0.2, i.e.,σ2 = 0.04. A
set of training dataD = {(xk, tk)}100k=1 is generated for the
input xk by drawing from the uniformly distribution over
[0, 1] and the target noise withintk was given by Gaus-
sian with zero mean and variance 0.16, i.e., the deviation
0.4. The target is quite noised compared to the maximal tar-
get values±1. The full RBF model is defined by all the
RBF regressors with centers at each input training data, thus
N = 100.

Table 1 compares the MSE values over the training and
testing sets for the models constructed by the LROLS [3]
and the regularized critival vector algorithm with PRESS
statistic (RCV-PRESS). The result given by RCV-PRESS
is comparable to the result generated by LROLS algorithm
while the computational cost for orthogonalization had been
saved in RCV-PRESS algorithm. The model map of the
6-term model produced by the RCV-PRESS algorithm is
shown in Figure 1.

Example 2:This is a two-dimensional simulated nonlin-
ear time series given by

y(k) =(0.8− 0.5 exp{−y2(k − 1)})y(k − 1)
− (0.3 + 0.9 exp{−y2(k − 1)})y(k − 2)
+ 0.1 sin(πy(k − 1)) + e(k) (9)

where the noisee(k) is Gaussian with zero mean and vari-
ance 0.09. We generated one thousand noisy samples with
the initial conditionsy(0) = y(1) = 0.0. The first 500
data points were used for training, and the other 500 sam-
ples were used for possible cross-validation. The underlying
noise-free system was specified by a limit circle, as shown
by the one thousand samples given in Figure 2 (b) with ini-
tial valuey(0) = y(−1) = 0.1. We use a Gaussian RBF
model in the form

ŷ(k) = f̂RBF(x(k)) with x(k) = [y(k−1), y(k−2)]T

The modelled results with 20 critical vectors are shown in
Figure 2. Figure 2(c) plots the result generated by one-step
prediction from the learnt model and Figure 2(d) shows the
model output generated by iterative model prediction. The
training MSE is, respectively, 0.10108 for the RCV-PRESS
algorithm and 0.10996 for the LROLS algorithm while the
test MSE is, respectively, 0.08941 by the RCV-PRESS and
0.08917 by the LROLS.

Example 3:The third example is a practical modelling
problem. In this example, we are about to construct a model
representing the relationship between the fuel rack position
(input) and the engine speed (output) for a Leyland TL11
turbocharged, direct inject diesel engine operated at low en-
gine speed. Detailed system description and experimental
setup can be found in [1]. The data set consists of 410 sam-
ples. We use the first 210 data points as training data in mod-
elling and the last 200 points in model validation. An RBF
model of the form

ŷ(k) = f̂RBF(x(k)) (10)

but this time the input vectorx(k) is defined as

x(k) = [y(k − 1), u(k − 1), u(k − 2)]T (11)

whereu means the fuel input. The variance of the RBF ker-
nel function was chosen to be 1.69. The total number of re-
gressors isN = 210 in the initial stage. By running RCV-
PRESS algorithm a model with 39-term critical regressors
was constructed with MSE values over the training and test-
ing data were 0.0006232 and 0.0005187 respectively. The
result is still comparable to the one given by LROLS [3].

The constructed RBF model by the RCV-PRESS algo-
rithm was used to generated the one-step predictionŷ(k)
of the system output according to (11). The iterative model
outputŷd(k) was also produced using

ŷd(k) = f̂RBF(xd(k)) (12)

with

xd(k) = [ŷd(k − 1), u(k − 1), u(k − 2)]T (13)



Methods LROLS (6 centers) standard CV (13 centers)Regularized CV (7 centers)
Training MSE 0.12482 0.11675 0.12391
Test MSE 0.00709 0.01987 0.00764

Table 1. Mean Square Errors

The one-step model prediction and iterative model output
for this 39-term model selected by RCV-PRESS algorithm
are shown in Figure 3 in comparison with the system out-
put.

5. Conclusions

The regularized critical vector algorithm with PRESS
statistic has been proposed for nonlinear system identifi-
cation using the kernel regression model. Compared to the
LROLS algorithm the new algorithm has less computational
complexity by removing the orthogonalization procedure
employed in LROLS while the overall performance offered
by the RCV-PRESS algorithm is considerably comparable
to the results given by the LROLS algorithm, which has
been demonstrated by three modelling problems. The com-
putational requirements of this iterative model algorithm are
very simple and its implementation is straightforward. The
core idea can be easily extended to other cases such as ro-
bust loss measures and error/loss functions for classification
problems.
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(c) Phase plot of one-step model prediction
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(d) Phase plot of iterative model prediction

Figure 2. The results for modelling the non-
linear system defined by (9)
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(c) Output plot of one-step model prediction
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(d) Output plot of iterative model prediction

Figure 3. The results for modelling the rela-
tionship between the engine speed and the
fuel rack position


	Introduction
	The Critical Vector Learning
	Regularized Critical Vector Algorithm with PRESS Statistic
	Modelling Examples
	Conclusions

