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Abstract - Wavelet networks have emerged as a powerfir1 
tool for nonparametric estimation. It  is a method 
implementing inverse discrete wavelet transfarm with 
coefficient optimization techniques from machine 
leaming Jeld However, conventional ways to construct 
wavelet networks are based on empirical risk 
minimization (ERM) principle, which has been proven not 
as robust as structural risk minimization [SRM) principle. 
Thus, to explore the optimal architecture of wavelet 
networks, we constructed wavelet networks based an 
SRM principle. This paper describes the kernel-based 
way to optimize the architecture of wavelet networks. 
Based on the frame theory, wavelet kemelfirnctions are 
found. AJier that, the wavelet network is constructed with 
support vectors generated by the wavelet kernel 
functions. 
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1 Introduction 
Taking advantages of both the scaling property of 

wavelets and the effective leaming mechanism of neural 
networks, wavelet networks have recently emerged as a 
powerful tool for many applications (Zhang et al. 1992). 
However, the optimization of wavelet network structure 
still needs to he investigated. 

For a given problem, the architecture of a wavelet 
network is exactly specified by how many particular 
wavelets required. Therefore to fmd the optimal set from 
candidate wavelets, some network pruning techniques 
have been employed in wavelet networks (Zhang 1997; 
Chen et al. 2004). Nevertheless, these pruning techniques 
cannot always ensure an optimal structure of wavelet 
network. The underlying deficiency is not inherited from 
wavelet theory. In fact, it is a well-known problem in 

approximation theory that the efficiency of an ERh4 
application largely depends on the luckiness of the 
training data. In another words, when the input samples 
are ill-posed (Tikhonov, et, al. 1977), ERM will perform 
poorly. As an advanced alternative, SRh4 takes into 
account not only the training data, but also an upper 
bound. Its robust structure makes it a popular and reliable 
theory. 

Derived from the SRM principle, the maximum margin 
classifier, support vector machines (SVM) (Vapnik 1999), 
has achieved significant success over conventional ERM- 
based methods. As we all know, SVMs enjoy higher 
generalization capability, thanks to SRM principle. Thus, 
the idea of improving wavelet network's generalization 
ability by SRM principle is formed. In non-linearly 
separable cases, with kernel functions input data can be 
mapped from the input space to a higher dimensional 
feature space by a non-linear transform. In this feature 
space, data can be linearly separable. Obviously, kernel 
functions play a central role in the mapping procedure. 
Therefore, OUT fust step is to construct a wavelet kernel 
compatible with the wavelet network architecture. Then, 
taking advantages of support vectors to construct the 
desired wavelet set. 

The rest of the paper is organized as follows. The 
construction of conventional wavelet network is 
introduced in Section 2. In Section 3, frame theory is 
employed to derive the wavelet kernel function to obtain 
support wavelets. Experiments are conducted in Section 4, 
followed by our conclusions in Section 5. 

2 The construction wavelet networks 
Inspired by the similarity between discrete wavelet 

transform and radial basis function (RBF) networks, 
Zhang and Benveniste proposed wavelet network in 1992. 
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They constructed a special feedforward neural network 
supported by the wavelet theory. 

The wavelet network structure is of the following form 

N 

f ( x )  = w, y(diag(s xx - t ))+ c + (1) 
t i l  

where N is the number of wavelets, 

w, is the weight of the ith wavelet, 

y(.) is tbe mother wavelet, 

t i  is the translation factor of the ith wavelet, 

s, is the dilation factor of the ith wavelet, 

diag denotes diagonal matrix, 

c is a weight matrix from the input to the output, 

is a bias to the output. 

First, a libraly of discretely dilated and translated versions 
of a given mother wavelet should be constructed 
according to the training data set. 

Then, some network pruning algorithm should be 
employed to optimize the architecture of bidden layer. 
Generally, we use the orthogonal least square (OM) 
algorithm to pruning the wavelet candidates, which has 
been widely used in constructing radial basis function 
networks (Chen 1991). The OLS combines the orthogonal 
transform with the forward regression procedure to seiect 
model terms from a large candidate term set. The 
advantage of employing OLS is that the responses of the 
hidden layer neurons are decorrelated so that the 
contribution of individual candidate neurons to the 
approximation error reduction can be evaluated 
independently. Finally, the network will be trained with 
an iterative procedure based on error back propagation. 

In our previous work (Chen, et al, 2004), Mexican bat 
wavelet (Eq 2) is applied to a simple time series data, 
speech signals. 

Herer, 11x11 is the Euclidean norm of x , and d is the 
dimension of input data. 

3 Support wavelet network 
In recent years, the number of different Support 

Vector algorithms has grown rapidly due to both the 
success of the method and the need to adapt it to 
particular problems. A Support Vector Machine (SVM) is 
a classification / approximation technique derived by 
Vapnik in the framework of SRM principle, which has 
been shown to be superior to traditional ERM principle, 
employed by many conventional neural networks 
(Scholkopf, et, al. 1997). SRM minimizes an upper bound 
on the expected risk, as opposed to ERM that minimizes 
the error on the training data. It is this difference, which 
equips SVM with a greater ability to generalize, whicb is 
what we concem. 

As the most critical part in a SVM, the kernel function 
calculates dot product in a high dimensional feature space. 
However, we don’t need to explicitly know the mapping 
function, which maps the input vectors into the feature 
space. If K is a symmetric positive defmite function, (i.e. 
it satisfies Mercer’s condition), then the kernel K 
represents a dot product in some feature space. 

Smola has proposed a method to construct kernel function 
by linking the kernels K ( x , y )  with a regularization 

operator U . The K(x,  y )  is given by U’U , where U’ is 
the adjoint operator of U . In another word, given a 
Mercer kemel we can find the corresponding 
regularization operator, and vice versa. 

Based on this link, Gao bas proposed a novel way to 
construct wavelet kernels. The kemel functions are 
generated by the regularization operators associated with 
some frames in a Hilbert space. 

3.1 Frame Theory 
The abstract notion of a frame in a Hilbert space was 

fnstly introduced by Duffin and Schaeffer (1952). Under 
the frame theory, one can reconstruct perfectly a function 
f in a Hilbert space H from its inner product (.,.) with 

a family of vectors {yk },,, . r is an index set of either 
finite or infmite dimension. 

Definition 1 If the system F = {yk}kEr is a dense 
subset of H and there exist two constant 0 < A < B < m 
such that 

*er 

then the system F is called a frame in H . A frame is a 
tight frame if A and B are equal. 
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Theorem 1 (Daubechies, 1992) Let {yk}ksr  be a frame 
of H with frame bounds A and B .  Let defme the dual 

frame {Fk },,, as @, = (R'R)'' yk . For all f E H 

. .  

O .  

4 6  

.- . . . .. . 

This theorem proves that the dual frame {Fk}ker is a 
family of vectors allowing to recover any f E H . 

0 . :* ..' .. 1 

3.2 Wavelet Kernel Function 
The function Hilbert space mentioned above is 

separable. When there exists some frame in H , then one 
can defme an analysis operator R' , which is the adjoint 
operator of synthesis operator R for that frame. In this 
case, we can take the infinite dimensional sequence space 
1' as the feature space in the terminology of support 
vector machines. So the analysis operator R' can be 
viewed as a regularization operator U in a class of 
regularization networks based on the frames. Gao further 
gave out the wavelet kemels in the following form: 

(4) 

Then G(x,y)  is the Green's function of U , which 
satisfies the self-consistency condition (Smola 1998). 
Thus, G(x, y )  is a Mercer kemel. 

The computation of kemel depends on knowing the dual 
frame. It can be calculated by means of an iterative 
algorithm (Grochenig 1993), wbicb can reduce the 
number of iteration from O(B / A) to O ( m ) .  

3.3 Wavelet Network Construction 
We thus constructed a wavelet kemel as: 

where k denotes an index and 

mother wavelet which in our experiments is a Mexican 
hat wavelet. 

Then, based on the wavelet kemel function, the optimal 
wavelet set is found. After that, we used back propagation 
algorithm to further adjust the coefficients e ,  g , w, in 
equation 1. This training procedure is absolutely useful 
for noisy data input, which is a strategy striking the 
balance between the sensitivity of kemel leaming and 
robustness to noisy data. It can greatly alleviate the over- 
sensitivity caused by the kemel learning. Our following 
experiments also proved it. 

4 Experiments and results 
Our experiments compared the generalization ability 

between OUI support wavelet network and conventional 
wavelet network. 

Example 1: The second example is a two-dimensional 
simulated nonlinear time series given by 

y (k )=  (0.8-0.5 e x p t y Z  (k-~)})y(k-l)- 
(0.3 + 0.9 e x p t y '  (k- l)})y(k -2)+ (6) 
o.lsin(ny(k-l))+e(k) 

where the noise e(k)  is Gaussian with zero mean and 
variance 0.09. We generated one thousand noisy samples 
with the initial conditions y(0) = y(1) = 0.0. The fust 500 
data points were used as training data. 

.?; ; 0 1 i 15: ., 0 ; ; 

Figure 1: The sample points of examplel. (a) Phase plot 
of noisy training data set (y(O)=y(-l)=O) 
@) Phase plot noise-free data generated by eq. (6) without 
eo 
Example 2: In this example, we used a segment of speech 
signal. The sampling rate of the speech signal is 22.50 
kHz, and the bits per sample are 16. The test segment has 
1000 samples. To investigate the generalization capability 
of wavelet kemel function, we employed the previous n 
samples as input vector to predict the n + 1 sample. In the 
experiment, we selected n = 140, and used the frst 400 
samples as the training data. 

We can see that, the wavelet network constructed by 
support vectors outperformed the conventional wavelet 
network in generalization comparison. As to the speech 
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signal segment, since the speech segment is a pericdic 
time series data with uniformly sampling, the 
generalization advantage of support wavelet network is 
not noticeable. Nevertheless, when the noisy input vectors 
of example1 were fed in, support wavelet network 
obviously outperformed conventional wavelet network. 

0.00349 Example 2 
(MSE) 

I , ' .  
L 

- , n - - . -  " a  - s 

Figure 2: The segment of speech signal. 

Table 1. Comparison of generalization performance 

network network 

1 0.00351 

0.09836 1 0.08609 1 Example 1 1 W E )  1 

The experiment results clearly demonstrated the 
generalization improvement of wavelet networks based on 
SRM architecture. The generalization ability of 
conventional wavelet network is largely limited by the 
Empirical Risk Minimization (ERM) principle. Contrast 
with ERM, Structural Risk Minimization (SRM) principle 
balances the trade-off between fitness of the expected 
function to the training data and smoothness of the 
function, so that achieves high generalization performance. 

5 Conclusions 
In this paper, we have used wavelet kernel functions 

to construct the wavelet network. By taking advantage of 
SRM principle, the generalization capability of iour 
support wavelet network has been improved significardly 
when compared with conventional wavelet network. Our 
future work includes comparing our model with SVMs on 
more different types of data. 
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