
Sparse Kernel Learning

and the Relevance Units Machine

Junbin Gao1,� and Jun Zhang1,2

1 School of Accounting and Computer Science,
Charles Sturt University, Bathurst, NSW 2795, Australia

{jbgao,jzhang}@csu.edu.au
2 Institute for Pattern Recognition and Artificial Intelligence,

Huazhong University of Science and Technology,
Wuhan, Hubei 430074, P.R. China

white70121@163.com

Abstract. The relevance vector machine(RVM) is a state-of-the-art
constructing sparse regression kernel model [1,2,3,4]. It not only gen-
erates a much sparser model but provides better generalization perfor-
mance than the standard support vector machine (SVM). In RVM and
SVM, relevance vectors (RVs) and support vectors (SVs) are both se-
lected from the input vector set. This may limit model flexibility. In
this paper we propose a new sparse kernel model called Relevance Units
Machine (RUM). RUM follows the idea of RVM under the Bayesian
framework but releases the constraint that RVs have to be selected from
the input vectors. RUM treats relevance units as part of the parame-
ters of the model. As a result, a RUM maintains all the advantages of
RVM and offers superior sparsity. The new algorithm is demonstrated
to possess considerable computational advantages over well-known the
state-of-the-art algorithms.

1 Introduction

Statistical Learning plays a key role in many areas of science, finance and indus-
try. Kernel methods [5] have demonstrated great successes in solving many ma-
chine learning and pattern recognition problems. Many kernel methods produce
a model function dependent only on a subset of kernel basis functions associated
with some of the training samples. Those samples are called the support vec-
tors (SVs) in support vector machine (SVM) methods[6]. SVM has an excellent
generalization properties with a sparse model representation [7]. The SVM and
kernel machine models (KMM) [5,8] have attracted considerable interests. Gen-
erally speaking, an SVM method often learns a parsimonious model that ensure
the simplest possible model that explains the data well. Apart from the obvious
computational advantage, practices have demonstrated that simple models often
generalize better for the unseen data. Additionally, learning a sparse model has
deep connections with problems of selecting regressors in regression [9,10,11,12].
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However, it has been shown that the standard SVM technique is not always
able to construct parsimonious models, for example, in system identification
[13]. This inadequacy motivates the exploration of new methods for parsimo-
nious models under the framework of both SVM and KMM. Tipping [3] first
introduced the relevance vector machine (RVM) method which can be viewed
from a Bayesian learning framework of kernel machine and produces an identical
functional form to SVM/KMM. The results given by Tipping [3] have demon-
strated that the RVM has a comparable generalization performance to the SVM
but requires dramatically fewer kernel basis functions or model terms than the
SVM. A drawback of the RVM algorithm is a significant increase in computa-
tional complexity, compared with the SVM method.

Recently, two separate works [14,15] considered applying the L1 penalty into
model regularization. L1 penalty originates from the least absolute selection and
shrinkage operator (LASSO) first introduced by Tibshirani [16]. In the classical
LASSO, the L1 penalty is applied on the weights of each predictor in a linear
model. An earlier attempt, called “generalized LASSO”, can be found in [17].

One features shared by all the mentioned approaches is that the sparse model
is obtained from a full kernel model defined on the whole dataset and the ap-
proach employs an algorithm procedure to trim off unnecessary kernel basis
functions associated with some input vectors. The retained input vectors used
in the resulting spare model are called such as SVs, relevance vectors (RVs) and
critical vectors (CVs) etc. Obviously it is not necessary for these CVs to have to
be chosen from the training input vectors. In this paper, we propose a new sparse
kernel model called Relevance Units Machine (RUM) in which the CVs will be
learnt from data. The idea is not new. It has been around for many years, for
example, the direct method for sparse model learning [18], the reduced set (RS)
method [5,19], and the sparse pseudo-input Gaussian processes [20]. However in
our approach a Bayesian inference framework is adopted so that all the param-
eters including kernel parameters are to be learnt from the Bayesian inference.

In Section 2 of this paper, the concepts of the RUM are given and the algo-
rithm associated with RUM is presented in Section 3. The experiment results
are presented in section 4, followed by our conclusions in Section 5.

2 The RUM Model Description

In supervised learning we are given a set of examples of input vectors set X =
{x1,x2, ...,xN} ⊂ R

q, along with corresponding targets t = [t1, t2, ..., tN ]T which
are independent and identically distributed. Many kernel learning algorithms
result in a kernel machine (KM) (such as a kernel classifier), whose output can
be calculated as y = y(x; w) = w0 +

∑N
n=1 wnk(x,xn), where k(x,xn) is a kernel

function, effectively defining one basis function for each example in the training
set. The learning task becomes finding suitable wn according to different criteria.
Most criteria like those used by SVM and RVM lead to zero values for a large
number of wn so that a sparse model is established.

Inspired by the idea used in the direct method for sparse model learning [18],
we consider a model defined as, t = y(x, w) + ε = w0 +

∑M
m=1 wmk(x,um) + ε,
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where um ∈ R
q, m = 1, 2, ..., M are unknown units for the model and ε is additive

noise assumed to be a Gaussian of 0 mean and an unknown variance β−1, denoted
by N (ε|0, β−1). M controls the sparsity of the model and we assume that M is
known in the modeling process. In our experimental setting, we set the minimum
of M = 0.04N where N is the total number of training data.

Without loss of generality, we assume w0 = 0 in the sequel. The learning
task is to learn the weight vector w = [w1, w2, ..., wM ]T , the units matrix U =
[u1, ...,uM ], the noise precision β and hyperparameters in the kernel function k.

To develop an approach for learning all the parameters, we propose to apply
Bayesian inference. Let Ku = [kT

u (x1), kT
u (x2), ..., kT

u (xN )]T , ku(x) = [k(x,u1),
k(x,u2), ..., k(x,uM )]. Due to the assumption of independence of the data points,
the likelihood of the complete training data can be written as

p(t|X,U, w, β, Θ) =
(

β

2π

)N/2

exp
{

−β

2
‖t − Kuw‖2

}

(1)

where Θ is the set of kernel hyperparameters.
To make a generative Bayesian model, we further specify a Gaussian prior

over the weights as done in the RVM approach[3], that is,

p(w|α) =
M∏

m=1

N (wm|0, α−1
m ) (2)

where α = [α1, ..., αM ]T is a vector of M hyperparameters which control preci-
sion of the Gaussian over the weights. Similarly the prior over U is

p(U|r) =
( r

2π

)Mq/2

exp
{
− r

2
tr

[
UTU

]}
(3)

These hyperparameters α, r and the precision β of the Gaussian noise in the
target are empowered with hyperpriors given by Gamma distributions

p(α) =
M∏

m=1

Gamma(αm|a, b), p(β) = Gamma(β|c, d), p(r) = Gamma(r|e, f).

We fixed parameters a = b = c = d = e = f = 10−4 in our setting.
Combining (1) - (3), we have,

p(t,U, w, α, β|X, Θ) = p(t|X,U, w, β, Θ)p(U|r)p(r)p(w|α)p(α)p(β) (4)

Let A = diag(α1, α2, ..., αM ), to integrate (4) over w, we can see

p(t,U, α, β|X, Θ) =
exp

{− 1
2t

T (β−1IN + KuA−1KT
u )−1t

}

(2π)N/2|β−1IN + KuA−1KT
u |1/2

p(U|r)p(r)p(α)p(β)

(5)

To cope with the outliers in the targets t, a L1 Laplacian noise model [21]
can replace the Gaussian one, in which a robust RUM can be formulated with
the variational Bayesian inference procedure. We leave this for another work.



Sparse Kernel Learning and the Relevance Units Machine 615

3 Algorithm Design

As the probabilistic model for the relevance units machine only involves Gaussian
and Gamma distributions, see (5), the inference can be easily established by
using normal maximum likelihood (ML) procedure. The algorithm deduction
is straightforward. Let L = ln[p(t,U, α, β|X, Θ)], Σ = (A + βKT

uKu)−1, μ =
βΣKT

ut. By a tedious calculation process we can obtain that

∂L

∂β
=

1
2

[
N

β
− tr(ΣKT

uKu) − ‖t− Kuμ‖2

]

+
c − 1

β
− d (6)

∂L

∂αm
=

1
2

[
1

αm
− (Σmm + μ2

m)
]

+
a − 1
αm

− b. (7)

where Σmm is the m-th diagonal element of Σ. Similarly we have

∂L

∂r
=

Mq

2r
− 1

2
tr(UT U) +

e − 1
r

− f. (8)

∂L

∂U
=

∂L

∂Ku
⊗ ∂Ku

∂U
− rU,

∂L

∂Θ
=

∂L

∂Ku
⊗ ∂Ku

∂Θ
. (9)

∂L

∂Ku
= β[(t − Kuμ)μT − KuΣ]

However, once the analytical expression of the kernel function is given, it is
easy to find out both ∂Ku

∂U and ∂Ku

∂Θ . With (6) - (9), a gradient type algorithm
for maximizing L can be constructed.

Once all the parameters have been determined, to solve a normal regularized
least squares problem, we have w = βΣKT

ut. For a new unseen input x∗, let
K∗u = [k(x∗,u1), k(x∗,u2), ..., k(x∗,uM )]T , the confidence (or error bar) on the
prediction outcome t∗ = K∗uw can be given by

var(t∗) = β−1 + KT
∗uA−1K∗u −KT

∗uA−1Ku(β−1IN + KuA−1KT
u )−1KT

u A−1K∗u

Note 1: The above algorithm can be easily extended to the case of multivariate
outputs, i.e., tn is a D-dimensional vector. In some application problems, the
dimension D is much greater than the dimension d of the input vectors.

Note 2: The algorithm can be generalized to the unsupervised learning setting
in which the input X is unknown. When D � d, to seek the projection images
xn ∈ R

d of tn is considered as a dimensionality reduction algorithm in terms
of the latent variable model. The closest approach in literature is the so-called
Gaussian Process latent variable model [22]. This is our next work.
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4 Experimentals

In this section, we will test the RUM method for regression problems on both
synthetic and real world datasets. The experiments will show the ability of RUM
in modeling dataset and learning kernel hyperparameters and also compare RUM
to RVM [3]. The experiment of the RVM part was conducted by using Tipping’s
Matlab code (http://www.miketipping.com/index.php?page=rvm).

Example 1: In this example synthetic data were generated from the scalar func-
tion, sinc(x) = sin(x)/x,−10 ≤ x ≤ 10. The sets of training data {(xn, tn)}100

n=1

and test data {(xti, tti)}100
i=1 are generated for the input xn and xti by drawing

from the uniform distribution over [−10, 10] and target Gaussian noise within
tn and tti were given with zero mean and variance 0.113. The targets is quite
noisy compared to the maximal target values 1.

The RBF kernel function used in this experiment takes the following form,
k(x, x′; σw) = exp

{
− 1

2σ2
w

(x − x′)2
}
, where σw is called the width of the RBF

kernel. A full kernel model is defined for the RVM algorithm by all the RBF
regressors with centers at each input training datum. In the experiment, the
width of the RBF kernel function is set to 2.1213 for RVM algorithm where 9.0
was the best value for the kernel variance as chosen for this example in Tipping’s
Matlab code. For RUM algorithm, the width of the RBF kernel function is
treated as a unknown parameter which is automatically estimated by the learning
procedure. All the two algorithms produce sparse models. Their predictions on
unseen data are presented in Figure 1.

Table 1 compares the mean square error (MSE) values over the training and
test sets for the models constructed by the RUM and RVM. The number of
iterative loops and the RBF kernel widths are also listed. The numbers of chosen
regressors are, respectively, 7 (RVM), 5–8 (RUM).

−10 −5 0 5 10

0

0.5

1

(a). Predictions produced by the 7-
term RVM and 5-term RUM

−10 −5 0 5 10

0

0.5

1

(b). Predictions produced by the 7-
term RVM and 6-term RUM

Fig. 1. The predictions for the simple scalar sinc function modelling problem: dots are
the noise testing data, the black solid curve is the underlying function sinc(x), the red
dash-dot curve is prediction generated from RUM, the blue dash curve is prediction
generated from RVM, the marker � indicates the RUs selected by RUM, and the
marker ◦ indicates the RVs selected by RVM
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Table 1. Mean Square Errors of Example 1

Methods RVM (7∗) RUM (5) RUM (6) RUM (7) RUM (8)

Training MSE 0.00216 0.00457 0.00351 0.00161 0.00181
Test MSE 0.00228 0.00480 0.00262 0.00173 0.00222

IterativeLoops 1000 36 54 37 34

RBF Width 2.12130 1.59858 2.18004 2.91481 2.10048

*The number of regressors found by the algorithms.

In summary, the results given by the RUM are comparable to the result gen-
erated by the RVM algorithm however the performance of the RVM algorithm
depends on the choice for the value of the RBF width. In experiment we also
find that the RUM has less computational cost than the RVM algorithm.

Example 2: The second example is a practical modeling problem [8]1. In this ex-
ample, we are about to construct a model representing the relationship between
the fuel rack position (input) and engine speed (output) for a Leyland TL11 tur-
bocharged, direct inject diesel engine operated at low engine speed. A detailed
system description and experimental setup can be found in [23]. The data set
consists of 410 samples. We use the first 1/3 of the total data points, 140 data
points as training data in modeling and all the points in model validation with
one-step prediction and iterative prediction.

The input vector xn = [tn−1, vn−1, vn−2]T , where tn−1 is the engine speed,
also considered as outputs in modeling, and v means the fuel input at the last
time step. That is, the output tn at time n depends on the output tn−1 at time
n − 1. Actually this is a time series modeling problem. The kernel to be used is
an RBF kernel defined on three dimensional vectors,

k(xi,xj ; σw) = exp
{

− 1
2σ2

w

[
(ti−1 − tj−1)2 + (vi−1 − vj−1)2 + (vi−2 − vj−2)2

]
}

where σw are positive width which is set to 0.9192 for RVM algorithm which is
equivalent to 1.69 the best value for the kernel variance as reported in [8] and
σw is learned in the RUM algorithm. We shall note that, in [8,14], this example
fails the RVM algorithm due to numerical instability. After carefully tracking
the procedure for the RVM algorithm, we found out what causes the numerical
instability. The revised program works well for this example.

To demonstrate the capability of model generalization on unseen data, we use
the constructed RBF models by the RUM and RVM algorithms to generate the
iterative model output t̂di by xd

i = [t̂di−1, vi−1, vi−2]T , t̂di = t(xd
i ; w) . The models

iterative prediction results are presented in Figures 2.
The one-step prediction and iterative prediction results of 8–11 term RUM

model are better than the ones given by 22-term RVM model, see Table 2.

1 The authors thank Professor Sheng Chen of University of Southampton, UK, who
provided us the raw data used in Example 2.
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(a). Target of engine data
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(b). Iterative model predic-
tions by the 22-term RVM
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(c). Iterative model predic-
tions by the 8-term RUM

Fig. 2. The target data, the one-step predictions and the iterative model predictions
for modeling the relationship between the engine speed and the fuel rack position,
where the black solid curve is the target, red solid curve is the one-step or the iterative
model predictions generated from RUM while the blue solid curve from RVM.

Table 2. Mean Square Errors of Example 2

Methods RVM (22∗) RUM (8) RUM (9) RUM (10) RUM (11)

OneStepPrediction MSE 0.00066 0.00051 0.00051 0.00053 0.00052
IterativePrediction MSE 0.00217 0.00188 0.00173 0.00175 0.00180

IterativeLoops 683 89 71 45 46

RBF Width 0.91920 1.54979 1.40733 1.29033 1.47656

*The number of regressors found by the algorithms.

5 Conclusion

The RUM algorithm has been proposed for solving kernel regression model-
ing problems under the Bayesian inference framework. The overall performance
offered by the RUM algorithm is comparable to the results given by RVM al-
gorithm but RUM has superior sparsity, which has been demonstrated on two
modeling problems.
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