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Abstract
We propose a novel method called spatial subspace
clustering (SpatSC) for 1D hyperspectral data segmen-
tation problem, e.g. hyperspectral data taken from a
drill hole. Addressing this problem has several practi-
cal uses such as improving interpretability of the data,
and especially a better understanding of the mineral-
ogy. Spatial subspace clustering is a combination of
subspace learning and the fused lasso. As a result, it
is able to produce spatially smooth clusters. From this
point of view, it can be simply interpreted as a spatial in-
formation guided subspace learning algorithm. SpatSC
has flexible structures that embrace the cases with and
without library of pure spectra. It can be further ex-
tended, for example, using different error structures,
such as including rank operator. We test this method on
a real drill hole thermal infrared hyperspectral data set
called DDH9. SpatSC produces stable and continuous
segments, which are more interpretable. This property
is not shared by other state-of-the-art subspace learning
algorithms.

Keywords: Subspace learning, clustering, spectral un-
mixing, fused Lasso, sparse model, spatial smoothness

1 Introduction
We address the following 1D hyperspectral data seg-
mentation problem. The hyperspectral data set is taken
from a drill hole. The process is to drill a hole from the
ground to a specified depth and the rock samples are

∗The author to whom all the correspondences should be addressed.

then scanned by a spectrometer. Typically the mineral-
ogy is stratified. Therefore segments of similar minerals
congregate together as shown in Figure 1. It is useful to
estimate these segments for various purposes. For ex-
ample, once the segmentation is known, we can sum-
marize the samples in a segment by its mean or analyze
the materials in this segment very quickly by sophisti-
cated unmixing algorithms such as the one discussed in
[4]. Also it is easier for a human interpreter to under-
stand what the drill hole contains for exploration and
mining purposes.

This problem can be cast to a subspace learning prob-
lem which is well studied in the machine learning lit-
erature [34, 39, 27, 28, 33]. See [38] and references
therein for a comprehensive review of subspace learn-
ing. However, in contrast to subspace learning (often
called subspace clustering), the formation of rocks de-
termines that the immediate neighbor samples are very
likely composed of similar minerals and hence spatial
information plays an important role in hyperspectral
data segmentation.

To aid the explanation, we introduce the following
notation. Let X = [x1, . . . ,xN ] be the matrix of the
given hyperspectral data set taken from a drill hole, and
xi ∈ RD the ith individual spectrum. Note that the in-
dex i ∈ {1 . . . N} corresponds to the physical location
of the sample which is normally the depth. It is deter-
mined by the resolution of the spectrometer. We write
matrix A = [a1, . . . ,aK ], ai ∈ RD, as the library of
pure materials [17], which may be absent. In subspace
learning terminology, A is called the dictionary matrix
and the data X is supposed to be clustered in subspaces
spanned by A. We write XS as the column submatrix
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Figure 1: An example of segmentation of a drill hole data set. Note that segments from the same subspace may
be physically separated, e.g. segment 2 and segment 4.

of X where S is some index subset. In hyperspectral
unmixing [19], a spectrum is usually assumed to follow
the linear model [17]

xi =

M∑
m=1

αmam + εi, (1.1)

where M is the number of materials contained in the
sample which will be estimated, and εi is the error.
Note that in hyperspectral data analysis practice, there
are several so-called background functions representing
“shade” or other non-informative features. The back-
ground can be removed for convenience of analysis by
simply removing them from both am’s and xi, and this
will not change the regression coefficients of interest
i.e. αm’s. We omit it here for the sake of simplicity.
Least squares is often used to obtain the regression co-
efficients, and theM regressors from A are obtained by
subset selection [4]. Several statistics are also used to
estimate the correct M in [4].

Hyperspectral data segmentation for a drill hole
therefore requires the clustering of xi’s into several seg-
ments where each segment is a subspace spanned by
several variables from A. More precisely, ∀i ∈ Sj ,
xi = AUjαi where Sj and Uj are the index sets for
data and dictionary corresponding to segment j, and
j ∈ {1 . . . J}. Because of the geological property of
the rocks in a drill hole, there is a spatial constraint on
the coefficients such that αi ≈ αi+1 if i, i+ 1 ∈ Sj .

To solve this problem, we propose using sparse meth-
ods with the fused Lasso for spatial constraint. The
motivation is based on the following two observations.
Firstly, M in (1.1) is usually very small compared with
K, which leads to the fact that the rank of a subspace
spanned by AUj is small. We now expand αi to the
full K dimensional vector such that αil = 0 if l 6∈ Uj .
So αi is sparse. Secondly, when xi and xi+1 are from
the same segment, they have the similar sparse pat-
tern. Therefore, the difference of the coefficients, i.e.
αi −αi+1 is also sparse.

Sparse methods have been maturing very quickly in
recent years. The earliest work is called the LASSO
[36], where the l1 norm of the regression coefficients is
regularized to achieve sparsity. Other sparsity encour-
aging norms have been proposed later on such as the
elastic net [42], l2/l1 norm [24] and the group LASSO
[41]. As the sparsity encouraging norms are non-

smooth, specific treatment in optimization is necessary.
There are quite a few solvers available for different sce-
narios such as coordinate descent [14] (blockwise co-
ordinate descent [23]), iterative shrinkage-thresholding
[3], and online learning [40]. The regularization path
[18] can also be obtained by various algorithms such as
LARS [8] and GPS [12].

Recently there has been a trend of using sparsity en-
couraging norms for specific data structures. The total
variation norm [2] is the l1 norm applied to the dif-
ference of neighboring pixels in an image. The fused
Lasso, introduced in [37], also applies l1 norm on both
regression coefficients and the successive coefficients
to achieve sparsity and spatial smoothness. It has been
generalized to the so-called generalized lasso in [35].
Several efficient optimization algorithms for this kind
of problem have been proposed such as pathwise coor-
dinate optimization [13], subgradient finding [25] and
alternating linearization [21].

So it is possible to use sparse methods to solve our
hyperspectral data segmentation problem from model-
ing to optimization. What follows is how to construct a
suitable model and then how to solve the optimization
it requires.

The rest of the paper is organized as follows. We
present our spatial subspace clustering model in Section
2, where several variants will be discussed. The algo-
rithm for optimization is covered in Section 3. We apply
the proposed method to thermal infrared spectra from a
real drill hole in Section 4 to show its effectiveness and
the paper concludes in Section 5 with a discussion.

2 Spatial Subspace Clustering

Our proposed spatial subspace clustering (or SpatSC for
short) has the following form

min.
1

2
||E||2F + λ1||Z||1 + λ2||ZR||1 (2.1)

s.t. X = XZ+E

diag(Z) = 0
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where Z ∈ RN×N , E ∈ RD×N , R is a N × (N − 1)
matrix and

R =


−1
1 −1

1 −1
. . . −1

1

 .
||X||F is the Frobenius norm of matrix X. The fac-
tor 1

2 is for the convenience of the following derivation.
This formulation expresses several things. The first is
that the data is explained by itself, i.e. X = XZ + E
where E is the error term. This comes from the sub-
space learning. The data set can be regarded as random
samples from subspaces so that they contain enough in-
formation about the subspaces when the number of data
in each subspace is sufficiently large. As in traditional
PCA, we can express the bases of the subspaces as lin-
ear combinations of the data, or even just take the data
as bases which of course bear some redundancy. If the
data are truly from several subspaces or segments, this
form should be able to identify them. The low rank
representation (LRR) [22] is a good example exploiting
this idea. Several other methods such as sparse projec-
tion [32] and sparse manifold clustering [11] are also
built on it. The work of dimensionality reduction via
compressive sensing [15] is an interesting extension of
this powerful idea, where only a subset of the data is se-
lected as a calibration set. This may also connect to an
efficient algorithm to recover the subspaces using less
data.

The second is that the regularisation for the coef-
ficient matrix Z is based on the observations we dis-
cussed in the Introduction, i.e. sparse and smooth
neighboring regression coefficient vectors. Sparsity is
controlled by ||Z||1 and smoothness by ||ZR||1. The
parameters λ1 and λ2 determine the strength of the reg-
ularisation. The choice of them should be a trade off
between the error, sparsity and smoothness. There is
no standard on how to choose these parameters. If the
ground truth is available, cross validation may be an op-
tion.

The third is that the error is measured by least
squares, i.e. ||E||2F . This is equivalent to assuming that
the error is from a standard Gaussian distribution. Inter-
estingly, this can be possibly extended further to other
measurements, for example, l1 norm, l2/l1 norm and
so on. In those cases, the error structures are differ-
ent. We use least square here because Gaussian error
assumption seems to be reasonable.

The second constraint in (2.1), diag(Z) = 0, helps
avoid the trivial solution of Z being the identity matrix.
Actually, this may not be necessary as this trivial so-
lution is incompatible with the smoothness constraint.

However, with this constraint in place, the model can
focus on constructing a given sample with neighboring
samples excluding itself.

Note that in (2.1), we do not use the dictionary ma-
trix. This is sometimes desirable in hyperspectral data
analysis practice. There is a direction called blind un-
mixing in remote sensing [5] and it is worth exploring
the connection between the proposed model and end-
member extraction [29]. Nevertheless, if the dictionary
matrix or sometimes called library is available, we can
revise the model a little to have the following form

min.
1

2
||E||2F + λ1||Z||1 + λ2||ZR||1 (2.2)

s.t. X = AZ+E

Z > 0.

We replaced the diagonal constraint by a nonnegative
constraint as in this case, the coefficients Z actually cor-
respond to composition and therefore should be posi-
tive. Sometimes a sum to one constraint is imposed on
the model as well, i.e. 1>Z = 1 where 1 is a vector
with all 1. This is viable only when the spectra in both
the data set and the library are perfectly scaled which
may not be the case. So we leave it out. It is worth
mentioning that even though the library is available, it is
possible that the library is not complete. There may be
some materials not included in the library such as very
rare ones and some materials not discovered yet. Mean-
while, some “pure” materials may be contaminated but
the process which is not well understood so that a fair
amount of noise is included in the library spectra. In this
case, we often resort to the form in (2.1) to get around
these problems.

The work directly related to our proposed method is
LRR. It takes the following form

min. ||Z||∗ + λ||E||l2/l1 (2.3)
s.t. X = XZ+E,

where ||X||∗ is the nuclear norm of X, defined as the
sum of the singular values of the matrix. For affine sub-
spaces, an additional constraint, Z1 = 1 is imposed.
In the noise free case, it simply removes the error term
in the above formula. Subspace learning is carried out
mainly using the nuclear norm, which is a convex en-
velope function of the rank operator [31]. It differs
from SpatSC as there are no sparsity and smoothness
ingredients in the model and hence congregated seg-
ments are not guaranteed. It is not difficult to correct
this by adding the fused lasso in (2.3). However the
optimization is challenging. This will be part of our fu-
ture research. Another algorithm similar to SpatSC is
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the sparse subspace clustering (SSC) [9, 10]

min. ||Z||1 (2.4)
s.t. X = XZ

diag(Z) = 0.

Apparently, only sparsity is encouraged. Interestingly,
it is similar to L1-PCA [20] in the sense that the loading
matrix is directly pursued instead of the principal com-
ponents. There are some other related methods pub-
lished in the remote sensing literature, such as [7, 6, 1],
where a single subspace for all the data in a scene is es-
timated instead of several subspaces considered in this
paper. It is normally called signal subspace identifica-
tion (SSI) there and the methodology often uses second
order statistics and/or dimensionality reduction based
on the signal and noise structure.

3 Implementation
We proceed to implementation of SpatSC in this sec-
tion. It is clear that the problem in (2.1) or (2.2) is con-
vex. Therefore, there will be a unique solution. Here is
the summary of the algorithm for obtaining the optimal
solution for SpatSC. We adopt Nesterov’s method [31]
as the skeleton structure, within which the main update
for Z is carried out by the subgradient finding algorithm
(SFA) [25]. We only focus on (2.1) in the following dis-
cussion; the algorithm to be proposed can handle (2.2)
as well with a slight change.

The first term in (2.1) is quadratic which is the
easy part. The challenge is the two non-smooth reg-
ularisation terms. For this kind of smooth plus non-
smooth composition function, we normally resort to
constrained convex programming [30, Chapter 11] us-
ing Nesterov’s method [31] for its efficiency.

We start by eliminating the equality constraint in
(2.1) and write the unconstrained objective function as

L(Z) = 1

2
||X−XZ||2F + λ1||Z||1 + λ2||ZR||1.

Then we continue with the first order approximation of
the quadratic term at a given S

Lγ,S(Z) =
1

2
||X−XS||2F + 〈G,Z− S〉 (3.1)

+
γ

2
||Z− S||2F + λ1||Z||1 + λ2||ZR||1

where G ∈ RD×N is the gradient of ||X − XZ||2F at
S and 〈A,B〉 = tr(A>B) is the inner product of two
matrices. By doing this, we maneuver around the tricky
problem of handling XZ and the calculation is signif-
icantly simplified. Moreover, this formation allows us

to use SFA quite easily. The purpose of including the
proximal term in the linearization is to ensure the esti-
mation is not too far away from the given point S. γ
controls the step size in the estimation. We maximize
the step size in the algorithm to be discussed later for
fast speed while maintaining the necessary accuracy.

Nesterov’s method uses two sequences to approach
the optimum, Zk and Sk, where Sk = Zk + βk(Zk −
Zk−1). Zk is obtained by solving minZ Lγ,Sk

(Z). The
program begins from an initialization of Z, Z0, and
set Z0 = Z1. In the cold start case, it is simply a
zero matrix. An appropriate value of γ is chosen us-
ing the Armijo-Goldstein rule [31]. It works with a
special update rule for βk to achieve a O( 1

k2 ) con-
vergence rate, which is optimal for first order black
box algorithms. See [31, chapter 2] for details. We
sketch the main algorithm using Nesterove’s method
in Table 1. Note that PC(X) in step 6 is the Eu-
clidean projection of X to the convex set C, meaning
that PC(X) = argminY,Y ∈C ||Y −X||22. The stopping
criterion could be specified as the maximum number of
iterations and/or a continuous update threshold.

In Step 7, argminZ Lγ,Sk
(Z) is found using SFA

[25]. This finds

argmin
x

1

2
||x− v||22 + λ1||x||1 + λ2||xR||1 (3.2)

where x, v are vectors. The road map of SFA is to
replace the l1 norm of xR by its dual norm (an infinity
norm) and then to exploit the optimality condition of a
transformed minmax optimization problem which leads
to a very efficient update scheme for x using only a few
of estimated dual variables. Refer to [25] for details.

The similarity between (3.1) and (3.2) motivates us
to use SFA here. The following theorem ensures that
we can apply SFA to our problem.

Theorem 3.1. The optimal solution to minZ Lγ,Sk
(Z)

can be obtained by applying SFA to the rows of the ma-
trices in (3.1).

Proof. We complete the square for Z and ignore the
terms in (3.1) irrelevant to the optimization first. We
have

Lγ,S(Z) =
1

2
||Z−V||2F +

λ1
γ
||Z||1 +

λ2
γ
||ZR||1

where V = S−G/γ. The above can be further decom-
posed to

Lγ,S(Z) =
N∑
j=1

(
1

2
||zj−vj ||22+

λ1
γ
||zj ||1+

λ2
γ
||zjR||1)

(3.3)
due to the separability of Frobenius norm and l1 norm.
In (3.3), zj and vj are the j-th row of matrices of Z and
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Table 1: Main algorithm for spatial subspace clutering. PC(X) in step 6 is the Euclidean projection of X to the
convex set C corresponding to constraints. For diag(Z) = 0, it simply sets the diagonal elements in Z to be 0, and
sets zij = max(zij , 0) for Z > 0, where zij is the ij-th element in Z. argminZ Lγ,Sk

(Z) is solved by SFA. See
the text for details.

Optimize (2.1) via Nesterov’s method

Input: X, λ1, λ2, Z0

Output: optimal Z
1. Initialization: Z1 = Z0, γ = 1, l−1 = l0 = 1.
2. for k = 1 to ...
3. βk = lk−2−1

lk−1
, Sk = Zk + βk(Zk − Zk−1)

4. for j = 1 to ...
5. Z̃k+1 = argminZ Lγ,Sk

(Z)

6. Zk+1 = PC(Z̃k+1)

7. if L(Z) ≤ Lγ,Sk
(Z) then γ = max(2γ,

||X(Zk+1−Sk)||2F
||Zk+1−Sk||2F

)

8. else break
9. end if
10. end for
11. lk = (1 +

√
1 + 4l2k−1)/2

12. if convergence, then stop and output Zk+1 as the solution.
13. end for

V respectively. It has exactly the same form as that in
(3.2) and this completes the proof.

The above theorem tells us that we can simply apply
SFA to the rows of V to solve minZ Lγ,Sk

(Z). This
concludes the implementation of spatial subspace clus-
tering.

Remark: After we obtain the optimal Z, the segmen-
tation is carried out by a graph clustering algorithm
such as Ncut (normalized cuts) [34]. Z is the input
data for Ncut to calculate the affinity matrix based on
which the clustering is produced. The final SpatSC al-
gorithm is described in Table 2. Note that there are sev-
eral schemes for the segmentation such as continuous
clustering along the depth. We choose graph clustering
to allow reoccurrence of the segments.

4 Experimental Evaluation
We will show some experimental results to demonstrate
the effectiveness of SpatSC algorithm in this section.

4.1 Experiment settings
The data set to which we applied spatial subspace clus-
tering is a thermal infrared data set from a real drill hole
called DDH9. It contains more than 9,000 valid spec-
tra at 321 thermal infrared wavelengths. We first apply

Table 2: Complete spatial subspace clustering algo-
rithm based on Ncut. In step 2, gij is the ij-th element
of G and zi is the i-th column of Z.

Spatial Subspace Clustering Algorithm

Input: X, λ1, λ2, Z0, s (number of segments)
Output: s segments of data X
1. Obtain optimal solution of (2.1) using algorithm in
Table 1;
2. Create affinity matrix G using Z, i.e. gij = ||zi −
zj ||2;
3. Apply Ncut to G for the final segments.

SpatSC to a small subset consisting of the first 100 sam-
ples from the DDH9 data set to obtain an idea of how it
works. All spectra have been normalized to have unit l2
norm. In regard to the SpatSC optimization algorithm,
we chose the maximum number of iterations to be 200
and a continuous objective function difference thresh-
old 10−6. Whichever criterion is achieved first stops
the optimization.

4.2 The regularisation parameters
Figure 3 shows Z obtained using SpatSC with differ-
ent values of λ1 and λ2. It is clear that it works as
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expected for sparsity and smoothness. Larger λ1 en-
courages sparsity and larger λ2 encourages smoothness.
Note that in Figure 3 the color maps are on different
scales. As both λ1 and λ2 increase, the absolute values
in Z decrease.

4.3 The effect of the null diagonal con-
straint

Next we show the effect of the diag(Z) = 0 constraint.
We fixed λ1 = 0.005 and λ2 = 0.0001 in this experi-
ment. This parameter setting leads to a fair amount of
sparsity and smoothness so that the effect of the con-
straint can be easily observed. Figure 4 plots Z’s ob-
tained from the first 100 samples with (left panel) and
without (right panel) diag(Z) = 0 constraint. Appar-
ently without the null diagonal constraint, there are di-
agonal blocks appearing in Z which may be unreal.
Moreover, the absence of the constraint suppresses the
off diagonal coefficients, which is also not desirable.
However, when the constraint is in place, the diagonal
block can also appear, but only when there is strong ev-
idence saying that it is so.

4.4 Number of clusters

As described in Algorithm 2, the number of clusters, s,
is a free parameter to be chosen by user. We claim that
this parameter is not significant. Figure 2 shows the
segmentation with different s based on Z obtained by
SpatSC with λ1 = 0.008, λ2 = 0.001. The horizontal
axis shows the indices of the samples. The segments are
filled by different colors. Note that the color schemes
for different segmentations are not aligned.

A couple of important observations from Figure 2.
Firstly, the segments are continuous. This reflects the
stratification feature of rocks which determines the phi-
losophy of the SpatSC algorithm: neighboring samples
have similar composition; the transition of segments
happens only when it is evident. This is owing to the
fused lasso which combines both sparsity and smooth-
ness. Secondly, the clusters produced by all four values
of s share similar boundaries. The finer clusters when
s is larger are generated just by splitting existing ones
produced by smaller values of s. This means that the
segmentation is stable since the boundary difference is
a minimum when s increases by one. For example, the
segments when s = 3 have exactly the same boundaries
of those when s = 4. Thirdly, a segment can have sev-
eral disjoint fractions such as the small ones at around
samples 63 and 90. This is due to Ncut, the graph clus-
tering method we are using in SpatSC, in which no
spatial constraint is enforced. It can be replaced by a

10 20 30 40 50 60 70 80 90 100

(a) s = 3

10 20 30 40 50 60 70 80 90 100

(b) s = 4

10 20 30 40 50 60 70 80 90 100

(c) s = 5

10 20 30 40 50 60 70 80 90 100

(d) s = 6

Figure 2: Segmentation for 100 samples with varying
number of clusters using Z obtained by SpatSC with
λ1 = 0.008, λ2 = 0.001.

smoothing window along the depth to produce the clus-
ters. However, we stick with Ncut as the clusters it gen-
erates are probably closer to reality.

The above observations support our claim that the
choice of s is not that important. It becomes a resolu-
tion like parameter in the sense that as s becomes larger,
we see finer spatial clusters. It is determined by the ap-
plication. For example, for visualization purposes, we
can summarize hyperspectral data to several segments
rather than presenting every sample’s unmixing result,
which could overwhelm the human interpreter. Also,
we can exploit prior knowledge about the drill hole to
determine s.

4.5 Speed comparison

We examine the speed of SpatSC here by comparing it
with one of the well known off the shell convex opti-
mizers CVX [16]. Because CVX first parses the prob-
lem and creates many auxiliary variables, the scale of
the problem that it is able to solve is limited. We ran
the tests on a laptop with Intel Duo Core i5 2.53G CPU,
4G memory and Windows 32 bit XP system. The max-
imum problem size that CVX can handle is 100 × 100
while SpatSC can handle a 2000× 2000 matrix, which
is equivalent to 4 millon unknowns to be optimized.
Therefore we repeated our experiment 10 times on ran-
domly chosen data subsets from DDH9 with sizes rang-
ing from 10 to 100 and plot the average time spent by
both algorithms to reach the same accuracy. Figure
5 shows that SpatSC is about one order of magnitude
faster than CVX.
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Figure 3: SpatSC on 100 samples with different λ1 and λ2.
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Figure 4: SpatSC on 100 samples with/without null diagonal constraint (λ1 = 0.005 and λ2 = 0.0001).
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Figure 5: Speed comparison between SpatSC imple-
mentation and CVX.

4.6 Comparison with LRR

We applied SpatSC to the data subset of size up to the
limit of the machine (the same one mentioned earlier),
i.e. the first 2000 samples of DDH9. With λ1 = 0.0004
and λ2 = 0.0005 in SpatSC, we obtained a segmenta-
tion using s = 5. Meanwhile, we compare SpatSC with
one of the state-of-the-art subspace learning methods
called LRR using the recommended parameter in [22].
LRR has successful application in computer vision and
image analysis. However, it is not optimized to han-
dle spatial segmentation. The left bottom plot in Figure
6 shows continuous and stable segments from SpatSC
while those from LRR are quite scattered, which is not
really meaningful. Note that the matrix Z learnt by
LRR is not sparse whereas its rank is low (in this case
the rank is 2). Normally the rank indicates the number
of subspaces/clusters, i.e. s. We tried various values of
s for LRR by varying its parameters. All of the segmen-
tation results were similar to the one (with s = 5, same
as that in SpatSC) presented here, so we excluded them.
Moreover, we grid searched λ for LRR, none of them
produced continuous segments as SpatSC did. We need
to point out that because of the subspace learning nature
of the SpatSC, the subspaces learnt from a smaller data
set are not necessarily included in those learnt from a
larger data set which contains the smaller one.

4.7 Using a dictionary matrix

We close this section by presenting the results of a vari-
ant of SpatSC (2.2) when a “developing” library A with
120 typical spectra is available. It is still under develop-
ment because we are not sure yet whether the library is
complete and/or errors may exist in some spectra in the
library. This may introduce bias into the result because
the missing information cannot be compensated by us-

ing the incomplete library. However SpatSC in the form
(2.1) fills in the missing part by “letting data speak for
themselves”. Note that this variant produces some frag-
ments in the segmentation compared to the result from
original SpatSC. Interestingly, they agree on the large
trunk from roughly sample 1000 which may confirm the
correctness of the clustering for this section.

5 Discussion

We proposed the SpatSC (spatial subspace clustering)
algorithm to address the segmentation problem for drill
hole hyperspectral data. It arises from the family tree
of subspace learning algorithms and incorporates the
fused lasso as a tool for exploiting spatial information.
Its powerful spatial subspace clustering capability has
been demonstrated by the continuous segments in the
experimental results on the DDH9 thermal infrared data
set.

The model is built on the Frobenius norm of the er-
ror associated with a Gaussian assumption, and is reg-
ularised by the fused lasso. It can be easily extended
to many variants due to its flexible structure. Firstly,
it is possible to introduce other types of error such as
l1, l2/l1 and so on. In those cases, the error structure
would be different. For example the l1 norm of the error
corresponds to the Laplacian distribution, which may
greatly enhance the robustness of the model. Secondly,
the null diagonal constraint can be replaced by a nuclear
norm regularisation. This may help users determine the
number of clusters. Thirdly, we can interpret the model
from a Bayesian point of view and integrate the advan-
tages of Bayesian inference into the method, for exam-
ple online learning. We will follow these directions in
our future research.

The optimization of SpatSC is implemented using
Nesterov’s method with a subgradient finding algo-
rithm. It inherits the optimal convergence speed that
a first order black box procedure can achieve and hence
it can handle millions of variables on a normal personal
computer. However, there is still room for further speed
up. For example, it took the computer (refer to Section
4) about 20 minutes to cluster 2000 samples meaning 4
million variables, although it takes only seconds for 100
samples (10k variables). Our final goal is to process a
complete drill hole (about 50,000 spectra) in minutes.
A straightforward way is to run a 1D sliding window
clustering for a coarse segmentation and then invoke
SpatSC on these clusters. Another possibility is to ex-
plore random sampling [26] to have a typical calibration
set for SpatSC to work on. This is very promising and
worth further investigation.

Although SpatSC is a 1D spatial clustering method,
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Figure 6: Matrix Z and segmentation for 2000 samples obtained by SpatSC (left panel) with λ1 = 0.0004,
λ2 = 0.0005 and LRR (right panel) with λ = 1/

√
2000.
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Figure 7: Matrix Z and segmentation for 2000 samples obtained by a variant of SpatSC (2.2) with λ1 = 0.0004,
λ2 = 0.0005.

ISBN: 978-0-9853483-3-5 ©2013 SDIWC 188



the idea can be easily generated to 2D or even more di-
mensions. For the 2D case, it is possible to use the TV
(total variation) norm for 2D smoothness. The com-
putational complexity scales up very quickly as the di-
mension increases, which will appreciate the efficiency
improvement mentioned earlier even more.
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