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Abstract— A novel L1 signiﬁcant vector (SV) regression algorithm is proposed in the paper. The proposed regularized
L1 SV algorithm ﬁnds the signiﬁcant vectors in a successive
greedy process. The performance of the proposed algorithm is
comparable to the OLS algorithm while it saves a lot of time
complexities in implementing orthogonalization needed in the
OLS algorithm.

I. I NTRODUCTION
In practical nonlinear data modelling more and more interests are paid to the basic principle of parsimonious models that
ensure the smallest possible model that explains the data well.
Apart from obvious computational advantage, small models
often generalize better for the unseen data. In recent years
the support vector machine (SVM) [18] and kernel machine
models (KMM) [14], [3] considerably attract one’s interests.
These techniques have been gaining more and more popularity
and have been regarded as the state-of-art technique for regression and classiﬁcation problems with tremendously successful
applications in many areas. The theoretical fundamental of
SVM is the structural risk minimization principle which results
in excellent generalization properties with a sparse model representation [13]. However it has been shown that the standard
SVM technique is not always able to construct parsimonious
models in system identiﬁcation [8]. This inadequateness motivates exploring new methods for the parsimonious models
under the framework of both SVM and KMM. Tipping [16]
ﬁrst introduced the relevance vector machine (RVM) method
which can be viewed from a Bayesian learning framework of
kernel machine and produces an identical functional form to
the SVM/KMM. The results given in [16] have demonstrated
that the RVM has a comparable generalization performance to
the SVM but requires dramatically fewer kernel functions or
model terms than the SVM. A drawback of the RVM algorithm
is a signiﬁcant increase in computational complexity, compared with the SVM method. Recently Chen et al [2], [3], [7]
derived a novel method for constructing sparse kernel models
based on his orthogonal least squares (OLS) algorithm [5],
[6] and kernel techniques [14]. The OLS algorithm has been
demonstrated as efﬁcient learning procedure for constructing
sparse regression models and gives good performances in
nonlinear system identiﬁcation. There are a lot of literatures
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concerning the problem of regressor selection, see for example
[12], [10], [17], [15].
The OLS algorithm involves sequential selection of the
regressors, which ensures that each new regressor vector
deﬁned on the training data is orthogonal to the previous
selections. It employs the well-known Gram-Schmidt orthogonalization method in applied mathematics. In choosing the best
regressor, the contribution of each regressor to the modelling
error decrease is measured. Each chosen regressor maximally
decreases the squared error of the model output, and the
method stops when this error reaches an acceptable level or
when the desired number of regressors have been chosen.
Following the same idea, we found that orthogonalization
procedure employed by the OLS algorithm can be removed
and a comparable training result can be achieved, so that we
can save a lot of computational complexity in the training
procedure, see [9].
In this paper, a new approach is proposed to determine
the regressors of the kernel regression modelling based on
the so-called L1 signiﬁcant vectors (SV). The rest of this
paper is organized as follows: In section 2, the concepts of
L1 signiﬁcant vector analysis are given and the algorithm for
ﬁnding L1 signiﬁcant vectors is presented. The experiments
are carried out in section 3, followed by our conclusions in
Section 4.
II. T HE L1 S IGNIFICANT V ECTORS
To introduce our method, we follow the notations used in
[7].
Consider the general discrete-time nonlinear system represented by the nonlinear model [4]:
y(k) =f (y(k − 1), ..., y(k − ny ),
u(k − 1), ..., u(k − nu )) + e(k)
=f (x(k)) + e(k),

(1)

where u(k) and y(k) are the system input and output variables,
respectively, ny and nu are positive integers representing the
lags in y(k) and u(k), respectively, e(k) is the system noise,
x(k) = [y(k − 1), ..., y(k − ny ), u(k − 1), ..., u(k − nu )]T
denotes the system “input” vector, and f is the unknown

system mapping. The system identiﬁcation involves in construct a function (model) to approximate the unknown mapping f based on an N -sample observation data set D =
{x(k), y(k)}N
k=1 , i.e., the system input-output observation data
{u(k), y(k)}. The most popular class of such approximating
functions is the kernel regression model of the form:
y(k) = y(k) + e(k) =

N


wi φi (k) + e(k),

i=1

1≤k≤N
(2)

where y(k) denotes the “approximated” model output, wi ’s
are the model weights, and φi (k) = k(x(i), x(k)) are the
regressors generated from a given kernel function k(x, y), see
[14]. If we choose k(x, y) as the Gaussian kernel, then (2)
describes a RBF network with each data as a RBF center and
a ﬁxed RBF width. The model (2) can be made more general
if we choose each φi as different function regressors, such
that it can include, for example, all the kernel based models,
the polynomial-based models and all the generalized linear
nonlinear model (i.e., linear-in-the-weight models). But in this
paper we will focus on the case in which all the regressors φi
are generated from a single kernel function just as deﬁned in
(2). Our analysis in this paper can be easily applied to all the
other cases.
Let

of outliers on the data or non-Gaussian noise distributions with
heavy tails it becomes important then to reduce the inﬂuence
of the outliers or points of the tails on the estimate. For this
purpose we investigate the L1 error criterium deﬁned in (6)
Using the L1 error criterium increases the burden of optimizing EL1 with respect to the weight vector w. However
as we pointed out in [9] by analyzing the OLS algorithm,
the regressor vector should give the maximal similarity to
the target vectors that mostly explain the data under a given
criterium. This suggests that we could deﬁne a set of L1
signiﬁcant vectors which mostly explain the data in a forward
greedy procedure.
At the beginning the set of L1 signiﬁcant vectors is empty.
Denote y(0) = y. Then for each regressor vector Φi from the
columns of Φ we solve a one-parameter L1 estimate problem
deﬁned as
(1)

min |y − ωi Φi | =
(1)

ωi

N


(1)

|y(k) − ωi Φi (k)|

k=1
(1) ∗

Suppose the solution to the above L1 regression is ωi
ﬁnd the ﬁrst signiﬁcant regressor vector Φi1 from
(1) ∗

Φi1 = min |y − ωi
Φi ∈Φ

. Then

Φi |

Now drop Φi1 from the columns of Φ and denote the
remnant
by Φ(1) . Then the second signiﬁcant regressor vector
Φi = [φi (1), ..., φi (N )]T = [k(x(i), x(1)), ..., k(x(i), x(N ))]T ; will be chosen from the columns of the new Φ(1) . As there
(3) is no orthogonality between the columns of Φ, the selection
Φ = [Φ1 , ..., ΦN ];
criterium should be rectiﬁed. It is better for us to choose the
T
second signiﬁcant regressor vector such that it will mostly
w = [w1 , w2 , ..., wN ] ;
explain the residual between the target vector and the ﬁrst
T
y = [y(1), y(2), ..., y(N )] ;
(1) ∗
signiﬁcant regressor vector, i.e., y(1) = y(0) − ωi1 Φi1 . Thus
T
e = [e(1), e(2), ..., e(N )]
we deﬁne the second signiﬁcant regressor vector as
(2)

then the regression model (2) can be written in the following
matrix form

Φi2 = min min |y(1) − ωi Φi |

y = Φw + e.

Generally, suppose that, at the time m, we have a set of
signiﬁcant regressor vectors {Φi1 , Φi2 , ..., Φim−1 }. Denote by
y(m−1) the residual vector incurred by the L1 approximation
by {Φi1 , Φi2 , ..., Φim−1 } and Φ(m) the remnant regressor
vectors from Φ by removing {Φi1 , Φi2 , ..., Φim−1 }. Then the
mth signiﬁcant regressor vector is deﬁned by

(4)

The goal of modelling data is to ﬁnd the best linear
combination of the columns of Φ (i.e. the best value for w) to
explain y according to some criterium. The popular criterium
is to minimize the sum of squared errors,
E = eT e

(5)

where the solution w is called the least squares solution to
the above model, which is equivalent to ﬁnding the orthogonal
projection of the target vector y in the subspace spanned by
all the regressor vectors Φi given by (3).
In this paper we are interested in the cost criterium
EL1 = |e| =

N


|e(k)|.

(6)

k=1

instead of using squared errors. What interests us in the above
model is that the model can be used to ﬁt and explain the
Laplacian noises in e rather than a Guassian noise. In the case
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Φi ∈Φ(1) ω (2)
i

Φ im =

min

(m)

min |y(m−1) − ωi

Φi ∈Φ(m) ω (m)
i

Φi |

(7)

where we need to solve N −m+1 one-parameter L1 problems.
It is very easy to solve each one-parameter L1 problem
deﬁned in (7). To see this, let y = (y(1), y(2), ..., y(N ))T and
u = (u(1), u(2), ..., u(N ))T be two N -dimension vectors, and
ω be an undetermined weight. The one-parameter L1 problem
is deﬁned by
min
ω

N


|y(k) − ωu(k)|

k=1

The algorithm for the problem is very simple.

(8)

1) Throw away u(k) = 0, those components don’t matter.
2) Compute z(k) := y(k)/u(k), and c(k) = |u(k)|.
3) Order the z(k) in increasing order, if several z(k)
coincide, coalesce them but redeﬁne the corresponding
c(k) as the sum of all c(j) with z(j) = z(k).
Thus, after step 3, we can assume that
z(1) < z(2) < ... < z(n), n <= N,
and c(k) > 0 where the same notation is used for the
situation after re-ordering
m only for simplicity.
4) Compute s(k) =
j=k c(j), and deﬁne the index k0
where the sequence t(k) = 2s(k) − s(1) changes sign,
i.e.,
t(k0 − 1) ≥ 0 ≥ t(k0 )
5) set ω = z(k0 ).
The value ω = z(k0 ) given by the algorithm is the solution
to the one-parameter L1 problem deﬁned by (8). The N −m+1
one-parameter L1 problems in (7) can be solved parallelly.
One may note that ﬁnding the solution to a one-parameter
L1 problem only needs 2N multiplications plus a sorting,
where N is the length of vector, thus the total number
of multiplications for ﬁnding the mth signiﬁcant vector is
O(N ∗(N −m+1)). Overall for selecting the ﬁrst m0 regressor
vectors the complexity is roughly O(N 2 m0 ).
In this paper, the above procedure for selecting L1 signiﬁcant regressor vectors is called the L1 Signiﬁcant Vector (SV)
algorithm. The input vectors {x(i1 ), ..., x(im )} corresponding
to {Φi1 , Φi2 , ..., Φim } are called the L1 Signiﬁcant Vectors.
One of interesting questions is that when the above procedure should be terminated, i.e., how many signiﬁcant vectors
should be selected such that the resulting model can be
generalized better. One simple criterium is that the procedure
would be terminated if the residual vector satisﬁes a given
threshold or a given number of the signiﬁcant vectors has been
(m)
achieved. In fact we know the relative error √ |e T |
y(m−1) y(m−1)

at the mth step. Similar to the stopping criteria used in our
ﬁrst work [9], we terminate the procedure if for one of the
remnant regressor vectors Φi ,


|e(m) |
T

y(m−1) y(m−1)

< ξ0

where 0 < ξ0 is a pre-speciﬁed credit value.
Obviously the resulting model may cause an overﬁtting
problem. To avoid overﬁtting one may use more sophisticated
stopping criteria, for example the one introduced in [12] which
can be used in our procedure, or one may use a regularized
technique described as follows.
For the sake of simplicity, we suppose the procedure is
terminated at the time m and the selected L1 signiﬁcant
vectors are Φ(m) = {Φ1 , Φ2 , ..., Φm }. Then we solve an
overall LASSO L1 problem deﬁned as
(m)

min |y − Φ

w(m)

w

(m)

| + λ|w

(m)

|

(9)

1927

where w(m) = (ω1 , ω2 , ..., ωm )T is the weight vector corresponding to the L1 signiﬁcant vectors and λ is a given
regularization factor. The second term in (9) is called the lasso
penalty [11]. The shrinkage resulting from the L1 lasso penalty
is better suited to sparse situations, where some overﬁtted
L1 signiﬁcant vectors could be shrunk out. We can convert
problem (9) into an optimization problem by using the similar
technique for support vector regression algorithm, see [15].
Further we can apply the signiﬁcant vector algorithm to the
support vector machine regression involving with the so-called
-insensitive error function, see [15],
E = |e| =

N


|ek |

k=1

where


0
|ek | =
|ek | − 

if |ek | ≤ 
if |ek | > 

III. M ODELLING E XAMPLES
We are now in a position to compare our algorithm with
both Chen’s LROLS algorithm [3] and L2 SV algorithm [9].
Our modelling simulation is conducted on the three examples
used in [3] for the purpose of comparison.
Example 1: In this example we use a Gaussian radial basis
function (RBF) network to model the scalar function
f (x) = sin(2πx),

0 ≤ x ≤ 1.

The width of RBF kernel function is 0.2, i.e., σ 2 = 0.04. A set
of training data D = {(xk , tk )}100
k=1 is generated for the input
xk by drawing from the uniformly distribution over [0, 1]
and the target noise within tk was given by Laplacian with zero
mean and the deviation 0.2. The target is quite noisy compared
to the maximal target values ±1 and there are some outliers.
The full RBF model is deﬁned by all the RBF regressors
with centers at each input training data, thus N = 100.
As we have pointed out in section II without regularization
the constructed models suffered from a serious over-ﬁtting
problem. The regularized signiﬁcant vector algorithm derived
in the last section was able to overcome this problem and
produced a sparser seven-term model, with the means square
error (MSE) values over the noisy training set and the noisefree testing set being 0.22143 and 0.000823, respectively.
Table 1 compares the MSE values over the training and
testing sets for the models constructed by the LROLS [3], the
regularized signiﬁcant vector algorithm (RSV) and L1 RSV.
Obviously the result of L1 RSV algorithm is better than that of
other algorithms due to the existence of Laplacian noise. The
result given by The model map of the 7-term model produced
by the RSV algorithm is shown in Figure 1 (b) where the
signiﬁcant vectors (or selected regressors) are marked as +.
Example 2: This is a two-dimensional simulated nonlinear
time series given by
y(k) =(0.8 − 0.5 exp{−y 2 (k − 1)})y(k − 1)
− (0.3 + 0.9 exp{−y 2 (k − 1)})y(k − 2)
+ 0.1 sin(πy(k − 1)) + e(k)

(10)
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Fig. 1. The results for the simple scalar function modelling problem: dots
are the noise training data, the dash-curve is the underlying function f (x),
the solid curves are models generated from the proposed L1 RSV algorithm
and the marker + indicates the L1 signiﬁcant vectors selected by L1 RSV
algorithm
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(a) Phase plot of noisy training data set (y(0) =
y(−1) = 0)
1.5
1

TABLE I
0.5

Methods
Training MSE
Test MSE

LROLS (11)
0.21581
0.007204

RSV (13)
0.11559
0.01634

y(t−2)

M EAN S QUARE E RRORS ( INTEGER IS THE NO OF REGRESSORS )
L1 SV (7)
0.22143
0.000823

0
−0.5
−1
−1.5
−1.5

where the noise e(k) is Laplacian with zero mean and variance
0.08. We generated one thousand noisy samples with the
initial conditions y(0) = y(1) = 0.0. The ﬁrst 500 data
points were used for training, and the other 500 samples were
used for possible cross-validation. The underlying noise-free
system was speciﬁed by a limit circle, as shown by the one
thousand samples given in Figure 2 (b) with initial value
y(0) = y(−1) = 0.1. We use a Gaussian RBF model in the
form
x(k) = [y(k − 1), y(k − 2)]T

1.5
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(c) Phase plot of one-step model prediction
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y (t−2)

0.5
0
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0
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TABLE II

(d) Phase plot of iterative model prediction

M EAN S QUARE E RRORS ( INTEGER IS THE NO OF REGRESSORS )
L1 RSV (18)
0.16438
0.08978

1

0.5

−1.5
−1.5

LROLS (17)
0.20752
0.09356

0.5

1

The modelled results with 18 signiﬁcant vectors are shown
in Figure 2. Figure 2(c) plots the result generated by onestep prediction from the learnt model and Figure 2(d) shows
the model output generated by iterative model prediction.
The training MSE is, respectively, 0.16438 for the L1 RSV
algorithm and 0.20752 for the LROLS algorithm while the test
MSE is, respectively, 0.08978 by the L1 RSV and 0.09356 by
the LROLS, see Table 2
Example 3: The third example is a practical modelling
problem. In this example, we are about to construct a model
representing the relationship between the fuel rack position
(input) and the engine speed (output) for a Leyland TL11
turbocharged, direct inject diesel engine operated at low engine
speed. Detailed system description and experimental setup can

Methods
Training MSE
Test MSE

0
y(t−1)

1.5

d

with

−0.5

(b) Phase plot of noise-free data generated by (10)
without e(k)

y (t−2)

y(k) = fRBF (x(k))

−1

Random (18)
0.23435
0.12037

Fig. 2.
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The results for modelling the nonlinear system deﬁned by (10)

TABLE III
M EAN S QUARE E RRORS ( INTEGER IS THE NO OF REGRESSORS )
LROLS (34)
0.000439
0.000485

L1 RSV (38)
0.000576
0.000512

Random (38)
0.003673
0.002538

5.5

be found in [1]. The data set consists of 410 samples. We use
the ﬁrst 210 data points as training data in modelling and the
last 200 points in model validation. An RBF model of the
form
y(k) = fRBF (x(k))

system input

Methods
Training MSE
Test MSE

6

3.5

0

100

(11)

200
sample

300

400

(a) Engine input data u(k)
5

(12)
system output

4.5

where u means the fuel input. The variance of the RBF kernel
function was chosen to be 1.69. The total number of regressors
is N = 210 in the initial stage. By running L1 RSV algorithm
a model with 38-term signiﬁcant regressors was constructed
with MSE values over the training and testing data were
0.000576 and 0.000512 respectively, see Table 3. The result
is still comparable to the one given by LROLS [3].
The constructed RBF model by the L1 RSV algorithm was
used to generate the one-step prediction y(k) of the system
output according to (12). The iterative model output yd (k)
was also produced by (11) with

0

100

200
sample

300

400

(b) Engine output data y(k)
5

onestep prediction

IV. C ONCLUSIONS

3.5

2.5

(13)

The one-step model prediction and iterative model output for
this 38-term model selected by L1 RSV algorithm are shown
in Figure 3 in comparison with the system output.

4

3

4.5
4
3.5
3

The L1 regularized signiﬁcant vector algorithm has been
proposed for nonlinear system identiﬁcation using the kernel
regression model. Compared to the LROLS algorithm the
new algorithm has less computational complexity by removing
the orthogonalization procedure employed in LROLS while
the overall performance offered by the L1 RSV algorithm is
considerably comparable to the results given by the LROLS
algorithm, which has been demonstrated by three modelling
problems. The L1 RSV can handle non-Gaussian noise as
shown by Example 1 and 2. The computational requirements
of this iterative model algorithm are very simple and its
implementation is straightforward. The core idea can be easily
extended to other cases such as robust loss measures and
error/loss functions for classiﬁcation problems.
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