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Abstract—The singular points and asymptote lines of velocity
fields are important in analyzing the properties of the fields but
normally difficult to identify. We have created mesh refinement
methods which can find the points and lines, and verified by
analytical velocity fields. This paper briefly shows characteristics
of the method for two dimensions using the two-dimensional liddriven cavity flow.
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I.

INTRODUCTION

Meshing can be the process of breaking up a physical
domain into smaller sub-domains (elements or cells) in order to
facilitate the numerical solution of differential equations.
Adaptive mesh refinement is a computational technique to
improve the accuracy of numerical solutions of differential
equations by starting the calculations on a coarse basic mesh
(initial mesh) and then refining this mesh only there where
some refinement criteria require this.
There are a large number of publications on mesh adaptive
refinements and their applications. Some refinement methods
use the refinement criterion which is based on local truncation
errors [e.g., 1, 2, 3, 4]. The other common methods include hrefinement (e.g. [13, 16]), p-refinement (e.g. [2, 17]) or rrefinement (e.g. [14, 15]), with various combinations of these
also possible (e.g. [5, 6]). The overall aim of these adaptive
algorithms is to allow a balance to be obtained between
accuracy and computational efficiency. The h-refinement is a
method where meshes are refined and/or coarsened to achieve
a prescribed accuracy and efficiency. The p-refinement is a
method where method orders are assigned to elements to
achieve exponential convergence rates and r-refinement is a
method where elements are moved and redistributed to track
evolving non-uniformities.
We have introduced adaptive mesh refinement methods in a
different point of view for two-dimensional velocity fields in
[12] and for three-dimensional fields in [11]. Our refinement
methods are based on the law of mass conservation for twodimensional (2D) and three-dimensional (3D) incompressible
and compressible steady flows, and can be used to the
problems in Fluid Engineering.

This paper shows the some results of the refinement
method for 2D lid-driven cavity flow. We solve the NavierStokes equations with the boundary conditions numerically
using a second order collocated finite volume scheme with a
splitting method for time discretization in [8] and then apply
the refinement method to the numerical solution once. The
singular points and separation lines are identified.
II. COLOCATED FINITE VOLUME SCHEME WITH A
SPLITTING METHOD FOR THE TIME DISCRETIZATION
In this section, we briefly introduce the collocated finite
volume scheme given in [8].
A. Navier-Stokes equations for imcompressible fluids
For given volume force f = ( fu , f v ) , we look for the
velocity field u and the pressure p that satisfy

∂u
− υ∆u + ( u ⋅ ∇ ) u + ∇p = f in Ω × [ 0,T ] ,
∂t

(1)

div u = 0,

(2)

υ >0
is
the
kinematic
viscosity,
where
u = ( u ( x, y,t ) ,v ( x, y,t ) ) , and t ≥ 0 . On the boundary ∂Ω of
Ω , a Dirichlet no-slip boundary condition is used:
u ∂Ω = g
B. Time Discretization
The time disretization for (1) and (2) used in this paper is
described in Subsection 2.1 in [8].
C. Finite Volume Discretization
The finite volume discretization for (1) and (2), and the
boundary implementation are given in Subsections 2.2 and 2.3
in [8].
III.

CONDITIONS FOR MESH REFINEMNT

In this section, we summarize the mesh refinement method
based on the law of mass conservation in [12].

Assume that Vl = AX + B is the linear interpolation of a
vector field at the three vertexes in a triangle, where A is a
2!2 constant matrix and B a 2!1 constant vertical vector,
x 
and X =  1  . Vl is unique if the area of the triangle is not
 x2 
zero [13]. Mass conservation for an incompressible fluid means
that

∇ ⋅ Vl = trace ( A ) = 0 .

(4)

Let f be a scalar function depending only on spatial
variables. We assume that f Vl satisfies (4) and then calculate
the expressions of f . The expressions of f for the four
different Jacobean forms of coefficient matrix A are given in
Table 1 in [12]. The conditions (MC) that f Vl satisfies (4) in
its triangle domains are the functions f in Table 1 not
equaling zero or infinity in these triangular domains.

In Fig. 1, u profile has reasonable accuracy except in the
bottom-left corn; v profile also shows reasonable accuracy
except at the two turning points.
Fig. 2 shows the streamlines within refined mesh. We can
also see the accuracy from the streamlines, e.g., the streamline
in the middle of the region should be closed streamline, but in
Fig. 2 it is spiral with small increment due the law of mass
conservation is not satisfied [10]. The three isolated red crosses
identify the center locations for the three vortices, primary
vortex, and three secondary vortices: BL1-the bottom left
secondary vortex, BR1-the bottom right secondary vortex, and
TL1-the top left secondary vortex. The centers of primary
vertex, BR1 and BL1 vortices have been identified.

We consider quadrilateral mesh here. The algorithm which
uses the conditions (MC) to refine a quadrilateral element in a
given mesh is given in [12].
In this paper, we subdivide a quadrilateral by connecting
the mid-points of the two opposite sides of a quadrilateral and
the threshold number T=1, i.e., we subdivide an element once
only.
IV. LID-DRIVEN CAVITY FLOW
We show the refined meshes for two-dimensional liddriven cavity flows for Reynolds number Re=1000, 2500, and
500, respectively. The approach we used in this paper for the
finite volume method is that we defined the nodal locations
first and then construct CVs (control volume) around them [9].
We show the comparisons of u and v profiles between the
results obtained from the collocated finite volume method in
Section II and the corresponding benchmark results in [7]. The
benchmark results in [7] were obtained from 601!601
elements. The accuracy of the computational results from the
collocated finite volume method used in this paper can be
found from the comparisons. The refined meshes are based on
the computational velocity fields.
A. Re=1000
We generated the following u and v profiles, and
streamlines and refined mesh using 41!41 elements.

Figure 2. Streamlines within refined mesh.

Figure 3. Refined mesh.

Fig. 3 shows the refined mesh without streamlines. The
further calculations for velocity field and other unknowns will
be based on this refined mesh.
B. RE=2500
The following u and v profiles, and streamlines and refined
mesh were drawn using 69!69 elements.
Figure 1. Comparison of u and v profiles.

Figure 4. Comparison of u and v profles.

Figure 7. Comparison of u and v profiles.

Fig. 4 shows the similar accuracy to Fig. 1 using finer
mesh. It is normally accepted that the structure of flows
becomes complicated when Reynolds number is increased.

Fig. 8 shows the streamlines within refined mesh. Since the
streamlines are drawn not very accurately as shown in other
figures, the refined mesh and the streamlines may have some
difference in the separation boundaries, especially in the right
bottom corner. Table 1 in the following subsection shows the
accuracy of the refined mesh in identifying the vortex center
locations.

Fig. 5 shows the streamlines within refined mesh where a
top left secondary vortex is identified. A bottom left tertiary
vortex and a bottom right tertiary vortex are identified in [7].
These vortices may be identified when we refine mesh further
using refinement criteria given in Section III. The centers of
primary vortex, BL1, BR1 and TL1 are identified.

Figure 8. Streamlines within refined mesh.

Figure 5. Streamlines with refined mesh.

In the right bottom corner, we can view the tertiary vortex
but we cannot identify the center but this may be done after
further refinements. We may also know from the refined mesh
that the structure of the field may be complicated in the top left
corner.

Figure 6. Refined mesh

C. RE=5000
We use a mesh with 79!79 elements in drawing the
following u and v profiles, and streamlines.

Figure 9. Streamlines.

Fig. 9 shows some streamlines drawn by different seed
points using the computational velocity field calculated. The
tertiary vortex in the right bottom corner is presented.
D. Vortex center locations
All centers of primary, secondary and tertiary vortices are
found in [7] for re=1000, 2500, and 5000. We use much less
coarse meshes than the mesh with 601!601 elements in [7] so
we find the center locations of primary, and secondary vortices.
Further refined meshes may show the tertiary vortices and
provide more accurate center locations.

The coordinates in Table 1 are coordinates of the
intersections of the isolated red crosses which can be viewed as
the approximations of the center locations with an error 1/N/2
where N is the number of points inserted in the x and y
intervals of the domain, for example, 1/41/2=0.012 for
Re=1000. The accuracy will be improved after further
refinement is implemented as we did for analytical velocity
fields [12]. The locations of the centers might change slightly if
further refinements have been applied.
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